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PREFACE. 



This book has be^i written as a companion volume to my 
Treatise on the Differential Calculus, and in its construction 
I have endeavoured to carry out the same general plan on 
which that book was composed. I have, accordingly, studied 
simplicity so far as was consistent with rigour of demonstra- 
■ tion, and have tried to make the subject as attractive to the 
beginner as the nature of the Calculus would permit. 

I have, as far as possible, confined my attention to the 
general principles of Integration, and have endeavoured to 
arrange the successive portions of the subject in the order 
best suited for the student. 

I have paid considerable attention to the geometrical ap- 
plications of the Calculus, and have introduced the leading 
fundamental properties of the more important curves and 
surfaces, so far as they were connected with the Integral 
Calculus. This has led me to give many remarkable results, 
such as Steiner's general theorems on the connexion of pedals 
and roulettes, Amsler's Planimeter, Landen's theorems on 
the rectification of the hyperbola, Gennocchi's theorem on the 
rectification of the Cartesian Oval, and others which have not 
been usually included in text-books on the Integral Calculus. 

The present Edition has been altered and improved in 
several respects; the principal change, however, consists in 
the introduction of two new Chapters, one on Moments of 
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iv Preface. 

Inertia, and the other on Mean Value and Probability. For 
the methods adopted, and the greater part of the details in 
the former Chapter, I am indebted to the kindness of Pro- 
fessor Townsend. . The Chapter on Mean Value and Proba- 
bility has been written by Professor Crofton, of Woolwich, 
and I desire here to express my sense of the deep obligations 
I am under to him, and to tender him my very best thanks. 

I am glad to be able to lay this Chapter before the Student, 
as an introduetioji to this branch of the subject by a Mathe- 
matician, whose original and admirable papers, in the Philoso^ 
phical Transactions, 1868-9, ^^d elsewhere, have so largely 
contributed to the recent extension of this important applica- 
tion of the Integral Calculus. 

I have to thank other friends for their kind assistance, 
more especially Mr. Cathcart and Mr. Panton, who have ex- 
tended to this book the same valuable aid which they afforded 
to my Differential Calculus, in the correction of the proof 
sheets, as well as in many important suggestions during the 
progress of the work. 

Trinity College, 
Marehy 1877. 
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COREICENDA. 
Page 22, line iiy for Art. 8, read Art. 9. 



-,read\ 

s s 

„ 42, line 6 from bottom, for , read . 

- ,. - a:"-* (a sin ax -^ n cos ax) , a:""* {ax sin ax \ n, cos ax) 

„ 76, line ^Jor , read ^- 

a a* 

„ 98, line 2 from bottom, /a?* Art. 25, read Art. 34. 
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INTEGEAL CALCULUS. 



CHAPTER I. 

ELEMENTARY FORMS OF INTEGRATION. 

I. Integration. — ^The Integral OalculTis is the inverse of the 
DiflEerential. In the more simple case to which this treatise 
is principally limited, the object of the Integral Calcnlus is 
to find a function of a single variable when its differential is 
known. 

Let the differential be represented by F (x) dx, then the 
function whose differential is -P(a?) dx is called its integral^ 
and is represented by the notation 

\F{x) dx. 

Thus, since in the notation of the Differential Calculus we 
haye 

df{x) =/(*) dx, 

the integral olf'ix) dx is denoted hj/{x) ; or 
^f{^)dx^f{x). 

Moreover, as f{x) and f{x) + (where C is any arbitrary 
quantity that does not vary with x) have the same differen- 
tial, it f oUows, that to find the general form of the integral of 
f (x) dx it is necessary to add an arbitrary constant tof{x) ; 
hence, we obtain, as the general expression for the integral 
in question 

\/ix)dx=/{x) + a (i) 
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2 Mlementary Forms of Integration. 

In the subsequent integrals the constant C will be omitted, 
as it can always be suppKed when necessary. In the appli- 
cations of the Integral Calculus the value of the constant is de- 
termined in each case by the data of the problem, as will be 
more fully explained subsequently. 

* The process of finding the primitive function or the inte-- 
giral of any given differential is called integration. 

The expression F{x) dx under the sign of integration is 
called an element of the integral ; it is also, in the limit, the 
increment of the primitive function when x is changed into 
x-^ dx (Dif. Cal., Art. 7) ; accordingly, the process of inte- 
gration may be regarded as the finding the sum* of an infinite 
number of such elements. 

We shall postpone the consideration of Integration from 
this point of view, and shall commence with the treatment of 
Integration regarded as being the inverse of Differentiation. 

2. Elementary Integ^rals. — ^A very sKght acquaintance 
Ivith the Differential Calculus will at once suggest the inte- 
grals of many differentials. We commence with the simplest 
cases, an arbitrary constant being in all cases understood. 

On referring to the elementary forms of differentiation 
estabhshed in Chapter I. Dif. Cal. we may write down at 
once the following integrals ; — 

J m + I Jic*" (m - I) a^"-^ ^ ^ 

j^ = log(x). • (J) 

f . , COS wa? f , sin mo; , . 

sm»w?flwr = , cos mxdx = . (c) 

J m J m ^ ' 

— r- = tan ir, . , = - cot x. Id) 

J cos^iT J sm^a? ' 



* It was in this aspect that the process of integration was treated by Leib- 
nitz, the symbol of integration J being regarded as the initial letter of the word 
9um, in the same way as the symbol of differentiation d is the initial letter in. 
the word difference. 
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Fundamental Forms. 



I 
1 






a^ -{■ 0^ a a 



These, together with two or three additional forms which 
shall be afterwards supplied, are called the fundamental* or 
elementary integrals, to which all other fonns,t that admit 
of integration in a finite number of terms, are ultimately re- 
ducible. 

Many integrals are immediately reducible to one or other 
of these forms ; a few simple examples are given for exercise. 



2. 



Examples. 

ds . I 

-X. Am. — . 



1 



1 



tan * if*. - log (cos x). 

ai^-'^dx I 



Aic*' nb 



log {a + hx^). 



f xdx 



6. 






'Bin ( 



C08*d 



sec B. 



* The fundamental integrals are denoted in this chapter by the letters a, by c, 
&c. ; the other formiilffi by numerals i, 2, 3, &c. 

t By int^grahle forms are here understood those contained in the elementary 
portion of the Integral Calculus, as involying the ordinary transcendental fimc- 
tioQs only, and excluding what are styled Elliptic and Hyper-Elliptic functions. 

B 2 
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Elementary Forms of Integration. 


8. 


Cdx J 3 


9- 


C dx i 



idx 
^— ^. log (a? -a). 

3. Integral of a Sum. — ^It follows immediately from Art. 
1 2 Dif. Cal. that the integral of the sum of any nimiber of 
differentials is the sum of the integrals of each taken sepa- 
rately. For example — 

j{Aaf*'hBaf-\-Ciif + &o.) dx=Ajx*^dx-\-Bja!''dx + Cjafdx + &c. 

Aaf""-' Bx'''^' Oaf"-' ^ , C 

= + + + &c. (2) 

Hence we can write down immediately the integral of any 
function which is reducible to a finite number of terms con- 
sisting of powers of x multipKed by constant coefficients. 
Again, to find the integrals of cos^xdx and sin^xdx ; here 

f , f I + cos 2a? - X sm 2X 

I GOB^xdx = J dx = - + — — , (3) 

f . o T f I - cos 20? _ X sin 20? , , 

sin ^xdx = dx = . (4) 

J J 2 24 ^^^ 

» A few examples are added for practice. 

Examples. 

f (i - a?')* dx J . 9 ' ^ 

I. ii — . Ans. log X - x^ + —. 



4 



Hx- 2)dx ' /"._£_ 

J x^x * \/a? 

* 3. / tan* xdx « J (sec** - i) dx. tan x-x. 
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Integration hy Substitution, 



4. J COS mx cos nxdx. 




Afu, 


2 (w + «) 2(m-«) 


5. j sin mx Bia nxdx, 

6, f> + "^.. 
]ya-x 






gin (m - n)x sin (w + «) x 
2 (m - «) 2 (/»+«) * 






a sin-i - - \/a-- x». 


Multiply the numerator 1 


emd 


denominator by \/ a + x. 


7. S xy/x -t a dx 






3 J 



Multiply the numerator and denominator by the complementary surd 
V a; + « — V «. 



4. Integration by Substitution. — The integration of many 
expressions is immediately reducible to the elementary forms 
in Art. 2, by the substitution of a new variable. 

For example, to integrate [a + hxY dx, we substitute z for 
^ + 6a? ; then dz = bdx^ and 



[a H- bxydx = - 



s'^efz s***^ (a + bxY 



b {n+i)b (n + 1)6 
Again, to find 

x'dx 



]{a^bxY' 
)Xy as befo: 

I [{z - ay dz 



we substitute 2 for a + bxj as before, when the integral be- 
-comes 



i\ 



I I I la a^ 
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6 Elementary Forms of Integration. 

On replacing z hj a ■{■ bx the required integral can be ex- 
pressed in terms of x. 

The more general integral 

f af^dx 



(a + ftj;)**' 



where m is any positive integer, by a like substitution be- 
comes 



• I r (2 - a)^dz ^ 



expanding by the binomial theorem and integrating each 
term separately the required integral can be immediately 
obtained. 

Again, to find 



dx 



n> 



af^ {a + hx) 



we substitute « f or - + J, and it becomes 

X 



I f(2~6)^^Vs 



4 



which is integrable, as before, whenever w + n is a positive 
integer greater than unity. 

ft may be observed that all fi'aotional expressions in which 
the numerator is the differential of the denominator can be 
immediately integrated. 

For we obviously have, from (J), 
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Integration of -. 

ic* - a* 

Examples. 

I sin xdx log (o + * ^ 

a + ocos« b 



3. (log* 5. i(log*)^ /'?' ^'^' 

J^i^- log (log r). 






4- 



Ia;'<fo log (a + 3ar) 3a' + ^ahx 



6. 

7. 
8. 



iZr 2b . a ^- bx a -\- ibx 



Idx 2b < 

x'^{a-\-bxy' ^ °^ ~~i a'a; (a + bx)" 

Ixdx 
{a + bx)\ 



2(a + bx)i la (a -t- bx)^ 

atrfic 3 (a + Aar)f 3a (a + ftir")^ 

I (a + bx^' 5P i^a • 



2X — a 



196 

J Xy/iax - a* * 

Assume 2m; — a^ = z^, then 0<£r = £^2, and the transformed integral is 

5. Integration of -5— — 5. 
Since 



a?* - a' 2a (a? - a 0? + a*' 
iveget 

X - a 



C dx I - 



(A) 



X -^ a 

This is to be regarded as another fundamental formula 
additional to those contained in Art. 2. 
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8 Elementary Forms of Integration. 

In like manner we have 



dx 1 x-a ... 






6. Integration of ■ z -, 

a + 2ox + car 

This may be written in the form 
cdo! 



[ex -vhf -\- ac-V^^ 

or, substituting 2 for ex + J, 

dz 
z^ + ac-b^' 

This is the form (/) or (h) according as ac - 6* is posi- 
tive or negative. 

Hence, i£ ae> P we have 

C dx I , , ex -^ b , . 

tan-^r-— ==. (7) 



}a-\-2bx + ex^ ^/ac - b^ ^/ ae - b' 

If ae < 6^ 



dx I - Cic + 6 - a/ 5* - flc ,^. 



J a + 25;?; + c^* 2^b^ - ae ex -\- b -\- y^J* - ae 

This latter form can also be immediately obtained from (6). 
In the particular case when ae = 6*, the value of the inte- 
gral is 

- I 

ex + b' 

(p + qx)dx 

7. Inte&rration of -^ ; — r. 

a + 2bx + enty^ 
». 

This can at once be written in the form 

q [b + ex) dx pe T qb dx 



c ' a -v 2bx -\- cx^ c ' a-\-2bx + ex^' 

Google 
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^ (xoosO-i)dx 

Integration of ^ -^ — . o 

x^ - 2x ao^^ -¥ I 

The integral of the first term is evidently 

— log {a -^ 2hx-¥ CO?) ^ 

while the integral of the second is obtained by the preceding 
Article. 

For example, let it be proposed to integrate 

(a?cos0 - i\dx 
ar*-2^cos(/+ I* 

The expression becomes in this case 

cos0(a?-cos0)c^ sin' Qdx 

x^ - 2a? cos 61 + I [x- cos 0)* + sinks' 

hence 

f Ix cos - i)dx cos 1 / , ix X 

-i 4 = log (d?' - 23? cos + l) 

J a?^ - 22? COS « + I 2 ^ ^ . ^ 

• a^ _i ^ - COS / X 

- sin tan ^ — . ^ . \9) 

When the roots oi a-\- ihx ■}• cx^ are real, it will be found 
simpler to integrate the expression by its decomposition into 
partial fractions. A general discussion of this method will 
be given in the next chapter. 

Examples. 

1. 1 -. Ana, — 7titan-i ( — — \ 

J 1 + * + *'^ v^s \ V^S / 

C dx I . /zaj-i+^/JX 

3. f ^J—. ilogf— 'V 

•* J «» + «:- 12 7 *\* + 4/ 
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Elementary Forms of Integration. 



4. f ^' 

] I- sfi 



u4««. tan'^(a;+ 2). 



6 6 






8. f ^_. 



tan-*(2af— i). 



8. Exponential Value for sin Q and cos &. — By comparing- 
tlie fundamental formula (/) and (A) the well-known expo- 
nential forms for slq 9 and cos 9 can be immediately deduced^ 
as follows. 

Substitute Za/^ for x in both sides of the equation 

[ dx 1 ^ fi -\- x\ 

and we get 

C dz I , /i + z^/^\ 
-—5 = — -= logf — =] + canst., 

JI+^ 2^-1 \l-zy-lJ 

or, by (/), tan-^-sr = — -= logf 7=-] + ^^^^- 

2^/- I \i - z^ - 1/ 

Now, let z = tan and this becomes 

= — -= log( ^ 7-=-r--fl) + ^^ws^- 

2^- I Vi _ y- 1 tansy 

When = 0, this reduces to o = const. 
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Exponential Forms of sin 9 and cos 0. 1 1 

Hence .,«V^= ?2?l±v^l4^ = (co80 + v^ Bm0)% 
cos0->v/- I sin© 

or c*V-i = COS0 + a/-^ sin O9 

er^V^ = cosfl - -s/^ sin 9. 

dx 



9. Integration of 



yx'±a^ 

Assume* ^^^±7* = s - ^, 

then we get ± a' = s* - 2xzy 

hence (s -x)dz = zc&r, or = — ; 

'' z - a z 

, = \— = loffs = loff(a? + v^fl^To*). 



(0 



This is to he reffarded as another fundamental form. 

By aid of this and of form {e) it is evident that all ex- 
pressions of the shape 



dx 



^a-h 2bx + cx^ 



can be immediately integrated ; a, J, Cy being any constants^ 
positive or negative. 

The preceding integration evidently depends on formula 
(t), or {e)y according as the coefficient of x^ is positive or 
negative. 



* The student will better understand the propriety of this assumption after 
leading a subsequent chapter, in which a general transformation, of which th& 
above is a particular case, will be given. 
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1 2 Elementary Forms of Integration. 

Thus, we have 

. = --^\og[(^-^h + A/c[a+2bx-\-<^)\ (lo) 

f dx ^ ' .J cx-h \ . . 

J a/ a ^- 20x-cx^ ^ c \y/ac + oV 

€ being regarded as positive in both integrals. 

When the factors in the quadratic a -\- 2bx ■\- cx^ are real 
and given the preceding integral can be exhibited in a 
simpler form by the method of the two next Articles. 

dx 
lO. Integration of 



y{x-a){x-(i) 
Assume x - a = z\ then dx = 2zdz^ 

dx 



= 2dz, 
y/x — a 

^^ 
hence 



y/x — a 
dx 2dz 



y{x-a) {x-li) ^z'+a-li' 
C dx C dz 

' ' J y/{x-a) {x-ji) ~ ^ J >/2^+a-/3 

= 2 log (2 + yz^+a-(i), by (e), 

or . = 2log{y/x-a-\-.y/x-ii). (12) 

iy{x-a){x-li) ' ^^^ V HJ \ J 

dx 



1 1 . Integration of 



y(^-a)(/3-a;) 
As before, assume a? - a = s', and we get 
dx 2dz 



y(^-a)(/3-^) y/li-a-z" 

y Google 
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ExponentM Forma of sin and cos 0. 1 3 

Hence, by {e)y 

f-7=^= = 2Bin-gz«. (13) 

Jy(a?-a) (/3-ic) >/i3-a 

12. Again, as in Art. 7, the expression 

(p + ^^ip) flb 
^/a + zbxTc^ 

can be transformed into 

q {b-\-cx)dx pc -\- gb dx 

^ v^a + zhx + c^* ^ V^a + 2&i? + cx^ 

and is, accordingly, immediately integrable by aid of the 
preceding formulse. 

Examples. 

I. I y Am, 2 log (yx + Yx-a), 

J V a;2 — ax 

J \/ ax — x^ X a 

3. I — i:^n=z:zr . 2 sin-* v a; — i. 

\/3* — iP* - a 

r . log(2»+ I + 2 v/ i+a; + x*\ 

y/l + X -{-X^ 

5. [ ^ ^-^ «?iP = \/(« + «){»+ 6) + (a - ^) log (v/a?4-a + v^J+T). 
Multiply the numerator and denominator hj •/ x -\- a. 

6. I , — . -4n*. sin^ — — — . 
J\/i-x-x^ VS 

J ^/{a + *«) (a' - (/x) Vbb' y ab* + ba* 
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14 Elementary Forms of Integration. 

dx 
13. Integration of 



(x - p) v^a+ zbx + ca^ 



Let a -p = -, then 
z 



dx dz , I +j 

-, and X = — - 



X - p z 

f dx r - dz 

J {x - p) ^a-\- 2bx + cx^ J v/a2*+ 262(1 -\-pz) + c(i +^2)* 

= r -^^ . 

i^rhere ci = Cy b' = b ■\- cpy c' = a -¥ zbp + (^p*. 

The integral consequently is reducible to (10), or (11), ae- 
oording as c' is positive or negative. 

Examples. 
I. I , Jns. - cos ' ( - 1 . 

<f.r jl - X 

4. f ^" — . -i^logf -^ ). 

] X \/a + zbx + ex* *y a \a-\-bx+\/ a\/a-\- ibx^ cx*f 

5. \ ± . -^sin- ( ^'-'' ) . 

J ^ -v/ca:* + 2bx -^ a *y a \x^ ac-\-b'^l 

6. f ^=- -^-sin-{'^). 

J (i +«) V 1 + 2a -ic* y^ 2 \i + »/ 

7. I : . sm^ I J . 
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Integraiimofj^-^^. 15 

14. The transformation adopted in the last Article is one 

of frequent appKcation in Integration. It is, accordingly, 

worthy of the student's notice that when we change x into 

I - <fe dz , . 1 -i. * I ^^ dz 
- we have — = ; and, iii general, if a^ = -, — = . 

z X z , ° z z nz 

These results follow immediately from logarithmic differ- 
entiation, and often furnish a clue as to when an Integration 
is facilitated by such a transformation. 

For example, let us take the integral — 

f dx 



] X {a ->(- baif^y 



Here, the substitution of - for a^ gives 
I f dz 

The value of which is obviously 

logte + J), or — logf. =- ^ 

dx 
15. Integration of -7 r-r. 

Let 0? = -, and the expression becomes 

zdz 



{az^ + c)^ ' 




le integral of this is evidently 




I X 

or 




a(as'^ + c)i' * a{a-hcx^)^' 




TT C dx X 




"" J (a + cir^)i ^ a{a + cx')^' 
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1 6 Elementary Forms of Integration. 

1 6. More generally, to find the integral of 

' dx 
{a + 2bx + ca^)^' 

This can be written in the form 

Mx 



{ac-b^-^{cx-hby}i' 

which is reduced to the preceding on making cx-\-b = z. 
Hence, we get 



I 



dx _ b -\- ex 

{a-\- 2bx-\- cx^)^ {ac - b^) {a + zbx + car*)** 



(i5> 



Again, if we substitute - for a?. 



xdx - -dz 

becomes 



{a + 2bx-\- cx^)^ {az"^ + 2bz + c)*' 

and, accordingly, we have 

xdx a -\- bx 



h 



I {a + zbx + ca^)^ {ac - b^) {a + 2bx + ttr')i* 

Combining these two results, we get 

(p -\-qx)dx __ bp - aq + (cp - bq) x 
I (a + 2bx + Ci^)^ {ac - b^) {a + 2bx + cx^)^' 



(i6> 



li 



rffl dB 

17. Inte&rration of —; — j. and j:, 

' smfl COS0 

It will be shown in a subsequent chapter that the integra* 
tion of a numerous class of expressions is reducible either to- 

that of — r— ^, or of ^ ; we accordingly propose to inves* 

tigate their values here. For this purpose we shall first find 

the integral of -r— ^ t:. 

° sm fl cos tf 
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Integration of . ^ . 17 



dO 



„ dO _ oos'g _ fl?(tanfl) 

sin 6 cos tand tanO 

Consequently I ^^q ^^^q = log (tanO). (17) 

Next, to find the integral of 

d9 



sind' 
This ean be "written in the form 

dO 



. e ff 

2 sin- 008- 
2 2 



and by the preceding we have 

is-, - '°«('-D- <■») 

Airain, to determine the integral of 7;, we substitute 

^ ° 008 

— for 0, and the expression becomes -r-^ ; the integral 
of this, by (18), is 

- log^tan^Y or logfcot^l or log jcotr^ - HJ. 

Adcordingly we have 

This integral can also be easily obtained otherwise, a» 
foUowB : — 

r dO ^ fcos^ ^ r </(sinfl) 

J cose "J cos'9 "" J oos'^fl * 

c 

y Google 
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1 8 Elementary Forms of Integration. 

Let sin = ;r, and the integral becomes 

f^=ilog(i±f)=ilogfi±^^. 
Ji-iT* 2 °\i-a?y 2 °\i-smey 

The student mil find no difficulty in identifying this re- 
sult with that contained in (19). 

dB 
18. Integration of 



a + 6 cos 6* 



This can be immediately written in the form 

de 

9 5' 

[a + h) cos* - + [a-h) sin* - 



sec' - dQ 

2 
or 



a + S + (a -b) tan* - 



on substituting z for tan - this becomes 



2dz 



a-\-b + (a-b) z^' 
Consequently, by Ex. 6, Art. 2, we get 
(i) when a > 6, 



Ja + 6cosfl ^a^-V (v« + * 2) 

y Google 
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Different Methods of Integration^ 1 9 

( 2) when a <hyhj formula (A), 



^b + a + ^h - a tan 




5^.(^0 



If we assume a = 6 cos a, the latter integral is easily 
transformed into 



The integral in (20) can be transformed into 
f dQ I , (ft + <z cos 



COS" 



J fl + S cos 9 ^a^ -V^ \a-^h cos 9 

In a subsequent chapter a more general class of integrals 
which depend on the preceding will be discusse^. 

19. Methods of Integration. — The reduction of the inte- 
gration of functions to one or other of the fundamental 
f ormulse is usually eflEected by one of the following methods. 

(i). Transformation by the introduction of a new va- 
riable. 
(2). Integration by parts. 
' {3). Integration by rationalization. 
(4) . Successive reduction. 
(5). Decomposition into partial fractions. 

Two or more of these methods can often be combined 
with advantage. It may also be observed that these different 
methods are not essentially distinct ; thus the method of 
rationalization is a case of the first method, as it is always 
effected by the substitution of a new variable. 

We proceed to illustrate these processes by a few ele- 
mentary examples, reserving their fuller treatment for sub- 
sequent consideration. 

c 2 
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20 Elemental^ Forms of Integration. 

20. Integration by Transformation. — Examples of this 
mettiod have been abeady given in Arts. 4, 10, &o. One or 
two additional eases are here added. 

Ex. I. To find the integral of sin'^a? cos^o? dx. 

Let sin a? = y, and the transformed integral is 






' sin^a? sin'^.r 



Ex. 2. 

Let e^ = t/y and we get 



|^, = tan-V = tan-'(.-). 



21. Integration by Parts. — ^We have seen in Art. 15 
Dif . Cal. that 

d (wt?) = udv + vdu ; 

hence we get 

uv =j udv + J vdUy 

or j udv = uv ~ j vdu. [22} 

Consequently the integration of an expression of the form 
udv can be always made to depend on that of the expression 
vdu. 

The advantage of this method will be best exhibited by 
applying it to a few elementary cases. 

Ex. I. sin""^ xdx = X sin"^ x - — — n=i_- 

= X sin^^ X + v/^^^ 
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Integration hy Parts, 2 1 

Ex... j.log.efe. 

Let u = log 0?, t? = — , and we get 

r ii?^ losf ii? I r rfip ii?* / i\ 

Ex.3. \&^xdx. 

Let a? = t^, — = f?, then 

a 

\xef^dx = — dx= — [x--\ 

J a ] a a \ aj 

r. 
Ex. 4. I e*^ sin ma? &;. 

Let sin wa? = t/, — = «7, then 

a 

r ^. • J ^ Binrnx m{ ^ 

J a a] 

Similarly, le^ eoamxax = + — \e"^Gmmx dx. 

Substituting, and solving f or / e^ sin ma? tfe, we obtain 

f -. . , e^ (a sin ma? - m cos mx) , , 

e^ sin ma? efo = — ^ -. {i\\ 

) a* + m^ ^ ^ 

In like manner we get 

f ^, , e^ {a cos mx\m sin mx) , . 

e^ cos ma?rfa? = — ^^ -. (24) 

J a* + m* ^ ^ 
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Elementary Forms of Integration, 







Examples. 




1. 


x^lo^xdx. 




Ans, 




2. 


tan^i* dx. 






jrtan-iar--log(i + »«). 


3- 


X tan* X dx. 
f sin"^ X dx 






* tan « + log (cos x) . 

X sin-* X I , , .V 


4» 


V 1 - a;2 * 


Let a; 


= sin y, and the 


integi-al becomes 








rf(tan y) « 


= y tan y 4 log (cos y). • 



e'x'^dx. 



^ («2 - 2« + 2). 



2 2 . Integration by Rationalization. — By a proper assump- 
tion of a new variable we can, in many cases, change an ir- 
rational expression into a rational one, and thus integrate it* 
An instance of this method has been given in Art. 8. ( 

The simplest case is where the quantity under the radical 
sign is of the form a + bx; such expressions admit of being; 
easily integrated. 

For example, let the expression be of the form 

as"" dx 
{a + J^)i* 

where n is a positive integer. Suppose a-\-hx = e*, then 

izdz , z^-a 
dx = — r-"> and x = —7— ; 


making these substitutions, the expression becomes x 

2 (2' - aY dz 
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Integration by Rationalization. 23 

Expanding by the Binomial Theorem and integrating the 
terms separately, the required integral can be immediately 

sif* dx 

fomid. It is also evident that the expression can 

(a + hx)q 
be integrated by a similar substitution. 

23, Integration of ; rrr, 

where m is a positive integer. 

zfLZ j» — a 

Let a + ca^ =z^: then xdx = — , x^ = : and the 

c c 

transformed expression is 

(z^-a)"^dz 

This can be integrated as before* It can be easily seen 

that the expression ; is immediately integrable by 

{a + car*)? 
the same substitution. 

A considerable number of integrals will be found to be 
reducible to this form ; a few examples are given for illustra- 
tion. 

Examples. 
Ann. (i - »•)*. 



/> afidx 

JTtt 

h 






+ s : where 2 = \/i tJ- a?'. 

5 3 



i + <?a?2)* 3<?* (a + ex^)i 

24. It is easily seen that the more general expression 

/{aP) xdx 
— ==, 

where fOx?) is a rational algebraic function, can be rational- 
ized by me same transformation. 
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24 Elementary Forms of Integration. 

Again, if we make a? = -, the expression 



z 
dx 



af^ {a + ax?)^ 
transforms into 

z'^^dz 

and is reducible to tlie preceding form when n is an evenposv- 
tive integer. 

Hence, in this case, the expression can be easily integrated 
by the substitution (a + cx^)^ = icy. 

It will be subsequently seen that the integrals discussed 
in this and the preceding Articles are cases of a more general 
form, which is integrable by a similar transformation. 



Examples. 

dx 



25. Integration of 



{^A + Cx'') (a + ca^)^' 



As in the preceding Art., let (a + ca?*)* = a», or a + co?* 
= a?V : then, if we difEerentiate and divide by 20?, we shall 
have 



(25) 



edx^ 


z^dx 


+ xzdz. 


dx dz 
or — = 

xz c - 


s" 


% 




dx 


dz 






■(« 


+ ca*)i 




and the transformed 


expression evidently is 








dz 







{Ac - Va) - Az^' 
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Trigonometrical Tramformations. 25 

This is reducible to the fundamental formula (/), or (A), 
,. Ac - Ca . ... ., 

according as -^ — ^s positive or negative. 

jA.c — Cd 
Hence, ( i) if -^ — > o, the integral is easily seen to be 

I , ( ^A{a + C7?) -f x^/Ac - C (i\ 

2y/A{Ac-Ca) ^^ \/A(a-^ci^) - x^Ac - CaJ ^^ ^ 

{2). If — < o, the value of the integral is 



I , , x^/Ca - Ac . , 

J— = tan-^ ^ :. (27) 



Examples. 



7 57-; ri. -4fi*. — 7z tan-M — — J- t 

^p I . 2 \/3 + 4x^ 4- 53? 

(4- y^') (3+4^^)** ^ ""^2 v/rr^^-s*' 

26. Nationalization by Trigonometrical Transformation. — 
It can be easily seen, as in Art. 6, that the irrational expression 
-v/a + zbx + ca^ can be always transformed into one or other 
of the following shapes. 

(i)(«'-2%(2)(«» + ^')4, (3)(s'-o')»; 

neglecting a constant multiplier in each case. 

Accordingly, any algebraic expression in x which con- 
tains one, and but one, surd of a quadratic form, is capable 
of being rationalized by a trigonometrical transformation : 
the first of the forms, by making 2 = a sin 9 ; the second, by 
«= a tan 0; and the third, by 2= osec 0. 
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2 6 Elementary Forms of Integration. 

For, (i) when z = a sin 0, we have (a' - 2*)* = a cos 9^ 
and dz = a cos dd9, 

(2). When s = a tan fl, . . . . (a* + s')* = a sec fl, and 

dz = r^. 

(3). When 2 = a sec 6, .... (s' - a*)4 = a tan fl, and 
cfe = a tan d sec 0^/0. 

A numher of integrations can be performed by aid of one- 
or other of these transformations. In a subsequent place this, 
class of transformations will be again considered. For the 
present we shall merely illustrate the method by a few ex- 
amples. 

Examples. 



f- 



dx 



Let X = tan 0, and the integral becomes 

• d (sin e) I \/i+a;« 



!cos ede _ f i 
Bin"'^ ~ ] sin* B " sin ( 



f dx 
Ha^-x4 



Let X = a sin 0, and we get 



i f ^^ 



tan0 



Tills has been integrated ,by another transformation in Art. 15* 

dx 



' I 



Let X = sec 0, and the integral becomes 

sin cos ^ 



I COS* H9^ or, by (3) Art. 3, 



2 
accordingly, the value of the integral in question is 



2«« 



£+icos-i(i). 

Google 
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Let X = tan 0, and we get 

cos e^dO; or, by (23), 



{■ 



On Transformations. 27 

(I + aj»/ 

e^ (a cos d 4- sin 6) 



I + a* 



Let = sin* d, or a? = a tan* 6, and the integral becomes 

a ^ X 

a^ed (tan* a), or a J d i (sec* 6) : (since sec* a = I + tan* a). 

Integrating by parts, we haye 

led (sec* a) = f ec* a - J sec* a <fa = a sec« a - tan a : 

hence the yalue of the proposed integral is 



(a'+ x) tan-i {p\ = (««)». 



It may be observed that the fandamental formulae (e) and (/) can be at 
once obtained by aid of the transformations of this Article. 

27. The student must not, however, take for granted that 
whenever one or other of the preceding transformations is. 
applicable, it furnishes the simplest method of integration* 
We have, in Arts. 8 and 13, already met with integrals of the 
class here discussed, and have treated them by other substitu- 
tions ; all that can be stated is, that the method given in the^ 
preceding Article will be often found the most simple and 
useftd. The most suitable transformation in each case can 
only be arrived at after considerable practice and. familiarity 
with the results introduced by such transformations. 

By employing different methods we often obtain integrals- 
of the same expression which appear at first sight not ta 
agree. On examination, however, it will always be found 
that they only differ by some constant ; otherwise, they could 
not have the same differential. 
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.2 8 Elementary Forms of Integration, 

28. Higher Transcendental Function*. — Whenever the ex- 
pression under the radical sign contains powers of x beyond 
the second, the integral cannot, unless in exceptional cases, 
"be reduced to any of the fundamental f ormulse ; and conse- 
•quently cannot be represented in finite terms of a?, or of the 
ordinary transcendental functions : i. e. logarithmic, expo- 
nential, trigonometrical, or circular functions. Accordingly, 
the investigation of such integrals necessitates the introduc- 
tion of higher classes of transcendental functions. 

Thus the integration of irrational functions of ^, in which 
the expression \mder the square root is of the third or fourth 
•degree in a?, depends on a higher class of transcendentals 
•called Elliptic Functions. 

29. The method of integration by successive reduction is 
reserved for a subsequent place. The integration of rational 
fractions by the method of decomposition into partial frac- 
tions will be considered in the next chapter. 

30. Observations on Fundamental Forms. — Prom what has 
been already stated, the sign of integration J may be regarded 
in the light of a question : i. e., the meaning of the expression 
J F {x) dx is the same as asking what function of x has F (x) 

for its first derived. The answer to this question can only 

be derived from our previous knowledge of the differential 

-coefficients of the different classes of functions, as obtained by 

aid of the Differential Calculus. The number of fundamental 

formulae of integration must therefore, ultimately, be the 

«ame as the number of independent kinds of functions in 

Algebra and Trigonometry. These may be briefly classed as 

follows : — 

j» 

i). Ordinary powers and roots, such as aj*, ic*, &c. 

2). Exponentials, a*, &c., and their inverse functions; 

viz.. Logarithms. 
(3). Trigonometric functions, sin a?, tan a?, &o., and their 

inverse functions ; sin"*ir, t&or^x, Ac. '' 

This classification may assist the student towards undeiv 
«tanding why an expression, in order to be capable of inte- 
gration in a finite form, in terms of x and the ordinary 
transcendental functions, must be reducible by transforma- 
tion to one or other of the fundamental formulse given in 
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Definite Integrals, 2(^ 

this chapter. He will also soon find that the classes of in- 
tegrals which are so reducible are very limited, and that the 
large majority of expressions can only be integrated by the 
aid of infinite series. 

The student must not expect to understand at once tho 
reason for each transformation which he finds given : as he, 
however, gains familiarity with the subject he will find that 
most of the elementary integrations which can be performed 
group themselves under a few heads ; and that the proper 
transformations are in general simple, not numerous, and 
usually not difficult to arrive at. He must often be prepared 
to abandon the transformations which seemed at first sight 
the most suitable : such failures are not, however, to be con- 
sidered as waste of time, for it is by the application of suck 
processes only that the student is enabled gradually to arrive 
at the general principles according to which integrals may be 
classified. 

Many expressions will be found to admit of integration 
in two or more different ways. Such modes of arriving at 
the same results mutually throw light on each other, and will 
be found an instructive exercise for the beginner. 

31. Definite Integrals. — ^We now proceed to a brief consi- 
deration of the process of integration regarded as a summa- 
tion, reserving a more complete discussion for a subsequent 
chapter. 

If we suppose any magnitude, u^ to vary continuously by 
successive increments, commencing with a value a, and termi- 
nating with a value : its total increment is obviously repre- 
sented by j3 - a. But this total increment is equal to the sum 
of its partial increments ; and this holds, however small we 
consider each increment to be. 

This result is denoted in the case of finite increments, by 
the equation 

S (Aw) = i3 - a : 

a 

and in the case of infinitely small increments, by 
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3© Elementary Farms of Integration. 

in which Q and a are called the limits of integration : the 
former being the superior and the latter the inferior limit. 

Now, suppose t^ to be a function of another variable a?, 
represented by the equation 

then, if when x = a^u becomes a, and when a? = 6, w becomes 
/3, we have 

Moreover, in the limit, we have 

du =/' {x) dxy 

neglecting* infinitely small quantities of the second order 
<See Dif. Cal., Art. 7). 

Hence, formula (28) becomes 



{■ 



f{x)dx=/{b)-/{a); (29) 



in which b and a are styled the superior and the inferior limits 
of Xy respectively. 

It should be observed that the expression f\x) dx re- 

^ b 
presents here the limit of the sum denoted by S {f(x) Air), 

a 

when Ax is regarded as evanescent. 

In the preceding we assume that each element /'(^) dx is 
infinitely small for all values of x between the limits of inte- 
gration a and b ; and also that the limits, a and b, are both 
finite. 

A general investigation of these exceptional cases will be 
found m a subsequent chapter : meanwhile it may be stated, 
reserving these exceptions, that whenever/ (^), i. e. the integral 
of /' [x] dxy can be formed, the value of the definite integral 

/{x) dx is found by substituting each limit separately in- 

• In a Biibacquent chapter on Definite Integrals, a rigid demonstration wiU 
Vo fiiiunl of the property here assumed, namely that the sum of these quantities 
nf t>io second order becomes evanescent in the limit, and consequently may be 
^ed. Compare also Art. 39, Dif. Cal. 



t 



Digitized by 



Google 



Change of Limits, 31 

«tead of ar in /"(a?), and subtracting the value for the lower 
limit from that for the upper. 

A few easy examples are added for illustration. 



Examples. 
«. I ^sin ed$. An$, i. 



4'* 

IT r 
8"4 



t» dx 

w 



^- \> 



coB^xdx. 



7. 



3 '4 

3-5* 
• xdx I 



(• xdx I , 



32. Change of Limits. — ^It should he observed that it is not 
necessary that the increment dx should be regarded as positive, 
for we may regard x as decreasing by successive stages, as 
well as increasing. 

Accordingly we have 

^'/{x) da, =/(«) ^/{b) = - |V(^) dx. {30) 

That is, the interchange of the limits is equivalent to a change 
of sign of the definite integral. 
Also, it is obvious that 



«nd so on. 



^ (.i?) fl?i» = (a?) die + ^[x)dx\ 
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32 Elementary Forms of Integration. 

Again, if we assTime ^to be any fanotion of a new variable 
s, so that ^ [x) dx becomes (// (2) ofe, we obviously have 

^[x)dx = yp (2) dz^ 

]Xo JZo 

where Z and Zq are the values which z assumes when X and 
Xo are substituted for Xy respectively. 

-■-■ • uX 

For example, iix = a tan z, the expression j-^ nF^®* 

comes ; — ; and if the limits of a? be o and a, those of 

z are o and — . Consequently 

r** ^ I 17 , I 

Also, if we substitute a - e for a?, we have 

pa ro ro 

^(^dx^-X ^{a-%) dz=\ ip(a - z) dz. 

Jo J a Jo 

Since neither a? nor z occurs in the result, this equation 
may evidently be written in the form 

\ <p {x)dx =\ <it{a- x) dx. (31) 

33. Values of sin 7W^ sin wa?tfo,and cos mx cos nxdx. 

Since 2 smmx ^ nx = 00s {m - n) x - coa{m + n) x^ 
and 2 cosTWiP cos wo? = cos (m - w) a? + cos (w + n) x^ 

we have 

sin (m - w)a? sin (w + ri)x 



\ 



sin fWiC sin nxdx = • 



2 (w - ») 2{m-i-n) ^ 

/Google 
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Definite Integrals. 33 

and cos mx cob nxdx = — \ (— + — 7 (— . 

J 2 (m - w) 2 (w + ») 

Hence, when m and n are unequal integers, we haye 

sinwa?sinwa?e&=o,and cosnw? ooswa?(& = o. (32) 

When w * w, we have 

f . , - f I - cos 2nx . X sin 2nx 

sin' wa?(M? = ob = , 

J J 2 2 4n ' 

sin' nosdx « -, when n is an integer. 
Jo 2 

In like manner, with the same condition, we have 

cos* nxdx = ~. (33) 

Jo 2 
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34 Elementary Forms of Integration. 

Examples. 

J (iC+Bin*)* 2 (« + sin ir)a 

2. IrPBin^^. sin a; — aj cos «. 

3 f Ll^dx. 2 log (I +x)-x. 

r , (a + fta:»)«*i 

^ J w(»t + i) 



6. 



7. 



S. 



„ f ^ . 4 tan-i (- tan ^ . 

f tanxdx __i--log(<.cos«« + J8m»*). 

J a + 6 tan** a (« - a) "'• 

11. J22i5^. Binaog*). 

12. Show that the integral of — can be obtained from that otx^dx. 

X 

"Write the intefrral of a;"* dir in the form ■■ ; and, by the method of 

° m + j[ 

indeterminate forms, Ex. 5, Ch. iv. Diff. Cal., it can easily be seen that the 
true value of the fraction when m + i = o is log f - j , or log a:, omitting the 
Arbitrary constant. 

13. jco* sin mx cos nxdx. 

This ifl immediately reducible to the integral given in formula (23). 



f —^ Am. '- tan-. I ')■ 

J5i-4 8ina; 3 ^ I ^ 

y Google 
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J (I + *2)l 



*(H-a2)(n-a;2)i' 



16. \x (a + a:)l dx. 3(g + a:)^(4^-3g ) 

-^ 4-7 



f ^ 
17. 

Xet a + *a?« = z-, 

^g f (pjf£C08£)_«te 

J a + A cos a; 

This is equivalent to 

r qdx ph-qd f <?3; 

J ^ ^ J « + d cos ic' 

and aocordingly can be integrated by Art. i8. 

IX€FdX 



^(a + to»)r 



l+X 



xdx 



.. 1-7!=. ilogfv^I±ZU^ 



Let ar» + I = ««. 

^'v/«»+ I 
24. Integrate 

1>7 aid of the assumption 






a + d cos 

_ ^ + g cos g 
a±b cos * 
D 2 
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36 Elementary Forms of Integration. 

m 

25. Deduce Gregory's expansion for tan-^a; from formula (/). 
When » < I, we have 

= I - «« + X* - «« + Ac. 



I +«« 



.•. tan-»a? = I = « + +&C. 

J I + «* 3 5 7 

No constant is added since tan~*;i; Yanishes with x, 

26. Deduce in a similar manner the expansions of log ( i -I- jt), and sin~^ «• 

27. Find the integral of 



a + ^cos O + t'sintf* 



This can be rednced to the form in Art. 18, by assuming - = cot a, &c» 

c 

f ^ 
28. 1 7=- 

I / a + bx \ 

This can be integrated either by the method of Art. 13, or by that of Art 23. 

«• 

!T sin xdx ^ i « 
• Am. - log 2. 
^ cos* 2 



30- 



dx I 

8* 



•'o(4+3a;«)« 

J 

33. I X versin-^ ( ~ ) '^' 

C2dx I , 

34. , — , -log a 



iro* 
4 ' 



35. 



f-»_!^_. '.tan-^(-)- 

J 5+4Bm» 3 \3/ 
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CHAPTER 11. 

- INTEGRATION OF RATIONAL FRACTIONS. 

34. Bational Practiona. — ^A fraction whose numerator and 
denominator are both rational algebraic functions of a 
variable is called a rational fraction. 

Let the expression in question be of the form 

aaf^ + hxf^^ + cx'^'^ + &c. 



aV* + 6'^«-^ + cV-^ + &c. 



in which m and n are positive integers, and <?, J, . . . a', J', . . . 
Are constants. 

In the first place, if the degree of the numerator be 
^eater than, or equal to, that of the denominator, by 
division we can obtain a quotient together with a new 
fraction in which the numerator is of a lower degree than 
the denominator ; the former part can be immediately in- 
tegrated by Art. 3. The integration of the latter pait in 
general comes under the method of Partial Fractions. 

35. Before' proceeding to the general process of inte- 
gration of rational fractions, we propose to consider a few 
elementary examples, which will lead up to, and indicate in 
what the general method really consists. 

We commence with the form abeady considered in Art. 7 ; 
in which, denoting by ax and a-i the roots of the denominator, 
the expression to be integrated may be represented by 

(^ + qx) dx 



{x-ai) {x-ai)' 
Assume 

p ->r qx Ai 



(iZ^ - ai) (iC - 02) X - ai X - Ui 

y Google 
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3 8 Integration of Rational Fractions. 

Multiplying by {x - oi) {x - 02), we get 

p -\- qx = - {AiQ'i + AiQij + {Ai + A^ x. 

Hence, we get for the determination of Ai and A2 th^ 
equations 

p = -Aiaz-AzQi^ q = Ai-\-J.i; 

whence we obtain 

p-hqa, p + qat 

111 -~ Q-i fll ~ flz 

Consequently 



r {p + qx)dx _ P + gai f ^^p i? + $^02 f dx 
J l^-oi) (a? -02) oi-oa J^-oi ai-Qi jx-i 



—^ lil^ + 5'ai) log(^ - ai) - (^ + ^02) log(a: - 02)! ► 
ai - 02 ^ ; 



In like manner 



p -h qa^ _ Ax A2 



[a^ - fli) (ar* - 02) x^ - oi a?* - 02' 
where -4i and A^ have the same values as above ; hence 

J (x^ - oi) (a^ - 02) J x^ - ai J iJtr - a^ 

But each of the latter integrals is of one or other of the- 
fundamental forms (/) and (A) of Chapter I.; hence the- 
proposed expression can be always integrated. 

Again, let it be proposed to integrate an expression of 
the form 

{p + gx + rsP) dx 

(iT-ai) (a? -02) (a? -03)' 
We assume 

p + qx ^- rx^ Ai A2 A3 

+ + • 



(x — tti) (x - 02) {^ - "3) x-Oi x~a2 X- Qz 

y Google 
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Rational Fradiom. 3 9 

and, clearing from fractions, and identifying both sides by 
equating the coefficients of x\ of a:, and the part independent 
of Xy at both sides, we obtain three equations of the first 
degree in -4i, A^^ Az, which can be readily solved, by ordinary 
al^bra ; thus determining the values of A^ A2, Az in terms 
of the given constants. 
By this means we get 

f (p + qx -[- rx^) dx a [ ^ A { ^'"^ A \ ^^ 

J (a: - oi) (a: - 02) (a? - 03) ja;-ai ^]x-a2 Jir-os 

= Ai log {x - ai) + A2 log {x - 02) + Az log {x - 03). 
We shall illustrate these results by a few simple examples. 

Examples. 

Jxdx "t I 

— — - — -. -log(«+3) + -log(a?-i). 

a:* + 2« — 3 4 4 



I, «-i I , 

- log tan-^ X, 



f dx I, 

C dx i^ , i^ ,iP 

Ja;*+5** + 4 3 62 



T , «;• - I 



ar*-r 4*^^i2+i' 

, f (3a;« - 2) (fa; , /x*-2\ ^ , 

Here the denominator is eqnal to a? (a? - 2) (a; + 3) ; and we have 
aj* + a?-i __ --^1 -^2 -^3 . 



c (« - 2) (a: -I- 3) X x-2 x-\-Z* 

y Google 
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40 Integration of Rational Fractions. 

hence aj« + «-i =-4i («• + «- 6)+ A^x^x + 3) + Azx(x - 2), 
•*. the equationB for determining A\y A2 and As are 

Ai + Ai + As^ I, -4i + $A2 - 2^3 = I, 6A1 = I, 
whence we get 

Ai = 7, -4a = -, As = -. 
623 

«• J ^^^J^^ ' ^.^« + log{^+^+i). 

We now proceed to the oonsideration of the general 
method ; and, as it is based on the decomposition of partial 
fractions, we begin with the latter process. 

36. Partial Practiona. — The method of decomposition of 
a fraction into its partial fractions is usually given in treatises 
on Algebra ; as, however, the process is intimately connected 
with Sie integration of a large class of expressions, a short 
space is devoted to its consideration here. 

For brevity, we shall denote the fraction under con- 

Bideration by =^-7-f. 

Let aiy Qzy as, • • • On denote the roots of ^ (a) ; then 

^(a:) = (a?-ai)(iC-a2)(^-a3)...(iC-On). (i) 

There are four cases to be considered, according as we 
have roots, (i) real and unequal; (2) real and equal; (3) 
ima^nary and unequal ; (4) imaginary and equal. 

We proceed to (Uscuss each class separately. 

37. Beal and Unequal Boots. — In this case we may 
assume 

/{x) _ A, A^ As An / X 

. / \ "" •" « r . . . -1 , v*y 

^{X) X-Qi X — Oz X — as X-Qn 

where -4i, -^j, .... -4n are independent of x. For, if the 
equation be cleared from fractions by multiplying by ^(o?), 
on equating the coefficients of like powers of a on both 
sides, we obtain n equations for the determination of the n 
constants Ai^ Azy . . . An* 
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Real and Unequal Roots. 41 

Moreover, since these equations contain -4i, -^2, &c., only 
in the first degree, they can always be solved : however, since 
the equations are often too complicated for ready solution, 
the following method is usually more expeditious. 

The equation (2), when cleared from fractions, gives 

f{x) = Ai{x-a2){x'-a3) . . . {x-an) + A2[x-ai){x-a3) . . . 

{x-an) + &c. + An{x-ai)[x-a2) . . . (a;-a,»-i) ; 

and since, by hypothesis, both sides of this equation are 
identical for all values of Xy we may substitute oi for x 
throughout ; this gives 

/(ai) = Ai (01-02) (oi-as) . . . (ai-a«), 
or 

J, ■ /("■) 

In like manner, we have 

X = ^ A - /W A . /W u\ 



J 



Hence, when all the roots are unequal, we have 

-77— r — -777 — ^ 1 — 77 — : + etc. H — 77 — ; . 

^\X) <^{ai)x-ai ^[a2)X-a2 ^(flnJ^-On 

Accordingly, in this case 



(4) 



+ ^jlog(ar-a„). (5) 

The preceding inyestigation sho\re that to any root (a), 
"wliich is not a multiple root, corresponds a single term in the 
integral, viz. 

^-^log(^-a); 
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4 2 In teg ration of Rational Fractions. 

one which can always be found, whether the remaining roots 
are known or not ; and whether they are real or imaginary. 

38. It should also be observed that even when the degree 
of ^ in the numerator is greater than, or equal to, that in tho 
denominator, the partial fraction corresponding to any root 
(a) in the denominator is still of the form found above. 

For let 

where Q and jB denote the quotient and remainder, and let 

A. R 

-^ be the partial fraction of -^r corresponding to a single 

root a ; then, on multiplying by ^ {x) and substituting a 
instead of Xj it is easily seen, as before, that we g.et 

For example, let it be proposed to integrate the ex- 
pression 

x^dx 

Here the factors of the denominator are easily seen to be 

X - ij X -{■ 2, and *p - 3 ; 
accordingly, we may assume 

a^ •> /3 -* J' C' 

ir^-2a;*-5a? + 6 - a?-i x^2 x-^ 

To find a and /3, we equate the coefficients of x^ and x^ to 
zero, after clearing from fractions : this gives immediately, 
« = 2, and /3 = 9. 

Again, since (a) = x^ - 2x^ -5^ + 6, we have 

<^'{x) = sx^-^x- s. 
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Real and Unequal Roots. 43, 

Accordingly, substituting 1,-2, and 3, successively for i^^ 
in the fraction 



^x' - 4-2? - 5 
we get 



and hence 



6 15' IP 



^ 2 I 32 . 243 



a^-2^*-5a:4-6 ^ 6(ir-i) i5(a? + 2) io(;r-3)' 

f x'dx a^ , log(a7-i) 
.-. _ = _ + jj;2 + oa; O-A^ i 

]x^ - 2x^ - 5A* + 6 3 6 

-||log(^+2)+^log(ar-3). 

39. If the numerator and denominator contain x in even 
powers only, the process can generally be simplified; for^ 
on substituting i for a?^, the fraction becomes of tiie form 

<i,{zy 

Accordingly, whenever the roots of (l>{z) are real and 
unequal, the fraction can be decomposed into partial fractions^ 
and to any root (a) corresponds a fraction of the form 



^'(a) z - a 
The corresponding term in the integral of 



is obviously represented by 



dx 



/(«) r <fa 

^'(a) J a;* -a 
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44 Integration of Rational Fractiom. 

This is of the form (/) or (^), according as a is a positive 
or negative root. 

The case of imaginary roots in ^ {z) will be considered in 
a subsequent part oi the chapter. 

It may be observed that the integrals treated of in Art. 5 
«.re simple cases of the method of partial fractions discussed 
in this Article. . 



Examples. 

{zx + 3) dx 



f ( 2a: + 3)tf 



Here the factors of the denominator evidently are a?, a; - i, and a; + 2 ; we 
•accordingly assume 

2a; + 3 _ A ^ B C 



3^+ X'^-2X X X-1 X + 2' 

Again, as ^ (a;) = a:^ ^. -^2 _ 2x, we have <t/(x) = sa;^ + 2a; - 2 ; 

.^ /W ^ 2a;+3 
<t>^{^) 3a;* + 2a; - 2* 
Hence, by (3) we have 

23 o 

"Consequently 

f dx 

^' J {x^ + a*) (a;2 + 6^)' 

Here 

L__ = _L_/^J L\ 

{x^ + ««) (a;2 + Z.2^ a2 - A3 Va;2 + *2 ^^2 + ^2^ » 
lience the value of the required integral is 

Ixdx 
{x' + a) {x' + of 
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Multiple Real Roots, 45 

Substitate t for x^, and the transformed integral is 

f I dz 

J Z (» + a) (« + b)' 

Consequently the value of the required integral is 
I /?*+*\ 

J a:2~3a;+2 ' -^'"* 3^ + 1 1 %(^ - a) - 2 log(a: - i). 

^»-y-,+ 6 - -log(*-i) + -log(*-a)+^log(*+3). 

f (ia! + l)<fo I, , ^ X 3, « 



8. 



Let . a?" = -. 

s 



40. Multiple Beal Boots. — Suppose ^ (a?) has r roots eachi 
equal to a, then the fraction can be written in the ihape iott<\ 



(aj-a)^i//(a7)' 
In this case we may assume 

f{x) M^ ^ M, ^ ^ ^r ^ P 

+ — — + ■ 



{x-ayy^ix) (x-aY {x-ay-' '" x - a yp{xY 

where the last term arises from the remaining roots. 

Por, when the expression is cleared from fractions, it isi 
readily seen that, on equating the coefficients of like powers, 
at both sides, we have as many equations as there are 
unknown quantities, and accordingly the assumption is a 
legitimate one. 
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46 Integration of Rational Fractions, 

In order to determine the coefficients, Jfi, jl/i, &c. . . . Jf^, 
olear from fractions, and we get 

f{x) = M,yp[x) + M2[x--a)rf^[x) + MJ^x--aYrf^[x) + &c. ... (6) 

This gives, when a is substituted for a?, 

/(a) = if,;A(a), or Jf, = -^. (7) 

Next, differentiate with respect to a?, and substitute a 
instead of a? in the resulting equation, and we get 

/(a) = M,xP\a) + M,xP{a) ; (8) 

which determines Jfj. 

By a second differentiation, J/a can be determined; and 
so on. 

It can be readily seen, that the series of equations thus 
arrived at may be written as f oUows — 

f{a) = M,xP{a). 

' f\a) = Jfi f (a) + 2 .M,yi;[a) + 1 . 2,M4[a), 

f'\a) = Jtfif » + 3 . ^^i'\^) + 2.3. M,^P\a) +1.2.3 'J^4[^). 

/-(a) = Jlfi;^»^(a) + 4.ilfaf>)+3.4.J^3f'(a) + 2.3.4.J^^^^ 

+ i.2.3.4.Jf5Tjt(a), 

in which the law of formation is obvious, and the coefficients 
•can be obtained in succession. 

The corresponding part of the integral of 

f{x)das 



evidently is 

__ _ . . Mr-i I -Sfr-2 Ml . . 

-3f^iog(..-^)-^^-2(^::^-""- (r^i)(...ar ' (9) 

If ^ (a?) have a second set of multiple roots, the cor- 
responding terms in the integral can be obtained in like 
manner. 
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Imaginary Roots. 47 

41. Imaginary Boots. — The results arrived at in Art. 37 
apply to the case of imaginary, as well as to real, roots; 
however, as the corresponding partial fractions appear in 
this case under an imaginary form, it is desirable to give an 
investigation in which the coeflBlcients are all real. 

Suppose a + b^ - i and a - h^ - i to be a pair of 
conjugate roots in the equation <^\x) = o ; then the cor- 
responding quadratic factor is 

{x - ay + 6', or x^ -\-px + q (suppose). 

We accordingly assume 

{x) = {x^ +px + q)\p (x)y 

and hence 

f{x) ^ Lx^3r P 

<lt{x) ~ x^-\-px-\-q Q' 

P 

where -^ represents the portion arising from the remaining 

roots, and — is the part arising from the roots 

a^+px-\-q ^ ° 

^ ± 6v^~ I. 

Multiplying by {x) we get 

p 

f{x) =^ {Lx-^M)xl.{x)-^{x^-^px-^q)-^yP{x). (10) 

If in this, - {px + q) be substituted for a^, the last term 
<lisappears; and by repeating the same substitution in the 
-equation 

f{x) = xP{x){Lx-^M), 

it ultimately reduces to a simple equation in ar; on identify- 
ing both sides of this equation, we can determine the values 
of L and M. 

42. In many cases we can determine the coefficients Z, Jf, 
more expeditiously, either by equating coefficients directly, 
or else by determining the other partial fractions first, and 
subtracting their sum from the given fraction. 

It will also be found that the determination of many 
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48 Integration of Rational Fractions. 

integrals of this class can be much simplified by a trans* 
formation to a new variable, or by some other suitable 
expedient. 

Some elementary examples are added for the purpose 
of illustration. 



Examples. 



Ixdx 
(I + a;) (! + «=')• 



Assume 



A Lx -^ M 

■ + 



(i+af)(i+ar») i-k-x i + a;* 
clearing from fractions, this becomes 

X = ui(i+a2j + (2;a; + Jf;(i+iP). 
Equate tlie coefficients, and we get 

X + -4 = o, X + -af=i, -4 + Jf=o. 



Hence 



X = -, Jir=-, -4 = — -; 
2 2 a 



and accordingly 






















X 






I 


I I 

-x^l\ 


!+« 








(i + *)(n 


-»») 




2 I 


+ «»' 




••• 


. 1 


xdx 




= 


;- 


(I+X)» 


-j tan"^ir 




.If *)(» + 


x^) 














!i 


db; 




r" 


2. 










+ *»• 




. 


Let 
























I 


_ 


Uil 


-+ - 


Zaj + ^ 


r» 



consequently, u< » -, by formula (3). Substituting and clearing from fractions, 

we bare 

3 = i-« + «» + 3(X« + ^)(i + flf); 

bence, dinding by i + ar, we have 

a-a? = 3(Xa; + iO« 
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Imaginary Roots. 49 

Consequently, 

I dx _ I f <fa I r (2 - a?) <fa 

= -log(i + ic) - ilog(i - a; + x^) + -^ tan"* (^^7^) • 



This can be got from the last by changing the sign of x. 

r dx 

In this case we hare 

I 1/ 1 I \ 

Let x^ = ^i and the integral becomes 

1 [ zdz 

]{x-if{^x^+i)' 
Assume 

a?' u< J? Xa? + if 
+ + ■ 



To find Z and if, we clear from fractions, and by Art. 41, the yalues of X and 
Jf are f onnd by maldng ir* s — i in the following equation, 

; a^= (ia; + Jf)(«-i)2. 
This gives immediately X = - -, Jf «= o. 

Again, by Art. 40, we get immediately, -^ = -• 

To find B^ make a; = o in both sides of our identity, and we get 

o a ui - J? + Jf, .'. J? = -4 = -. 

2 
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Finally 

x^dx __ I I II IX 

(a;- !)*(«*+ I) ~ 2 (a?-i)» "*" 2 ^^ ~ 2 i+a;«* 

tir^ife II I, , V ii / 
7 .0 , a . ,v = + -log(a?-i)--log(a;2+l). 
(a? - 1/ (a?* + I) 2 a? -I 2 °^ 4 ''^ ' 

f dx 

'' ] x» -{■ xT - x^ - afi' 

Here the denominator is easily seen to be a^(x — i) (a? + i)* (a?* + i), and the 
expression becomes 

f ^ 

J«3(a;-i)(a;+i)*(a;« + i)' 

I 

Assume a; » -, and the tran^ormed expression is evidently 

J («- I) (2+ 1)2 («*+!)• 

The quotient is easily seen to be 2 - i ; and, by the method of Art. 38, we may 
assume 

sfi A JB C Iz + M 

= e - I + — -- + ;— — rr + -—— + 



(«-l)(2+ !)*(««+ I) «-I («+i)«^a+I ««+! ■ 

Hence (Arts. 37, 40), we have 

Next, Z and M are found by making 2^ = — i, in the equation 

«« = (XZ + Jf)(2-I)(2+1)2, 

.M = 2(X« + i£)(2 + i) =2{£«»+(i + -aO« + JK'}, 
which gives 

2 

4 4 

In order to find the remaining coefficient C, we make 2 = 0, when, we get 

o a-.i-^ + 5+C+Jf, .-. C=|; 

o 
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ice 


we Iiaye 














2« 


_. . _ — r .... t 0. 


I I 


1 I e 

■^8*+ 1 4«a 


-I 




(* 


-I)(«+I 


)2(*2+l) ^/8a-J 




■h- 


.I)(.+ I)2(««+I) 2 


■«+|l0g(2- 


■■'*i.-TT 







+ |log(«+i) -^log(«»-i- 1) - i tan-»a. 



Hence, 

[-a? 



f <?3? i^ I I a? I I- 

J^s + a;7-«*-ar> ~ 2a:«""« 4a?+i 8°^i+i 



+ |log(*+0 -logJJ--taii-ii. 
o 4 a; 

43. Multiple Imaginary Boots. — ^To complete the discus- 

fix) 

«ion of the deoompositioii of the fraction ) ( , suppose the 

^ W . 
denominator {x) to contain r pairs of equal and imaginary 

roots, L e., let the denominator contain a factor of the form 
[[x - aY + Vy ; and suppose 0(a;) = {(^ - «)» + J*}''0i(ir). 
In this case we assume 

f{x) _ LiX + Jfi iaJT + Jfa 

+ .. . + 7 rT-^ + 



the remaining partial fractions being obtained from the other 
roots. 

There is no difficulty in seeing that we shall still have 
as many equations as unknown quantities, ii, Jtfi, ij, Jtfi, . . . 
when the coefficients of like powers of a: are equated on both 
sides. 

To determine ii, Jfi, Za, &c. ; let the factor [x - a)^ + J* 
be represented by X, and multiply up by X*", when we get 

<^,[x) 
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52 Integration of Rational Functions. 

The coefl&cients Li and Mi are determined as in Art. 41. 
To find L2 and M^ ; differentiate with respect to a?, and sub- 
stitute a + h^/ - I for X in the result, when it becomes 

where Xq = a + b^y - i. 

Hence, equating real and imaginary parts, we get two 
equations for the determination of £2 and Jfg. By a second 
differentiation, Z3 and M^ can be determined, and so on. 

It is unnecessary to go more into detail, as sufficient has 
been stated to show that the decomposition into partial frac- 
tions is possible in all cases, when the roots of <p[x) = o are 
known. 

The practical application is often simplified, by transfor- 
mation to a new variable. 

44. The preceding investigation shows that the integra- 
tion of rational fractions is in all cases reducible to that of 
one or more fractions of the following forms : 

dx dx [A + Bx)dx [Lx + M]dx 



x-a' [x-af [x-aY-^h^' [[x-af + Vy 

The methods of integrating the first three forms have been 
given already. We proceed to show the mode of dealing 
with the last. 

45. In the first place it can be divided into two others, 

L{x - a) dx {La + M)dx 
[[x-ay-^^Y^ [[x--ay+¥Y' 

The integral of the first part is evidently 



2{r- i) [[x - af -^ h'Y'^' 



To determine the integral of the other part, we substitute 
s for ic - tr, and, omitting the constant coefficient, it becomes 

f cfe 



{z" + bY 

y Google 
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Multiple Imaginary Roots. 53 

Again 

But we get by integration by parts 

2[r- i)(s^+J^}'^^ "*■ 2(r- i)J (?+l7^' 
Substituting in the preceding, we obtain 

r <fe ^ ^^"3 f dz z , . 

J {z'+by 2{r-- i)6^J (2* + i^f-i 2(r - \)b^ (s* +67"^* ^^^^ 

This formula reduces the integral to another of the same 

shape, in which the exponent r is replaced by r - i. By 

successive repetitions of this formula the integral can be re- 

dz 
duced to depend on that of -5 — rr. 

The preceding is a case of the method of integration by 
successive reduction^ referred to in Art. 19. Other examples 
of this method will be found in the next Chapter. 

The preceding integral can often be found more expedi- 
tiously by the f oUowing transformation. Substitute b tan tf 

dz 
for 2, and the expression y-5 — ^^ becomes, obviously, 



jfclfeos- 



^UQ. 



The discussion of this class of integrals will be found in 
the next Chapter. 

46. We shall next return to the integration of Av , 

• . (^ ) 

which has been already considered in Art. 39 in the case 
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54 Integration of Rational Functions, 

where the roots of ^ (z) are reaL To a pair of imagiiiarj 
roots, a±h y^ - i, corresponds a partial fraction of the form 

where <?* = ^ + J*. 

In order to integrate this, we assimie a == c cos 20, when 
the fraction becomes 

{Aa^ ■\- B)dx 



a* - za^c cos 2^ + 0* 



The quadratic factors of the denominator are easily seen 
to be 

a^ -2x^0 cos + e?, and ^ + 2a;v^ cos ^ + c. 
Accordingly we assume 
Aa?\B LxArM Vx-^- M' 



rf?*-24J*cco8 20 + c' a^-2a?-v/coos0+c ar* + 23?^/^ COS + t? 
hence, it can be seen without diflSculty, that 

8 cf cos 2C 

and after a few easy transformations, we find 

r (Ax* + B ) da Ac- B ^ /oj* - 2a?v^c cos + A 

J iu* - 2a:»c cos 20 + c» " 8 cos a ^^ V + 2irv^coos + c/ 

4sm0cl \ c^ -x^ J 

dx 
47. Integration of 7 :-—. r--. 

?his expression can be easily transformed into a shape 
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Integration of . r-7 77-. 

■whioh is immediately integrable, by the following mibstitu- 
tion : — 



Assume a? - 


-a = 


>ix 


-b) 


2; 


then 






a - bz 


. X- 


-a = 


(a- 

I 


-6) 
- z 


-, 0? - J = 


a 

1 


-b 



^ ^^ ^.. ^,^ ^ ^ (a-b) dz 

X = , , . . x-a= ^— , x-b= . ax = -^-7 -rz- > 

I -s I -s ' I -s' (i -2)* * 

and the expression transforms into 

[a - J)*"^'*-^ s''** 

Expand the numerator by the Binomial Theorem, and the 
integrtd can be immediately obtained. 
!Fq;r example, take the integral 

dx 



{x - ay {x - by ' 

Here the transformed expression is 

•(i - z^dz 



f( 

J [a - bf z' ' 
or 



\ 



X - a 



Substituting ^ for 2, the integral can be expressed in 

terms of x. 

' ix?"^^ dx 
48. Integration of ^^^^7^, 

where m and n axe integers. 

Let a + co;^ = z, and the expi^ssion becomes 

{z-aY^dz^ 

a form which is immediately integrable by aid of the Bino* 
mial Theorem. 
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5 6 Integration of Rationai Functions. 

It is eyident that the expression is made integrable by the 
/Bame transformation when n is either a fractional or a nega* 
tive index« 

It may be also observed that the more general expression 

. 2\n ^^^^ ^ integrated by the same transformation, where 
/(o^) denotes an integral algebraic function of a?. 



Examples. 

Jafidx I a 

Iafidx I I ii / 9 . X 



49. Integration of 



dx 



where n is a positive integer. 

Suppose a an imaginary root of aJ" - i = o, and it is evi- 
dent that a~^ is the conjugate root: also, by (3), the partial 
fraction corresponding to the root a is 



a 

or 



na^^{x-ay n{x-a)' 

If to this the fraction arising from the root a^ be added, 
we get 

n (^ - a a?-a"*)' n (ar* - (a + a"^) a? +ij 
But, by the theory of equations, a is of the form 



2kir / . 2A;7r 

cos + a/ - I sm , 

n n 
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a;"- I 
"where h is any integer, 



Integration of- 



o + a"^ = 2 cos 



2hw 



n 



Hence, if be substituted for the preceding fraction 

becomes 

2 a;oos - I 

» ' ic* - 2a; cos 0+ i* 
The integral of this, by Art. 7, is 
cos - , ^ ,, 2 sin , Jx ~ cos 9\ 

lOff (l - 23? cos + or] tan*"M ; jr- . 

n ^ ^ ^ n \ smd J 

There are two cases to be considered, according as n is 
even or odd. 

(i). Let »= 2r : in this case the equation ar^*" - i = o has 
two real roots, viz., + i and - i ; and it is easily seen that 

dx I - a; -I I ^ *Vi / *^ «\ 

-Tz = — log + — S COS — log (i - 2a? cos — + ar) 

- / a: - cos — ^ 

-Issin^tan-M j^-l ], (13) 

ysin- 

where the summation represented by 2 extends to all inte- 
gral values of h from i to r -i. 

(2). Let n = 2r + I, and we obtain 

f dx log(a?-i) I _ zTiv - / ilitr A 

1 ^^, =-s-^ ^+ S cos log i-2a?cos +«M 

Jar^^-i 2r+i 2r+i 2r+i *^ \ 2r+i / 

2ltv 
ic - cos - 



J 



2 ^ . 2hv . , 2r + I , f . 

S sm — -- tan-^ :-T— - , (14) 



2r + I 2r + I \ , 2hrf 

sm 



2r + I 
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5 8 Integratiah of Rational Funetums. 

where the smnmatioii represented by 2 extends to all integral 
yalues of h from i up to r. 

50. Zntegration of —- y where m ia less tlian n. 

or — I 

As before, let a be a root, and the corresponding partial 

fraction is — -—77 r or —. t- ; hence the partial fraotioa 

wa**'"^(a? - a) n {x - a) 

arising from the complementary roots, a and a~S is 

n\x-a x- g-y ~ n ar^ - (g + g"^) a? + i 

2 ^ cos mO -- cos (w - i)0 
w aj* - 2a; cos + I ' 

where 9 is of the same form as before. 

The corresponding term in the proposed integral is easily 
seen, by Art. 7, to be 

- joos wdlog(aj*- 2a? cos 0+ i)-2 sinmOtan'^ — : — g^-J. (15) 

ft 
By giving to k all values from i to — i, when n is even, and 

from I to when n is odd, the integral required can be 

written down as in the preceding Article. 
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Examples. 59 



Examples. 



f^£^_^ 2log(^-2) + log(a;+i). 

J X* " X— 2 

(A+Bx^)die A, Ba-Ab. , . , -x 



ar*+a!»-2' ~ 6 *^ a: 4- 1 3 Vy/a/ 

f -^. -V iog?l±fv::2±i + ' tan-i (^) , 

f j2£-5)^ 7 II ^ /liiV 

Jla^+SX^ + i)'* 2(^:1-1) 4 ^U + 3/ 

f <^^ I _i_ , / g^ \ 

J «(a + ^u;2)2' 2a (a + ix*) "*■ 2*2 ^^ U + ia;^/ * 

f dx 2_i / ^ \ . !_ 



■bxy* 



J xiji'tbue^Y 



Let a + *a" = *»«,'and the transformed expression is -^^ — 

10- -^ 7^^ • -^<>« (»» + I) - ^ log (« + I) + ^ tan-la?. 

ac5 + a;«+a; + i 4 2 2 

11. f ^ . i-log («+2) - — log (a?»+ I) + -i tan-»a?* 

dx 

12. Apply the method of Art. 47 to the integration of ^^.^w - 

(I + «)'»»-2<fe 
Th© transformed expression is - ^ i^^n — * 

I sfldx 
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^o Integration of Rationdl Functions, 

14. By a similar transformation, prove that 






(I + g)«***>-Vg 



fdx . I , . * ' 1 ^ 

-: ; ; — ' — r. Am. L log Sin 1 log COS - 



d 



- log (a + ^ COS x). 



Multiply by sin x^ substitute u for cos Xy and the integral becomes 

— du 



f -du 

- r <& I , . « 

J 3 sin d; + sin 2d;* 

f (i-.x^)dx v^T /2 + aj2\ I, /a:* + a:*+l\ 



-log Bin — logcos-+ -log(3+ a cos «;. 
8m2a; 5 ° a ° 2 5 ^ 



Let «* = -, &c. 

z 

18. Prove that 



I — = 2 cos — log I I - 2* cos -^ — + a?* J 

J I + *2n 2« 2» ^ \ 2« / 

(2^-1)5 ■ 



I ^ . (2^ - I)ir ^ , 
+ - 2 sm ^ ^ tan-i < 



an 

. {2k- l)v 



> ; 



^here 1c extends through all integral values from i to n, inclusive. 

lo, I —7: = — 2 cos — ' log I I — ao^cos -^ + x- 1 

(aAr- i)ir' 



2 . (2Ar - l)ir 
+ 2 sm ^^ r^ tan-i ^ 

2« + I 2» + I 



2«+ I 



(2;fc- i)ir 



2»+ I 



where A; assumes all integral values from i to n inclusive. 
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CHAPTEE IIL 

INTEGRATION BY SUCCESSIVE REDUCTION. 

5 1 . Cases in which shi^O cos'^d dO is immediately Integrable. — 
We shall commence this Chapter* with the discussion of the 
integral 

J sin*"© COS"!? d0 ; 

to which form it will be seen that a number of other expres- 
sions are readily reducible. 

In the first place it is easily seen that whenever either m or 
n 18 an odd positive integer the expression sin.*"0 cos^O dO can 
be immediately integrated. 

For, if M = 2r + i, the integral becomes 

J sin*"!? cos^'-^^Ofl?©, or J sin*»e (cos^e)*- d (sin 0). 
If we assume a? = sin 0, the integral transforms into 

jx'^ii -x'ydx, (i) 

and as, by hypothesis, r is a positive integer, (i -a^y can 
be expanded by the Binomial Theorem in a finite number of 
terms, each of which can be integrated separately. In like 
manner, if the index of sin be an odd integer, we assume 
X = cos 0y &c. 

A few examples are added for the purpose of making the 
student familiar with this principle. 



* It may be observed that a large number of the integrals discussed in this 
Chapter do not require the method of Successiye Reduction : however, since 
o^er integrals of the same form require this method, it was not considered 
advisable to separate the discussion into distinct chapters. 
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tz Integration by Successive Beduction. 



I. vaxiHdS, 



I 

! 



eosl^Bdd. 



»LE8. 






Ant 


3^ 


COB 9. ' 




Bintf- 






cosiotf 


COS^ 




IQ 


8 • 




I ^ cos^a 

+2C0Stf . 

costf 3 




2 Bin^e 


2 sin'tf 




3 


7 




a cos*d 


- 2 cosid. 




5 




3 sinie 


-^BinSe. 
7 



sin'd cos'tfeftf. 



5. I y/ane<iOtfiede. 

J y^cos tf 

■^^ J sinltf • 

52. Again, whenever m + n is an even negative integer 
the expression sin*"0 cos**0^0 can be readily integrated. 
For if we assume x = tan 0, we have 

COS = . , fiin 0= ■ -, and rfO = 



Vi+^'' -/rr^' 1+^ 



and the expression transforms into 

af^da 



(i+^)~*' 



Hence, ifm + » = -2r, this becomes 
a form which is immediately integrable. 
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Cases in which sin^O co^d dB is immediately Integrable. 63 

Take, for example, tjt-. 

^ J cos'fl 

Xiet X = tan d, and we get 

Next, to find \-r-n ,/!• 

J sm COS'S 

Making the same substitution, we obtain 

•(i +x'Y(h> 



tan»e tan»0 

or + . 

3 5 

dB 



1^ 



Hence, the value of the proposed integral is 
+ tan*0 + log (tan 6). 



Again, to find — 



dO 



sin*fl eos^fl" 



f I + s^^ dx 
Here the transformed expression is ^ — --^ — ^ and ac- 
cordingly the value of the proposed integral is 

2 tani^d 

In many cases it is more convenient to assume x = cot 0. 

Por example, to find -r-iTr. 
^ J sm*fl 

Since rffcot S) = - -^-^, if cot 6 = a?, the transformed 
integral is 

- (i+^*)dip,or-oot6- 



3 
The following examples are added for illustration. 
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64 Integration by Successive Reduction. 



I 



Examples. 



An8, 



C08*d ' 4 

f de 



^ 2 tan^tf tan'^ 
tan d + + • 



f ^^ *^^_Ll u a\ 

J smdcos^e 2 ° ^ 

!8in*d <ftf a _ 
17* 7tan*e. 
COB*d 3 



8 

- 8C0t2d--C0t32^* 

3 



'^' j8m*ecos*e" 

6. I r-. 2tanitf(i+ ). 

J8in*dc08*d V 5 / 

When neither of the preceding methods is applicable, the 
integration of the expression sin*"fl cos**flfl?fl can be obtained 
only by aid of successive reduction. 

We proceed to establish the formulae of reduction suitably 
to this case. 

53. FormulsB of Beduction for Bin*"0 OOS'^OdO. 

[sin»»d cos"erf«l= I cos~-^d sin'"0rf(sin 6) : 

consequently, if we assume 

„ ,. sin"»«e 

u = cos" *0, V = 1 , 

m+ I 

the formula for integration by parts (Art. 21) gives 

f sin-0 cosme-''-^^^^^^^^-^^^^^ fsin^'-^ecos-We, (2) 

y Google 
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Case of One Positive and One Negative Index. 65 

In like manner, if the integral be written in the form 

- I sin'»'^0cos"et^(cos«l), 
we obtain 

sin"*© coB*»0 dO = sm"^^e oob*»*'0 tffl ^ — . (3) 

J w + I J n + I ^'^^ 

It may be observed that this latter formula can be de- 
rived from (2) by substituting -- 4> ford, and interchanging 

the letters m and n, in it. 

54. Case of one Positive and one Negative Index. — The 
results in (2) and (3) hold whether w or » be positive or ne- 
gative : accordingly, let one of them be negative (n suppose), 
and on changing n into - ^, formida (3) becomes 

fsin^fl^ sin'^-^e _ ^ILZl f sin'^'O ,n 

J cos'^fl {n - i) cos~-^fl n - I J cos'^^fl ' ^^^ 

in which m and n are supposed to have positive* signs. 

sin"*fl 
By this formula the integral of — -7. dO is made to de- 

pend on another in which the indices of sin and cos are 
each diminished by two. The same method is applicable to 
the new integral, and so on. 

If m be an odd integer, the expression is integrable im- 
mediately by Art. 51. H w be even, and n even and greater 
thcui w, the method of Art. 52 is applicable; if w = w, the 
expression becomes J tan"*0fl?0 ; which will be treated subse- 
quently; if » < w, the integral reduces to that of sin"^d dO^ 

c ///} 

Again, if w be odd, and > m, the integral reduces to ^. 

J COS*'^'*w> 



* The formuls of reduction employed in practice are indicated by the capital 
letters, A, B, &c. : and in them the indices m and n are supposed to haye always 
positive signs. By this means the formulsB will be more easily apprehended 
and applied by the student. 

F 
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66 Integration by Successive Reduction. 

and if n < m, it reduces to ^ — . The mode of find- 

J cos 

iug these latter integrals will be considered subsequently. 

Again, if the index of sin be negative, we get, by 

changing the sign of w in (2), 

fcos^e^g cos^-^0 n-i r cos>*-'9 ^g 

J sin*"& ~ {m - i) sin*^^ m-i ] sin*^* * ^ ^ 

"We shall next consider the case where the indices are 
both positive. 

55. Indices both Positive. — ^If sin"*0(i - cos*0) be written 
instead of sin*^*0 in formula (2), it becomes 

f . «/i na^a co8~-^0sin»^^0 

sm*~0co8'*0rffi = 

J w+ I 

cos"^^ Q sin*~*^ 



+ 



^— ^ [sin*^ B (cos~-' e - cos^e) fl?0 = 



+ 



^^— i f sin«» 9 cosT^ BdB - ^— ^ f sin~0 cos«0 «?» ; 



hence, transposing the latter integral to the other side, and 
dividmg by — --, we get 

III "T 1 

f sin~0 COS" QdO^ oos'^^esin'»^^g ^ n-j {^n^Q^^^^^Q^Q^ (C') 
J m-\-n m + nj ^ 

In like manner, from (3), we get 

f . «./» t/i-7/i ^^-^ r • m-5/i 1/1 j/i sin*^^ cos**" e ,_. 

sm'^fl cos^flrf^ = sm"*-' cos*» 0c?0 . (D) 

J m + nj m + n ^ ' 

By aid of these formulae the integral of sin^fl cos'*& dO is 
made to depend on another in which the index of either 
sin 0, or of cos 0, is reduced by two. By successive appli- 
cation of these f ormulse, the complete integral can always be 
found when the indices are integers. 
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Indices both Negative, 67 

56. Formulsd of deduction for &ii^OdO and cos** 0^9. 
These integrals are evidently cases of the general formnlflo 
{C) and (D) ; however, they are so frequently employed that 
we give the f ormnlaB of reduction separately in their case, 

cos*»0 dO = + cos^-'^flc?^. (4) 

J ' n n i 

f ' ^njn cos0sin'*^^0 W-lf , ^,^ ,^ r. 

sin*»0 dO = + Bm'*^^OdO. (5) 

J n n } 

The former gives, when n is even, 

fcos»0rfd = ^fcos^^d + ^— !-cos«-»0 
J n \ n-z 

^ i"-^ii^-^i cos--e^&c.) 

^ (»-i)(n-3)(n-5) . . . i ^ ^^. 

n{n- 2) {n-4) ... 2 

A similar expression is readily obtained for the latter 
integral. 

£XA3tPLES. 

J 2 V 3 " 8/ I6 

cosfidde. ^ fcos^e + ij +-^f sina cos9 + 6). 

57. Indices both negative. — It remains to consider the 
oase where the indices of sinfl and cos 9 are both negative. 

Writing - m and - n instead of m and n in formula (C), 
it becomes 

dd -I w+if dff 



r dd -J n+i r 

J an"* cos" "" ( w + /*) cos"^^ sin*'*"^ w + n J si 



,sin'"«cos'*^-0* 

F 2 
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68 Integration by Stcccessive Reduction. 

m-¥n 



or, transposing and multiplying by 



« + I 

dd 



Jsin^^tfcos^+'fl ■" (w+i)cos"*^6lsin'»-^« "^ w+i Jsin^e cos*»6l* 
Again, if we substitute n f or w + 2 in this, it becomes 
dQ I 



1 



sin*" fl cos" fl (?^ - I ) cos**^^ sin*""^ S 
m + w - 2 f dO 



n-i J sin"»tf cos**-^!?' 



Making a like transformation* in formula D, it becomes- 

r d9 -I 

J sin*" Q cos** & " {m-i) sin*""^ tf cos**"^ 9 ' 



m- I 



■* (^ 



sin*"-'* 61 cos** e* 



In each of these one of the indices is reduced by two 
degrees, and consequently, by successive applications of the 
f ormulsB, the integrals are reducible ultimately to those of 

one or other of the forms — 7; or -r-Tj : these have been 

cos U suiu 

already integrated in Art. 1 7. 

The formulae of reduction for -r-— 71 and 7, are so* 

sm**0 cos**0 

important that they are added independently, as follows : — 



* It may be observed that formulas (^), (D) and {F) can be immediately 
obtained from (-4), (C) and (^'), by interchanging the letters tn and «, and 

substituting — ^ instead of d. For, in this case, sin d, cos and d$f transform 

into COB ^, sin ^, and - d(f>f rc-pcctively, &(•• 
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Indicea both Negative. 69 

dff sine n-2{ d9 



f d& sing n-2^ d9 r^. 

J cos«e " (n - i) cos*^^ "^ n - I J oos«-'^ 0' ^ 

J sin'^e " (w - i) sin«-^ "^ iTl'Jsin'^'fl* ^'^ 

It may be here observed that, since sin^fl + 00s' 6 = i, we 
have immediately 

r dd ^ r cm r dO ^ ,gv 

J sin«» 61 cos" J sin'"-*© cos^tf "^ J sin»*6l cos'^^f? *' 

«nd a similar process is applicable to the latter integrals. 
This method is often useful in elementary cases. 

Examples. 

r do {^BdB C de I . , B 

I. T-r — rs = 1 2^ + -^-2 = S + log tan-. 

jsmBcoa^d J coarB J sin 9 costf 2 

f dB ^ CBmBde f rfd 
sindcos*^ ~ J coB^e Jsintfcos^tf' 
and is accordingly immediately integrated by the last. 

Ide cosa I, ^ $ 

4. f *? . _i 2£!L+3i t^!, 

Jsin^dcoa'd cosO asin^tf 2 ° 2. 

58. The formulse of reduction given in the preceding 
Articles can also be readily arrived at by direct differen- 
iiation. 

Thus, for example, we have 



d / 8in*"fl\ _ 
de\Q0Q''9) " 



m sin"»"^ 9 n sin"»*^ 9 ^ 
cos«-^fl "^ 008«*^e ' 
^and, consequently 

f rin^ g _^ I sin^e m rsin^^O ^ 
J cos^+^fl "^ ncos**fl njco8'*^^0 
This result is easily identified with formula (A). 
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70 Integration by Successive Seduction. 

Again 

If we substitute for oos***^6 its equivalent cos"~^d(i -sin'd)> 
we get 

^ (sin"* 6 cos" 0) = wsin*'"^Oeos'^^O-(w + n)sin"»*^6oos"-^0; 

hence we get 

[fAnr-'OooB^'ede = - g"^"'^QQ«''^ + Jl_ f sin'-^0oos»-^erfff, 
J m + n m + nj 

a result easily identified with (D). 

The other formulae of reduction can be readily obtained 
in like manner. 

50. Integration of tan'^Orfd and z 7:. 

tan^d 

These integrals may be regarded as cases of the pre^^ 
ceding ; they can, however, be arrived at in a siatipler 
manner, as follows : — 

Since tan'd = sec^0 - i, we have 



[tan^Orfe = [tan*-»0(sec^fl-i)rfe = [tan~-'^erf(tane) 

- hfm'^edd = ^^ - [ts^n^'OdO. (9) 

By aid of this formula we have, at once 

fx na^a tan-»fl tan""»fl tan«-»e . . . 

tan^^OT « + &c. (io> 

I n-i n-^ n-5 



(i.) If n « 2r+ I, the last term is easily seen to be- 
(-l^ log (008 9). 

(2.) If n » 2r, the two last terms may be representee! 
by (-i)'^^(tantf-9). 
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Trigonometrical Transformations. 71 
In a siinilar manner we have 

f d9 ^ C BBG'ede r do -i c dO . . 

Jtan^e J tan«e J tan«-=^6l "" (n - i) tan"-^(^ J tan«-=^0* ^^ '^ 



Examples. 
tan^^i^. -4iM. tan a + «. 

4. I cot*a d$. - ? + cota + $. 

60. Trigonometrical Transformations. — Many elementary 
integrations are immediately reducible to one or other of the 
preceding f ormul© of reduction by aid of the transformations 
given in Art. 23. For example, if we assume x = atand, 

the expression , ^ >, transforms into sin*" cos'*"**"* dd 

(neglecting a constant multiplier). 

In like manner, the substitution of a sinO for x trans- 

. ,, . of'dx . ^ a«»-'»+isin*»0c?0 , .• 

forms the expression -j-z rrz mto -—-^ — : and, if 

^ (a^-x^)^ cos**~^e 

ip*** dx cos**"***"' V du 

x = aBeG0, the expression -r-z — tt- transforms into — . ^ , ^ 
■^ [x^-a^ys sm**"^0 

(neglecting the constant multiplier). 

A similar transformation may be applied in other oases ; 

ctf^ dx 

for example to find the integral of 7 ttt. 

[2ax-ar)^ 

Let a = 2flsin*0, then da = 4asin6cosd(/0, 
and the transformed integral is 

2«+*a» /sin'^erfO; 
aooordingly the formula of reduction is the Eame as that in (s)^ 
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T2 Integration by Succemve Reduction. 

SXAMPLES. 



I, I 



^/l-x^ -s/l-x* 






■I 

{ <fo 

The integrals considered, in this Article admit also of 
a more direct treatment. We shall commence with the 
following : — 

61. Cases in which -y -^ is immediately integrable. 

"We have seen, in Art. 48, that the proposed expression is 
integrable immediately when m is an odd positive integer. 

Again, when m is an even integer, if we assimie a + caj* 
= a^z\ the transformed expression is 

n-in-l • 

This is immediately integrable when » - m - 3 is even 
and positive, i.e., when m is either an even negative integer^ 
or an even positive integer less than » - i. 

n-s 

-, 1 dx - (z^-tc) ^ dz , 

For example -, ^ becomes - ^., , and 



{a + ca^)^ 



a * g""* 



accordingly is always integrable by this transformation, 
*nce n is an odd integer, by hypothesis. 
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Binomial Differentiah. 7 3 

Examples. 

I dx X i ea^ \ 

(I + a;»)i' a«(« + ca;*)l (3"5{a + tfar*))' 






The differentials considered in this Article are cases of a 
more general class called binomial differentials. 

62. Binomial DifferentialB. — Expressions of the form 

aJ~ (a + hmf^y dxj 

in which #», n, p denote any numbers, positive, negative, or 
fractional, are called binomial differentials. 

Such expressions can be immediately integrated in two 
oases, which we proceed to determine by transformations 
analogous to those adopted in the preceding Article. 

(i). Let a + JaJ" = s; then x = f j > 



«.nd 



dx - , . 



henoe 



' -1 



ar'{a-vbafydx = ^ ^— TH • 

Consequently, whenever is a positive integer^ the 

n 

transformed expression is immediately integrable after ex- 
pansion by the jBinomial Theorem. 

Digitized by VjOOQIC 



i ^ «£«fnxte - 5a- X, the differential 



i^t^- -i^ 



ly^ 



-^ > JttawoiateiT- nitsegra::;^ » in tlie preoeding^ 
-^v^t^»^ — isapoBdreiiit^w; Le.,wheii 



•« 



> ^ m'jur.nt inze^er. In tifs lattw oae the in- 
,^ ,^c^ 5^ V Jfe<£^ bj tiff aoxBtiriiticm. of s fer «r* + 



,1 r .-^* 



9 


X 


.^^^y 


ci-»-x*:i 


« 


2:«i 



VV ^v^ ui>it.htMr of ih» pamcding proceBses is applicable, the 
v/>v\Hvv^^^ tt w W a fractional index, is> in general, incapable 

...v>;A^i K>u iu a duite number of terms. Before proceed- 
y^t^ti^tion we shall discosB a few simple 
iott b J ledaction, inTohing transcendental 

f parts we haTe 



m 



applications of this formula the integral 

f f"* 

i>tt (T^dty i.e., on — . 
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Reduction of aJ~ {log of*) dx. 75 

Again, to find — dx. 

Assuming u = e^*, v = r , ^ , , and integrating by 

parts, we have 

By means of this the integral is reduced to depend on 
[^^dx 



\'- 



The value of this integral cannot be obtained in a finite 
form : it however may be exhibited in the shape of an 
infinite series ; for, expanding e^ and integrating each term 
separately, we have 

Cei^dx . mx rr^n^ m^m^ o /..\ 

= log a? + — + + 5 + &c. (14; 

] X ° I 1 . 2' 1 . 2 . 3' 

The integral of (fi^dx is immediately reducible to the 
preceding, since <f = e*^°^*. Consequently, by the substitu- 
tion of log a for m in (12) and (13), we obtain the formula> 
of reduction for 

a'x^dx and — - dx. 

In like manner we have immediately 

/ e-^afdx = - e-^af" + n / e^af^^dx. (15) 

64. Reduction of / x'^ (log xYdx. 

Let y = log a?, and the integral reduces to that discussed 
in the last Article. 

The formula of reduction is 

Ja*(log:r)"(fe= ^"j^;g^'^" - ^^^^^(^ogxy-^dx. (i6) 

y Google 
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76 Integration by Sucoeame Reduction. 

Examples. 

J a { a a^ tfi ) 

65. Reduction of j af^ cos ax dx, 

TT i ^ J ^ sin era? M f ^, . _ 
Here j a?**oosfliraic = x^^bih axdx; 

again 

f «_, • 7 ^*^^ COB ax n-i r . 

x^^ sin axdx = + x*"'^ cos axaxy 

J a a ] 

henoe 

f ^ , a^*"' (fljfein flwj + w cos or) n(n-i)r ^- , 

I aJ" cos fl'^rao? = -^ ■ ^— - — - af^-^ cos axdx. 

J «' a* J 

The formula of reduction for af^ Bmaxdx can be obtained 
in like manner. 

Again, if we substitute y for sin'^a?, the integral 

/ [wr^xfdx 
transforms into 

!t/^ 00s ydyy 

and accordingly its value can be found by the preceding 
formula, 

EXAHPLES. 
I. Xsficoaxdx. ^»«.a;38in« + 3^cosd;-3.2 . d;si]i«-3. 2 . 1 .eo0r. 

^ru, -a:Aco8as + 4«3 8ma; + 4.3.a;*oosjB-4.3.2.d;8ixLa;~4.3.2.i.oosjr. 
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Integration of cos^x sin nx dx. 77 



66. Beduction of / ^* C08'*ircfe. 
Integrating by parts, we get 



J a aj 



again 

^^008*^*0? Bin a? tfo? 



1' 



-- U«* {cos" a?- (n - i) cos"*"' a? sin' a?) efo 
a « J 

= + ^^ K^ cos'^'i»<& - - e^ oos"iPflfe ; 

a a J a] 

substituting, and solving for/ ^ cos^xdxj we get 
^ _ ef^ cos^^^a; (a cos a? + n sin x) 



\ef^(iOB^xdx = 



a'-^-n^ 



n[n— I ) f 
+ -\ J ef^ cos'^'a; dx. (17) 

The form of reduction for ef^ sai^xdx can be obtained in 
like manner. 

67. Beduction of / COS*" a? sin nxdx. 
Integrating by parts, we get 

J^ . , COS*" a? cos nx m { ^^ . ^ 

cos*"a?sin waroa? = cos'""^a? cos na; sin a? dbr 
n n] 

replacing cos na? sin x by sin nx cos a? - sin (n - i) a?, after one 
or two simple transformations we get 



I 



cos'^ajoos fna? 

cos"* a? sm nxdx = 

w + w 

m 



+ 
m 



— oos"*"^a? sin (n - i)xdx. (18) 

The formnlfle of reduction for cos"* a? cos nx dxy and 
sin*" a; munxdx can be easily found in like manner. 
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7^ hdegntiom by Sueeemve Reduction. 

IftZAXFLXS. 

(. • ^ . «^8m*, . !««■ 

ct»* X tos 4X C06flr.eoe3x C062jp 
6 12 24 

5 3 * 



t. - *"» €09 « <^2 shl T — cos «) 2«"* 



68. We shall now retnm to the discussion of the integrals 

abreadj considered in Arts. 60 and 61 ; and commence with 

/^J•/l^l• 

the reduction of the expression -, — -^, . This, as well as 

other f ormnlso of redaction of the same type, is best investi- 
ted by aid of a preYions differentiation. 
LUB we have 

_^ (ot - i)zf^^(a -f c a^) + car 
(a + cx^)^ 

— : i I • 

(a + ca?^j4 (a + ca:*)*' 



bence, transposing and integrating, we obtain 
ca^)^ {m-i)aC af^^dx 



f oTdx __ af^^{a + cx^)^ {m-i)a C af^ 
J (a + Cixi^) i mc mc ] [a -\- 



cx")^' 



(19) 



B7 this formula the integral is reduced lo one of lower 

dimensions ; and by repetition of the same process the ex- 

'on can be always integrated when m is a positive 

3 formula (19) evidently holds whether m be positive 
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T^ T J. ' j> ^dx 7Q 

Reduction of -. rr-. ' ^ 

or negative ; accordingly, if we change m into - (w - 2), we 
obtain, after transposing and dividing, 

dx (« + ciP*)* (m - 2) c f rf[2? 



c[ dx 



jf^{a + e^)4 (»J - i)a^»*-^ {m - i)aj ic~^'(a + car^ji* 
69. More generally, we have 

— [ixf^^ {a + car*)'*} = (m - i)a^' (a + ca?')'* + 2W(jaJ~ (a + ca:*)'^^ 

= (a + caj*)""* {(w-i)aa^"'+(f»+2w- i)(ja^}. 
Hence 

aJ~(a + cx^Y'^dx= , ^ r- 

J ^ ' {m+2n-i)c 

^ (m_--i]fl r^_3 _j^ (21) 

Hence, when m is positive the integral can be reduced to 
one lower by two degrees. If m be negative, the formula 
can be transformed as in the preceding Article, and the inte- 
gration reduced two degrees. 

We next proceed to consider the case where n is negative. 



70. Beduction of 7 ^^^, 

' }(a + r^^" 



af^dx 

m and n being both positive. 

f a'^dx _ r xdx 

T , . -. r ^^ 

Let a^^ - w, and 7 rr- = r, 

- I 
^^ 2(«- i)c(a+ca?^)«-^ " ^* 

and we get 

f a^eto -a?^^ m~ i f a^^da? 

J(a+(xc*)»" 2(n-i)c(a + ca?')'^^"*' 2(n-i)cJ(a+ca:^)~-^; ^^^^ 
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8o Integration hy Successive Reduction, 

By successive applications of this form the integral admits 
of being reduced to another of a simpler shape. As ob- 
served already, the complete integral cannot be determined 
in general unless when n is either an integer, or is of the 

T 

form -, where r is an integer. 



r sif^ dx 

7 I . Beduction of 7 r -rrr . 

' ](a-V2hx^cx^)^ 

By differentiation, we have 



d 



+ 



a + ibx + CQ^'^ (a + ihx + car*)i 

, [ x'^dx af^^ (a + 26a; + ca:*)i 
hence . r ^ = ^ ^ 

J (a + 26a? + CO?'*}* wc 

(2m- 1)6 f a^^tfa? {m-i)a 



mc 



J (a + 26ir + ftr*)i wc J (a + 2te + ca:*)i' ^ ' 



This furnishes the formula of reduction for this case : by 
successive applications of it the integral depends ultimately 
on those of 

xdx _ dx 

and 



{a + 2bx-\- cx^)^ {a-{-2bx + cx^)^' 

These have been determined already in Arts. 9 and 12. 

dx 
Again, the integral of -— ; r — r can be reduced to 

X {d -r 2 Ox T CX^j * 

the preceding form by making a? = -. 
72. The more general integral 
af^dx 



[a-\-2bx-\-cx^Y 
admits of being treated in like manner. 
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Bedi4Ctum of -, r -rr-. 

For if a + ibx + coj" be represented by T, we have, by 
differentiation, 






d (^^ \ _ (m- i)x^^ 2(n- i)o!f^^{b + ex) 



(w-i)flKg^' 2J(m-w);i^^ (2n-m-i)ta^ 
Henee, we get the formula of reduction 
J T* " (2n-m-i)cT«-^'^(2n-w-i)(jJ T" 

By aid of this, the integral of -n^, when w is a positive 

integer, is made to depend on those of -=^ and -=^. Again, 

OS dos 
it is easily seen that the integral of -=^ is reduced to that 

t dx ^ 



Cxdx _ I r(i + cx)dx b Cdx 



2(n-i)cT"-^ cjr»* 



"fS. (^5) 



o 
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S2 Integration by Successive Meduction. 

73. In order to reduce ^, we have 
d fh-\-cx\ _ _£_ _ 2n{b-\'CxY 

c 2n[ac-lP) 2nc 2n{ac-b^] {2n - i)e 

TT - f <fe J + CO? (2n- i)c [dx , ^. 

Hence, J _ = _^__^ + _^_^J _. (26) 

By aid of this formula of reduction the integral of -^ can 
be found whenever n is an integer, or when it is of the form 
- (r being an integer). 



2 

dx 



74. Bednction 



ion of I 7 



b cos xY* 

when w is a positive integer. 

Let XJ= a + 6 cos x. then-r- = -6 sinir, cosa? = — r — . 

dx b 

Again, by differentiation, we have 



rf ( sin a? ) cos 



rf ( sin a? I _ cos a? (n - \)b sin^^ 



cos a? (n-i)6 (n-i)Jcos'a? 

substitute — j-- for cos a? in the numerators of these fractions^ 

and we get 

(^(sina?) I a {n^\)b n-i 2(»-i)a 

TA "U^l " bU^ " 6"P^ "*" ^^»~ ~ TU^^ "*" bU''-'^ 

(n - i)a^ ^ - (n - 2) (2n - 3)^ (n - i) (q^ - V) 
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deduction of ; --. 

'^ {a-\-b COB xy 

Hence, transposing and integrating, we get 

rdaj - 6 sin ^ (in - 3)a f dx 



'dx ^ -bsinx {2n - ^)a f d 

_ n- 2 f cfe , V 

(n-i)(a^-6-^)J J7»-^* ^ ^^ 

By this formula the proposed integral can be reduced to 
depend on 



r dx 
J a H- 6 cos x^ 



the value of which has been found in Art. i8. 

75. The integral considered in the last Article can also 
be found by aid of a transformation, as follows : 

^^ dx 



(« + 6cos^)« ( ^^ .X . ,«J 

J (a + 6) cos^ - + (fit - J) sm* -> 

( 



, i I + tan' - ) dx 



(^co8'|+J5 singly (^ + £tan*|Y 
(where -4 = a + 6, B = a- b). 

Next, assume tan- = /— tan ^, then 

(i +tan^-')rfip=2 /^ (i +tan»^)rf^: 



G 2 
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84 Integration hy Successive Beduction. 

and we get 

( I + tan'- J dx iA\^^S *^^'*) ^* 

Hence, replacing A and Bhy a + b and ^^ - 6, we get 

f dx na-bQ0S2ip)^}d<l^ 

J(a+6co8a?r J (a^ - ft^)*^ ' ^ ^ 

When w is a positive integer, the integral at the right- 
hand side can be found by expanding {a - b cos 20)**"^, and 
integrating each term separately by formula (4). 

f(x) dx 

76. Integration of '^-7-^ 

*W ya-^zbx-^-cx" 

We shall conclude this chapter with the discussion of the 
above form, where /(a?) and ^ {x) are supposed rational alge- 
braic functions of x. 

Jif{») be of higher dimensions than <ft (a?), the fraction 
xnay be written in me form 



Again, since Q is of the form p + qx + ra!^-\- &c., the into- 

Qdx 
gration of can be found by the method of 

y^a + 2bx + cm? 

Art. 71. 

p 

The fraction —r\ ^^^ ^® decomposed by the method of 



:r> 



partial fractions (Chap. II.) To any root a, which is not a 

y Google 
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T4 ^' j^ f{^)dx 85 

Integration of y . "^ 

multiple root, corresponds a term of the form , and the 

X -^ a 

corresponding term in the expression under disoussion is 

Adx 

(x- a) *ya-¥ 2hx-\-ca^ 

the method of integration of this has been given in Art. 13. 
Next, to a multiple root correspond terms of the form 

Bdx 



{x - af^/a + zhx + CO?* 

This is reducible to the form of Art; 71 on making 
-« - a = -. Again, to a pair of imaginary roots corresponds 
an expression of the form 

{Ix ■\-ffC)dx 
{ (a? - a)' + /3*) v^a + 2hx + i^ 

If z be substituted for .r - a the transformed expression 
may be written 

(is ■vM)dz 



where i, Jf, A^ J?, C, are constants. 

To integrate this form ; assume* s = j3 tan (0 + 7), where 
4 is a new variable, and 7 an arbitrary constant, and the 
transformed expression is 

\L^ sin (0 + 7) + Jf cos (0 + 7)) rffl 

^y^cos»(e + 7) + 2JS/3cos(e + 7)sin(e+7)+C/3'8in'(e + 7)* 

, , * y^ this simple method of determining the integral in question^ I am in- 
^ehtedtoMr. Cathcart. 

/ Digitized by VjOOQIC 



86 Integration hy Successive Reduction. 

Again, the expression under the square root is easily 
transformed into 

i {^ + C/3" + (^ - (7/3^) cos 2 (« + 7) -^23^ sin2 (e + 7)) 
« i [jl + C)3' + 00s 2B[{A'- 0/3') cos 27 + 2J5j3 sin 27} 
29 {2j?/3 COS 27 - (^- CJ3') sin 27)! 



+ sin 2t 



Moreover, since 7 is perfectly arbitrary it may be assumed 
80 as to satisfy the equation 

2-Bj3 cos 27 -(-4 - (7/3*) sin 27 = o, or tan 27 = ^ ^ : 

and consequently the proposed expression is reducible to the 
form 

{r cos + Jf ^ sin 0) dd 
^F + Q cos 2d 

(in which L\ M\ P and Q are constants), or 

rrf(sinfl) JTdfcos 0) 

^P + Q''2QeiD^0 -/P-Q+ 2^008* tf' 

each of which is immediately integrable. 
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EXAMPUES. 



I coeSd sin ^ede. Ant, — cob* a. 



sins^ co&^ede. 



I mi^Boot^ede. 



~3 5~' 



f 



J sin 9 * 
f cos*g<fg 



d!» 



- T- I COS 2^ C08?2d+ - COS* 2B \. 

64 ( 3 5 ) 
+ eoe d + log f ton-j. 

(eo.»<,-|cose)^^-fl«gtaa(?). 
\S . 3 3 / (i + «>)* 






I 



$'»COB^Xdx» 

dB 



I sin*" B Gogf*B sin"*"^ 
detennme the yalues of A and ^ by differentiation. 



— J6 (8ina?-co8«) + co8*«(3 sin a? - cos ar) | . 



. =s . + B \ 

) 8in"»-iaco8»-i0 J sin«-« 



0co8»e* 






II. 



tm^BdB 
(i + cos^y 



2 tan - - B. 
8in«*0<29 



12. Proye that the integral I 7^ -r- transforms into 2«-«+i f ^"^.f ^ , 

wbeie s 2^. 
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88 Integration hy Successm Reduction. 



d^ 

- gain a? ag ^^_, f f ^ " ^ \*fn *) 

(aa-d«)(a + *C0B«)''"(a»-i»)i^^" Ua + ^ 2) 



14. 



^- (a»-y)(«+ioo«^ ) + c;?::^*^ I \7TV ^ i 

J (5 + 4 COB «)• 9 5 + 4 cos 27 \ 3 / 

15. f (8m-ia?)*<fe = X {(sin-i*)* -4- 3 • (sin-ifl?)' + 4.3.2.1} 

+ 4V^i — «* ain-^x {(8iii"*ip)« —3.2}. 

16. Prove by Art. 74, that any expression of the form / . — ^— r- is 
capable of being integrated when /(cos x) consists of integral powers of cos x, 

17. Show, in like manner, that the expression 

/(cos a?, sin g) <to 
(a + i cos xY 

can be integrated when /(cos a?, sin x) consists only of integral powers of cos 1; 
and sin jp. 

f dx 
J a + 6af + <»*• 
find the values of P, Q, and JS. 

10 f__^__ (g + &)» (tf-^)>nn2» 

^* J(acoa»d + 4sin>e)»' ^ (a*)l "^ a(«*)| ' 



where tan ^ = A- tan d. 



20. The formula of redaction in (24 fails when m s 2it — r ; show how to 
perform the integration in this case. 



Digitized by 



Google 



( 89 ) 



CHAPTER IV. 

INTEGRATION BY RATIONALIZATION. 

77. Xntegration of Monomials. — If an algebraio expression 
contain fractional powers of the variable x it can evidently 
be rendered rational by assuming x = s**, where n is the 
least common multiple of the denominators of the several 
fractional powers. JBy this means the integration of such 
expressions is reduced to that of rational functions. 
For example, to find 

r (i +gi)cfe 

J i+iri 
Let X - z^y and the transformed expression is 
rs'(i ■vz)dz 

Consequently the value of the integral is 

— + 2^-4ir* + 4tan"^(a:*) -2log(i +^i). 

Again, any algebraic expression containing integral 
powers of x along with irrational powers of an expression 
of the form a-k-hx va immediately reduced to the preceding, 
by the substitution of s f or a + Ix. 

EXAKPLES. 

Ant, -i- [5«8 + 6a^ + 8* + 16]. 

Vx— I 5 •? 

2 f *^' a {la-^hx) 

J(a + «x)** *'v/iTAi' 
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go Integration hy Rationalization, 



78. BatioxLalization of F {Xy ^ a ■\- ihx -^ cn^) dx. It ha» 
boen observed (Art. 28) that the integration, in a finite 
form, of irrational expressions containing powers of x beyond 
the second, is in general impossible without introducing new 
transcendental functions. We shall accordingly restrict our 
investigation to the case of an algebraic function containing 
a single radical of the form ^a + 26a? + cx^y where a, J, c, are 
any constants, positive or negative. 

Integrals of this form have been already treated by the 
method of Eeduction (Art. 76). We shall discuss them here 
by the method of rationalization. 

The expression* =^-Vt — — can be made ra- 

« W ^/aVibxT^ 
tional in several ways; which we propose to consider in 
order. 



(i). Assume */ a -^^ 2hx '\- cx^ = z-x^c. (i) 

Then a-vibx^^z^-ixz */cy .*. hdx = zdz - ^/c{xdz + zdx)y 

or dx{h-\-z^/c) = dz^z-x^/c) = dz^/oTzbxl^c^. 

dx dz 



Also X = 



-v/a + 26^1? + CO?' 6 + 2 v^c 
z^- a 



(2) 



2 (6 + « ^/c) 



This substitution obviously renders the proposed ex- 
pression rational ; and its intonation is reduciole to that of 
the class considered in Chapter II. 



* It will be shown subsequently that the integration of all expressions of 
the form 

is xeducible to that of the above when J* is a rational algebraic function. 

It may also be observed that, in general, the most expeditious method of in* 
tegration in practice is that of successive Beduction (Arts. 71,72}. 
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nationalization ofF(x^ ^a + zbx + ex*') dx. 9* 

When J = o, we get 

dx dz - 2' ~ « / * i X 
, and x = — (see Art. 9). 



^/ a + cjp* s-v/^ 2z^c 

By aid of the preceding substitution the expression 



transf onns into 



(a? - jp) v^a + 26^1? + ex* 
dz 



(Art. 13) 



S" - 2S/? v^c - fl - 2jp6 

For example, to find . 

J (^ + g'a?) -v/i + a?* 

Here, a? = , and 



J (^ + ffir) ^yrVo^ VW^^ Vgs + jP + -v/p' + ^v 

When the coefficient c is negative the preceding method 
introduces imaffinaries ; we proceed to other transformations 
to which this oDJeotion does not apply. 

(2). Assume* ,*/a + zbx + ca^ = a/o, + xz. (4) 

Squaring both sides, we get immediately 

2b + ex = zz^ya-k- xz\ 

/. dx{c-z^) = 2dz{^/a-^xz) = 2dzya+ zbx + cxK 

Hence ■ ; — =8 5. (s) 

v/a + 26ar + car* ^"^ 

• This is reducible to the preceding, by ehanging x into -, and then em- 
ploying the former transformation. 
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^2 Integration by Rationalization. 

And <c = iiii^. (6) 

This substitution also evidently renders the proposed 
expression rational, provided a be positive. 
For example, to find 






Assume y^i -a:' = i + irss, and we get 

(3). Again, when the roots of « + 260? + ca^ are real, there 
is another method of transformation. 

For, let a and /3 be the roots, and the radical becomes 
either of the form 

v^c(a?-a)(a?-/3), or v^c (a? - aj (/3 - x\ 

according as the coefficient of (x? is positive or negative. 

In the former case, assume ^/x- a « z^x-(ij and 
we get 

a-jSs*, ^ a- 3 dx 2zd& 

X =, — s~-; hence x-p = — ^, .'. jx 

1-2* '^ 1-2* a? - j3 

Accordingly 



i-s'' 



rfo c/i^ 2 i£s / X 



^c{x-a){x-(i) s(a?~/3)v/^ V^^-«' 
In the latter case, let ^x - a = « v^/3-a?, and we get 

and &r .4,^. (8) 

Digitized by VjOOQIC 



nationalization oXF{x, ^a + ibx + car') dx. 9J 

For example, the integral 

r dx 



transforms into 



1 



2dz 



on makaufl: x = -z . 

The student can compare this method of integrating the- 
preoeding example with that of Art. 13, and he will find no 
difficidty in identifying the results. 

It may be observed that in the application of the forego- 
ing methods it is advisable that the student should in each 
case select whichever method avoids the introduction of 
imaginaries. 

Thus, as already observed, the first should be em- 
ployed only when c is positive : in like manner, the second 
requires a to be positive : and the third, that the roots 
be real. 

It is easily seen that when a and c are both negative, the- . 
roots must be real ; for the expression 



v^- a^-zbx- cx^y or ^b^ - ac- {cx-by 

is imaginary for all real values of x unless 6' - ac is positive t 
i.e., unless the roots are real. 

Accordingly, the third method is always applicable when 
the other two fail. 

From the preceding investigation it follows that tha 
expression 

F{xj ^a + 2bx + cm^) dx 

can be always rational ized; JF den oting a rational algebraio 
function of x and of ^a -\-2bx\ cj^. 
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Examples. 

Assume « = («2 + ai2)4 + a?, and we get for the value of the proposed integral 

- ** 7* 

3 5ai 



I dxV x\*y\ 



2+*«. ^»«. -. 



3 X^-^-X' 



\/l + «« - 2 



flaking the same assumption as in Ex. 2, the transformed expression is 

•which is immediately integrahle when m is d^ positive integer. 

^* J{(i+^^)i-^}«- ^^*- 2(«+i) + a(n-,) • 

7. [ dx ^ 

Let >v/a + 2bx + ftc^ ± a;\/<j = «, then, as in Art. 78, we get 
dx dz 

■ y = • 

\/a+2te + ca;« b±z\/c' 
hence the proposed expression transforms into 

7^, .-. &c. 
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79. General Investigation. — The following more general 
investigation of the preceding may be worthy of the notice 
of the student. 

Let jB denote the quadratic expression a + 2 Ja? + ca?' ; 
then, since the even powers of a/R are rational, and the 
odd contain ^/R as a factor, any rational algebraic function 
of X and of ^R can evidently be reduced to the form 

P'+ Q'v/^' 

"where P, Q, P', Q^ are rational algebraic functions of x. 
On multiplying the numerator and denominator of this 

fraction by the complementary surd P' - Q[^/R the de- 
nominator becomes rational, and the resulting expression 
may be written in the form 

^here M and N are rational functions. 

The integration of Mdx is effected by the method of 
Chapter 11. 

Also \N^dx^\^; 

which is of the form 



1 



f[x) dx 



i>{x)^a-¥ 2bx-\-cx^ 



Let as before ^a + ibx + ca?* = y^c {x - a) (a? - ji3), and 
substitute r? — —, 7^ instead of ar, when the radical becomes 

\/g < A - a\' + 2 (/A - g/i') g + (y -- gyp gg } {\ - i3V + 2 (At - jS/iQ z -f (y ~ j8/ ) «2 } 
X' + 2/i'a + y'«2 

(9) 

Again, if the quadratic factors under this radical be 
made each a perfect square the expression obviously 
becomes rational. 
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96 Rationalization hy Integration, 

The siinplest method of fulfilling these conditions is hj 
, reducing one factor to a constant, and the other to the term 
containing 2*. 

Accordingly, let 

X - aX' = 0, fi- afi =0, ft — Pfi =0, V- j3i/' = o ; 
or /L£ = o, fi = Of \ - aX', V = /3v'. 

On making these substitutions the expression (9) becomes 



A + V z* A + V z 



In order that -v/-cXv should be real, X' and v must 
have opposite signs when c is positive ; and the same sign 
when c is negative. 

It is also easily seen that without loss* of generality we 

may assume X' « i, and v' = ± i. 

a — j3z' 

Hence, when c is positive, we get x = j-, and when 

I -s 

c IS negative, a = ^. 

These agree with the third transformation in the pre- 
ceding Article. 

More generally, when the factors in (9) are each squares,, 
we must have 

Ou-a/)^-(X-aXO(v-aO = O, 

or fi'-Xv-h {\v' + i;X' - 2fif/) a + if/' - W) a^ = O, (lo) 

and a similar equation with ji instead of a. 

Moreover, by hypothesis, a satisfies the equation 

a + 2ha + cc? = o. 



* For the substitution of y^ for — transforms 
V + •«« I + y* * 
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General Investigatmi, 97 

Accordingly (10) is satisfied if we assume tlie constants A, 
jU; &c.y so as to satisfy the equations 

)tt*-Av = fl, AV + Xv'~2/U/Ll'= 26, /'-AV = ^, (u) 

Again, solving for z from the equation 

X (A' + 2iiZ + vV) = \+2flZ-^ vS% (12) 

we obtain 

[v-xv)z + fi-xii -- v/)u'-Av + (Av'+A'v-2/i)u')ic + 0it''-AV)aJ* 



= v^a + 26a? + (jj»^ (13) 

Also, by differentiation, we get from (12), 
(X' + ifiz + vV) db = 2 {ju + PS - a? (ju' + p'2) ) flfe 



= 2 v^a + 26^ + cx' dz. 
dx 2dz 



^oTlbxTc^ A' + 2)u's + i/V 



(14) 



Now, since we have but three equations (11) connecting 
A, fly &o., they can be satisfied in an indefinite number of 



We proceed to consider the simplest cases for real 
transformations. 

(i). Let a be positive, and we may assume v = o, and 
fi = o; this gives 

ft = >v/a, Av' = 26, AV = -c. 

Again, without loss of generality, we may assume i/'= - i, 
which gives 

A = -26, X = c; whence x = - ' 

- dx ^ 2dz 

and — - = ^. 

^/a + 2bx -vcx^ ^ ~ ^ 

These agree with the results in (5) and (6). 



H 
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98 Integration hy nationalization, 

(2). In like maimer if c be positive, we may assume 

v' = o, ju = o, and v = i, 
whicli gives 

fi = y^c, X = -a, and A' = 26. 

z^ -a , ^ dz 

,\ X = — , and 



2(6 + «v^c) y^a + zba + cx^ b + z^^c 

as in (2) and (3). 

It may be observed that since these results do not 
contain the roots a and /3, they hold whether these roots be 
real or imaginary ; as already shown in Art. 78. 

It is easily seen that if we make /u = o, and fi = o, we 
get the third transformation. 

80. If the expression to be integrated be of the form 



*/a + 2hx + cx^ 



where f(x) is a rational algebraic function of a?, it is often 
more convenient to proceed as follows : — 

The substitution of z — for a: transforms the proposed 



into 



c 

\dz 



/(^ " -^^ ^ , . ac-b^ 



-, where d = 



If the even and odd powers be separated in the expan- 
sion of /( s — j, it can plainly be written in the form 

and the proposed integral becomes 

r ^(z^)dz z\t^{z^)dz 

j^a'+cz'^ ^a^ + cz^ 

The former of these is rationalized (Art .-a^^), b y making 
y^a' + cs' = i/Zy and the latter by making ^a' + cs' = y. 
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Case of a Recurring Biquadratic under the Radical Sign. 99 

It may be observed that in general the expression 

/(^^) dx 
0(iC^) ^a + caf^ 

is also evidently made rational by the transformation 



v^a + cx^ = ay. 

81. Case of a Recurring Biquadratic under the Radical 
Sign. — ^As the solution of a recurring equation of the fourth 
degree is immediately reducible to that of a quadratic, it 
is natural to consider in what case an Elliptic Integral 
(Art. 28), in which the biquadratic under the radical sign is 
recurring, is reducible by the corresponding substitution. 

Writing the expression in the form 

(x) dx . f^{x)dx 



>y a + zbx -^-cx^ ^- iba^ + a^ 



-'^^^^'^{'^'^ 



+ c 



and, assuming a? + - = s, the radical becomes ^/a^-v 2bz+c-2a: 

X 

and also — [x — ) = dz. 

X \ x) 

Consequently, in order that the transformed equation 
)uld be of the requirec' 
be reducible to the form 



— ^ — —^ J J — — _ — _,^ <>^<....««.^«« 

should be of the required type, it is obvious that (a?) must 

"1 fo] 



In this case 
transforms into 



/(.ti)(,-i)^ 

*/ a^- ihx-^cx^ -\- ih^ -^aa^ 

mj^ 

^y az^ ■^2bz-\-c- 2a 



n 2 
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loo Integration hy Bationalization, 

In like manner, the expression 

transforms into , by the assumption 

y^az^ - 2bz-\- 2a -c 

I 

X — = z. 

X 

When J = o the expression can in some oases be reduced 
by assuming 

X^ + -5, or iXp :; = C. 

X^ iC" 

Examples. 
'. ' -4w«. log 

2. y - - . log ^ 

Ci-x^ dx I . ,/a:\/2\ 






^/i'"'^ -»' 



This and the preceding were given by Euler (CaL Int., torn. 4): the 
ronnexion, however, of their solution with the method of recurrlDg equations- 
does not appear to have been pointed out by him. 

Let *» + — = c, &c. 

x^ 

^ f (x^^i)dx 

6. ■ 



^ x^/{x^+ ax+i)(x'^-\- fix+i) 

yx* -t ax+ I + \/a?' + i3;r + r 



Ans. 2 log - 

X 



C (l-'X^)dx ^ . I / a: \ 
7. ^ 7==. Am, sm-» ( ) . 

y Google 
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Examples. 

C r +a;a dx 



V^i + a;« + ic* ^- 



— loipV^i + ^'■*- ^* •^^V^3 



log 



a:«-i 



Assume ic = (l + ir*)i8in(>, &c. 

4. J ^-^ . --{— ^> 

•^ (I + x*x) {(i +a;»0'*-«*}^ VO + «*")**/ 

g^fo 

Ci+a;)4 + (i+a:)** 

Assume i ■\- x — sfi. 

• J (l-«*)(l+a;*)i- 

4V^2 ^-^ 4V2 «'v/2 

J ^-^ ' 2v^2 V I-^* / 2^/2 A/l+;r* 

f 1 - a?8 dx 

J I + 2aa: + a;« y^, ^ 2«a;+ 2*a;« + 2aa:3+a;4 

fi-ax^ dx 

^^'^^^^ ^i + 2Cxt-\-a'^x^ 

I , a:'v/2((?-tf) + \/i+2(u;*+a«a;* , 

Ans, — z==z log -~^ — ^ — , .when e>a, 

^2{c^a) I + «^ 

>» ■ 8in-^ ( - — -—^ ) , wnen a>c, 

V'2C«-0 ^ '^"^ ' 

y Google 
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CHAPTEE V. 

MISCELLANEOUS EXAMPLES OF INTEGRATION. 

82. lategrationof (-^C0B^ + -gf^.^ + g)^. 

a ooa X -\- BUI X -^ c 

Let a cos a? + J sin a? + c = w, then - a emx ■¥ boosx = -^-^ 

da: 



Now assume 



A oosx -h B siax + C = Xw + u -r- + v. 

^ ax 



and equating coefficients we have 

A = \a + ij,by B=^\b - fjia^ C = Xc + v. 
Solving for X, fi, v, we get 

. _ Aa'\-Bb _ Ab-B a (Aa + jB6)^ 

.pj. f (^ cosa?4-^sina? + C)c^ 

J a cos 0? + J sin a? + c 

{Aa-¥Bb)x Ab-Ba. , 
= -^ — 5 — TT^— + — ; — i— log (a cosa? + isma? + c) 



(fl' + 6') C-{Aa-\-Bb)c 



r cfo 

J tf COS ;p + J sin d? +c* 



The latter inte^l can be readily found ; for, if we make- 
/r = r cos a, 6 = r sin a, we get 

n eos a + b sm X = r (cos x cos o + sin a? sin a) = r cos {x -a)^ 
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Integration of -^- -r—r-^ . "^ 

a cos X + 8inx -\- c 

On making a? - a = ©, the integral reduces to the form con- 
sidered in Art. 18. 

As a simple example, let ns take 

C{A + -B tana?) dx 

A ^ n 

Here 



J a + 6 tan x 
A-¥ B tan x A cos a? + -B sin .r 



a + 6 tan x a cos a? + 6 sin a? ' 

and we evidently have 

f(-4 + J?tana?)fl^a? {Aa-^Bb) Ah-Ba. , ,. , 

n: — — = "-i — TT- + —5 — TT log (acos X + 6sm x). 

J a + 6 tan a? a* + 6' a' + 6* ^ ^ ^ 

f{oo8 X, sin x) dx 



83. Integration of 



a cos a? + 6 sin ar + c ' 



where/is a rational algebraic function, not involving frac- 
tions. 

As in thei preceding Article, assume x =^ + a^ and the 
expression becomes of the form 

<t> (cos 0, sin 0) dO 
Aqo&O + B 

Again, since sin'© = i - oos'O, any integral function of sin 9 
and cos can be transformed into another of the shape 

01 (cos 0) + sin 03 (cos 0). 

Accordingly, the proposed expression is reducible to 

»i (cos 0) dB 02(oosO)sinO(fg 
-4 cos + -B -4 cos fl + -B 

The latter is immediately integrable, by assuming 

-4 cos © + jB = z. 

To integrate the former, we divide by -4 cos + 5, and 
integrate each term separately. 
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I04 Miacellaneom Examples of Integration. 

84. Integration of 

/(cos a?) dx 

[tti + bi cos x) [Oi + 62 cos ^) . . . . (a» + bn cos xy, 

where/, as before, denotes a rational algebraic function. 
Substitute z for cos x and decompose 



(ai + biz) (aa + 622) . . . . (a» + 6»2) 

by the method of partial fractions : then the expression to be 
integrated reduces to the sum of a nxmiber of terms of the form. 

dx 



-4 + jB cos a?' 
each of which can be immediately integrated. 

Examples. 



f -^ ,. An,. -I log f L±i?^) - A tan->( — i ]. 

J COS a: (5 + 3 COS «) 10 \i - sin a?/ 10 \ 2 / 



fdx 
. , , r r, when a> b, 
sin*« (a + * cos a;) 

b^a C08« 



Ans. 



b , /^ + aco6«\ 

^' Jco8«a?(a+*co8a?)* a "" aV°^ U "^ V "*■ ««] a + ico8«* 

85. Integration of {/(^) -^/(x)] (Tdx. 

The expression c* Pdx is immediately integrable whenever 
P can be ^vided into the sum of two functions, one of which 
is the derived of the other. 

. For, let P=/(^)+/», 

then ie'Pdx^l ^f(x) da-^j <ff {x) dx. 
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Differentiation under the Sign of Integration. 1 05 

Again, integrating by parts, we have 

\(ff{x)da=f{x)(f-le'f{x)dx. 
Accordingly 

For instance, to find 



■ 1^(7^' 



dx. 
Here 



e' 
and consequently the value of the proposed is . 



Examples. 

1. I ^ (cos X + sin *)■ dx. Am, tF sin ar. 

r I + a? log a; , , 

2. I t* ^— dx, tF log X, 



«+ 1)2 « -H I 



- i'(^r- 



I +«« 



86. Differentiation under the Sig^ of Integration. — ^The in- 
tegral of any expression of the form (a;, a) dx^ where a is 
independent of a?, is obviously a function of a as well as of x. 
Suppose the integral to be denoted by F(x^ a), i. e. let 

F{x^ a) = J* (^, o) rf^j 
then — {JF(^, a)} = (x^ a). 
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io6 MiscellmieouB Examples of Integration. 

Again, differentiating both sides with respect to a, we 
ha-ve, since x and a are independent, 

(P.F{x, a) _ d . </> {x, g) 
da dx da 

or (Art. 119, Dif. Cal.), 

rf_ fd . F(x, a)\ _ d . ^[x, a) 



dx\ da J da 

Consequently, integrating with respect to a*, we get 



d.F{x,a) Cd.(l>{x,a) 



=r 



dXy 



da J da 

In other words, if 

t* = J (^, a) dXy 

du 



then , 

aa 



=!!*• 



provided a be independent of ;r ; in which case, accordingly, it 
is permitted to differentiate und^r the sign 0/ integration. 

By continuing the same process of reasoning we obviously 
get 

^« f^:^^ (3) 

da"" J da*" 
where u = j ^ (ic, a) tfe, a being independent of x. 
^ For example, if the equation 

{(f'dx^ — 
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Integration under the Sign of Integration. 107 

be differentiated n times with respect to a, we get 

(See Arts. 49, 50, Dif. Oal.). 

Again, in Art. 2 1 we have seen that 

' . . ef^iaRinrnx - mcoB mx) 
\e^ Biainxaa = — ^ — . 

Accordingly 

f^^««*--./7^ (^\( ^ («8"^L ma? - m cos n}^) \ 

We now proceed to consider the inverse process, namely^ 
the method of integration under the sign of integration. 

87. Integration under the Sig^ of Integration. — ^If in the 
last Article we suppose (a?, a) to be the derived with respecfc 
to a of another function v^ i.e. if 

, . dv 

then ^ = / (^> a) da. 

Also by the preceding Article we have 

— f I vdx j = \ — dx ^\^ {Xy a) dx ^ F{x, a). 

Hence i*(& = F{xy a) da. 

In other words, if 

F{x,a) = U {xya]dxy 
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io8 Miscellaneom Examples of Integration. 

tlien F[xy a) da= \l5 i>{^9 a) da] dx. ' (3) 

It may be remarked that the results established in this 
and in the preceding Article are chiefly of importance in 
connexion with definite integrals. Some examples of such 
application will be given in the next chapter. 

88. Integration by Infinite Series. — ^It has been already 
observed that in most cases we fail in exhibiting the integral 
of any proposed expression in finite terms. In such cases we 
can often represent the integral in the form of an infinite 
eeries. 

An example of an integral exhibited in such a form has 
been given in Art. 63. 

The simplest mode of seeking the integral of /(a;) <fa;inthe 
form of an infinite series consists in expanding f[x) in a 
series of ascending powers of Xy and integrating each term, 
separately : then 2 the series be convergent, it represents the 
integral proposed. 

It can be easily seen that if the expansion of f(x) be a 
convergent series, that of j f{x)dx is also convergent. 

For let 

/(ip) = «o + aix + a2^ + . . . anX^ + &c., 
then 

f[x) dx=a^ + — • + + . . . + -^ — + . . . 

J 2 3 w + I 

Now (Dif. Cal., Art. 73), the expansion for f{x) is 

a X 
convergent whenever -^ is less than unity for all values 

of n beyond a certain number ; and the latter series is con- 
vergent provided — be less than unity, imder the same 

W + I ttfi^i 

conditions. 

Accordingly, the latter series is convergent whenever the 
former is so. 
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Integration hy Infinite Series. lo^ 

Examples. 

•^ V I -«« * *^ 2.4II 2.4.6 16 

y = 2v^8ma; i + + — :i + ... L 

-v/sin a; \ * 5 3-4 9 J 

J \>w -^ m + » 1 . 2 . ^> m + 2i» y 

89. Expansion of / log (i + 2W cos a? + m') tir. 

We shall conclude by showing that the integral 

/ log (i + 2m cos ^ + m^) dx 

can be exhibited in the form of an infinite series. 
For, we have 

I + 2m cos X + m^ = [i + me^'^-^) (i -k-me^'''^). 
Hence 

log (i + 2w cos a: + m') = log (i +me^^^) + log (i + me'^^^) 

= m {f^^ + e^^) - — {f^^ + r^^) + &c. / 

( w' ^' « \ 

= 2 w cos a? cos 2a; + — cos 3a? - &c. . 

\ ^ . Z } 

Accordingly 

fi / ^\ J f • , sin 2a? ,sin3aj \ 

log(i+2mcosa? + w')da?=2 ( msina?- w' — j— +w' — ^... u 

.■ . ^3 ^^^ 

This series becomes divergent when m is greater than 
unity. In that case, however, the corresponding series can be 
easily obtaineid. 
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i lo Miscellaneous Examples of Integration. 

For I + 2w cos a? + m^ = m' i + i + , 

V ^ri j\ m j 

and accordingly 

, , ,x 1 /cos a; cos 2a? cos 3a: ^ \ 

loff (i + 2wcosa?-rm'j = 2 log w + 2 • — r-+ -&c. . 

^^ ^ ^ ^ \ m 2m^ 3w' j 

Consequently, when fn> i, we have 

fi / * ,N. 1 /sin a? sin 2a; sin 3a? \ 

loff(n-2wcosa?+w')aa?=2a?logw+2 —. -— r +— t— i -... 

J »^ ' '^ \ fw 2'm* 3*fw* )' 

From the above it is easily seen that the integral 
/log (i + fl cosar) efo 

can be exhibited in the form of an infinite series when a is 

2fn 
less than unity : for, making a = 5, we have 

log(i +acosa:)=log(i + 2m cosa; + m*) -log (i +m'). 
The relation between m and a admits of being exhibited 
in a simple form ; for let a = sin a, and we get m = tan -. 
Making this substitution in (4) we get 

log (i + sina cosar) dx= 2x log ( cos- j 

+ 2 f tan - sin a? - tan* - — ^ + &c. ). (5) 
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1 1 1 



Examples. 



• (2 cos a? + 3 s ma?)<fcg 
I 3 co8';r + 2 sind; 



f dB 
J I - 8in*0' 



-4m«. ^ log (3 cos a? + 2 sin *). 

13 13 

- tan tf 4 = tan-^ (tan 9^^). 

^ 2^/2 

X 



re«(a;'+a! 

J (H-a;2)^ x/rTa:2 

[ _ = i log (I + cos 6) - - log(i - cosd) + - log (I -2 cos e; . 

J sin 2© -Bind d ° ' 2 ° 3 



sin - tan - dB 

2 2 

CO8 



= log 



i + sin- 



:l0g| 



/ /- . 9 

'^y' 2 8in-+ I 



•/^ W2 



. 9 
sin — I 

2 



6. When «* < i, proye that 



Jv/iT^"i * 5 2.4 9 2.4.6 13 



and when a* > i 
dx 

\^/T%x* 
7. Prove that 



II I 1-3 1^1.3.5 I 



iaa: 
"77^"~i"*"i ^~27^ 9^» ' 2.4.6 I3a;i3 






^nd detennine when the series is convergent, and when divergent. 
8. Prove that 

I . 2 

"** 1.2.3.4 /A + 5 

Substitute « for sin-^ar in the expansion of /■" ' (Dif. Cal. Art. 87), &c. 



,^.^-x» sin'*''^ X2+,2 sin'^^w 

J 2 M + i I- » M + 3 



f/«-.e-^" . X sin'^^w \(X«4 2«) sin*"***- 
sinf^w <?« = -. + — T~T 

I /A+2 1.2.3 /lA + 4 






1 . 1. 3 • 4- S M+6 
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CHAPTER VI. 



DEFINITE INTEGRALS. 



90. Integration regarded as Summation. — We have in the 
commencement observed that the process of integration may 
be regarded as that of finding the limit of the sum of the 
series of values of a difiEerential/(a?) dxy when x varies by in- 
definitely small increments from any one assigned value to 
another. 

It is in this aspect that the practical importance of inte- 
gration chiefly consists. For example, in seeking the area of 
a curve, we conceive it divided into an indefinite number of 
suitable elementary areas, of which we seek to determine the 
sum by a process of integration. Applications of finding 
areas by this method will be given in the next chapter. 

We now proceed to show more fully than in Chapter I. 
the connexion between the process of integration regarded 
from this point of view and that from which we have hitherto 
considered it. 

Suppose (a?) to represent a function of x which is finite 
and continuous for all values of a between the limits Xand Xo ; 
suppose also that X - Xo is divided into n intervals Xi - x,^ 
X2 - iTi, Xz- X'iy ... X - Xn-i ; then by definition (Dif. Cal., 
Art. 6), we have 

= ^ \x^) 

in the limit when Xi=^Xq\ accordingly we have 

* (•^i) - ^ W =^ (^1 - iTo) (^' (cro) + 60), 
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Limits of Integration. 1 1 3 

where €0 becomes infinitely small along with Wi - Xq. Hence, 
we may write 

(^1) - i> (-^o) = {Xi - Xo) {^'(ilJo) + 60) , 
* (^2) - {Xi) = {X2- Xi) {^'(^i) + €1 j , 

<p (^3) - (Xi) = (a?3 - X2) {^'(a?,) + 63) , 



^ (X) - 0(a?«-i) = (X - a?,^.i) {0'(^«-i) + «»-i}f 

where co, ci . . . c,»-i become evanescent when the intervals are 
taken as infinitely small. 
By addition, we have 

(X) - {Xo) = {Xi - Xo) ip'iXo) + (^ - ^1) i^iXi) + . . . 

+ (X - Xf^i) ^'(ir„_j) + {xi - Xo) So + {Xi - ^1) ci + . . . + (X- Xn^i) €^1* 

Now if n denote the greatest of the quantities f 0, £1, . . . €,»-i, 
the latter portion of the right hand side is evidently less 
than (X - ^0) 1? ; and acoor£ngly becomes evanescent ulti- 
mately (compare Dif. Oal., Art. 39). 

!^nce 

^ (X) - ^ (xo) = limit of [(a?i - Xo) <^\x^ + {x^-x^ ^\xi) + . . . 

+ (X-a?n-i)«'(M] (i) 

when n is increased indefinite^. 

This result can also be written in the form 



(X)/- ^ (xo) = S ^'(a?) efiP, 



where the sign of summation 2 is supposed to extend through 
all values of x between the limits Xo and X. 

91. Deflxiite Integrals, Limits of Integration. — ^The^result 
just arrived at, as already stated in Art. 3 1, is written in tihe 
form 

AX)-/{x,)^\''f{x)dx, (2) 

where X is called the superior ^ and Xq the inferior limit of the 
integral. 

I 
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114 Definite Integrals. 

Again, the expression 

ip[x)dx 

is called the definite integral of ^ {x) dx between the limits ^.» 
and X, and represents the limit of the sum of the infinitely 
small elements ^ {x) dxy taken between the proposed limits. 
From equation (i) we see that the limit of 

(a?i - fl?o)/(«o) + (i»2 - <X^i)f{^i) + . . . + (X - Xft-i)f{Xf^^, 

when Xi- XQyX2-xij . . , X- x^^i become evanescent, is got 
by finding the integral oif{x) dx (i.e., the function of which 
f\x) is the derived), and substituting the limits aso, X for a; in 
it, and subtracting the value for the lower limit from that for 
the upper. 

If we write a? instead of X in (2) we have 



/W -f{<^o) = \'f(x) efo, (3) 



in which the upper limit* x may be regarded as variable. 
Again, as the lower limit Xq m.a.j be assumed arbitrarily,/(irb) 
may have any value, and may be regarded as an arbitrary 
constant. This agrees with the results hitherto arrived at. 

In contradistinction, the name indefinite integrals is often 
applied to integrals such as have been considered in the pre- 
vious chapters, in which the form of the function is merely 
taken into account, without regard to any assigned limits. 

As already observed, the definite integral of any expres- 
sion between assigned limits can be at once found whenever 
the indefinite integral is known. 

A few easy examples are added for illustration. 



* The student should ohserve that in (3) the letter x which stands for the 
superior limit and the x in the element f (x) dx must he considered as beii^ 
entir^^ distinct. The want of attention to this distinctidn often causes much, 
confusion in the mind of the beginner. 
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Examples. 



I. I af^dx. 



Am, . 



^^ Jo ""^S^* a/i-i. 

^ Jo a» + 

"6. I tf^« <ir, {a positive). 
^- Jo — 

Jo I +3 



dx 
dx 



2x COS + a;> 2 sin ^ 



rffl? 



- 2x cos + ^* sin 

-9. I r«« sin mj; <ii?. 

Jo 






10. \er^co%mxdx, 

1 r. I ; r = — , t when a^ - ^ is positiye. 

J_^a+2*z+<?a^ ^ae-bt 

92. To prove that 

Jo ^ ^ Jo w(n+ i) . . (n + w- i)' 

tfAcn m and n arepositwcy and m is an integer. 

12 
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1 1 6 Definite Integrals. 

The first relation is evident from (31) Art. 32. 
Again, integrating by parts, we have 

Moreover, since n and m- i are positive, the term 
.r(i - x)^^ vanishes for both limits, 

The repeated application of this formula reduces the in- 
tegral to depend on o^+^'^dir.thevalueof whichis . 

° ^ Jo w+?^-I 

Hence we have 

Jo w . (?i + I) . . . . (n + m - i) ^^'^ 

This result shows that when either w or w is an integer 
the definite integral 

n 

can be easily evaluated. 

When m and n are both fractional, the preceding is one 
of the most important definite integrals in analysis. 

We purpose in a subsequent part of the chapter to give 
an investigation of some of its simplest properties. 



Examples. 



!1 Sl 

2, {\*(i'x)idx. 



1^ 
dx. Am, • 



3.7. 11.13 



5.7.9- U- '7 
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93. Values of srn^xdx and ooB*^xdx. 



One of the simplest and most useful applications of 
definite integration is to the case of the circular integrals 
considered in the commencement of Chapter IIL 

We begin with the simple case of 



1 



sm'^xdx. 



If in the equation, (Art. 56), 

f • « JF cosiCsin*^^ii: w- i f . ^ . 

J n n } 

ve take o and — for limits, the term vanishes 

2 n 

for both limits, and we have 

sin^^xdx = sm^^xdx. 

Jo n Jo 

Now if n be an integer the definite integral can be 
easily obtained ; its form, however, depends on whether the 
index n is even or odd. 

(i). Suppose the index even, and represented by 2;w, 
then 

sin*"* a? dx = sin'"*"*aj dx. 

Jo 2m Jo 

Similarly 

sm^^'^xdx = -\ Bia^"^xdx; 

Jo 2;;^-2jo 

«nd by successive applications of the formula, we get 

fsin-^efe = i^3^ ----(^'"-0 .![. (5) 

Jo 2.4.6.... 2m 2 
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1 1 8 Definite Integrah, 

(2), Suppose the index odd, and represented by 2wj + 1, 
then 

IT W 

Jo 2m+ I Jo 

Henoe, it is easily seen that 

IT 

f * • 3m+i ^ 2.4.6.... 2W ,^v 

%VD?^^Xdx = -^^ ; r. (6) 

Jo 3-5.7 (2W+ l) 

Again, it is evident from (31) Art. 32, that 

IT IT 

ooB^xdx = I Bin**xdxy 

and consequently (5) and (6) hold equally when cos^ is 
substituted for sin a?. 

94. Investigation of sin^o; oos'^o; dx. 

From Art. 55, when m and n are positive we have 

I sin**iC00s'*irdr = sin~a? cos'^^a; dir, 

Jo m + n}o 

«• IT 

and sm^xoos^xdx sin^^^ajoos'^ircfe. 

Jo m+n}o 

Hence, when one of the indices is an odd integer, the 
value of the definite* integral is easily found. 

* The result in this case follows also immediately from Art. 92, by making 
cos':r = z; for this snbstitutioii transforms the integral into 

y Google 
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For, writing 2m + 1 instead of nty we have 

8in'«+ia?ooB*a?(fo = | sin*"^*ircoB**a:dj?. 

Jo zm-^n-i-ijo 

Hence 

IT 

I 8in'*"**a?cos*a?tfe 

IT 

2m . (2m - 2) ... . 2 r? . ^ , 

(2w + n + i)(2m + n-i) .(^ + 3) Jo 

_ 2.4.6 ... {2m) 

" (n + i) (n + 3) . . . (» + 2m + i)* 
In like manner 

W IT 

8in*"»a?coB'**icdir = r sin*"»a? ooB***"'a? (&. 

Jo 2(m + w)Jo 



(7) 



Henoe 



(8) 



re- 



Jo {2m + 2) . . . (2m + 2n) Jo 

2.4.6 {2m+2n)'2* 

in wliioli m and n are supposed both positive integers. 

Many elementary definite integrals are immediately 
ducible to one or other of the preceding forms. 

For example, on making x = tan 0, we get 

Jo(l+a:*f Jo 2.4.6 ...(2W-2) 2 ^^^ 

(to ^ 

Similarly, by a? = a sin 0, a?" (a' - a^y dx transforms into 

IT 

^n+m+1 r sin"ecos~*^Oe/0. 

y Google 
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1 20 Definite Integrals. 

ra ^ 

In like manner {lax-a^ydx^ 
on making a; = a (i ~ cos 0), becomes 






The expressions for these integrals, when m and n are 
fractional in form, will be given in a subsequent Article. 



IT 

a. \* am^xco&^dx, 

ir 

3. y Bin«'»-i X co8*»-* x dx. 



Examples. 




Am. 


4' 1 
3-5.7."' 1 




5 . 10 . 20 . 30 . 40 1 




9.19.29.39.49' 




1.2.3... (m-i) 




n.(n+i). . . (n + m-i)' 




2.4.6... (2») 
3.5.7.. .{2II+1)* 




1.3.5... (2«-0 » 




2.4.6... 2n 2 




2.4.6... 2«l 



4. I {i-sflydx. 

Jo-v/T^T^' 3 . 5 . 7 . . . (2W + 0' 

7 . Deduce Wallis's value for w by aid of the two preceding definite infegrab. 

f * x**dx 2.4.6... (n-i) I 

*«(« + i:p»)^^" . 3.5.7.... n ^a^' 

where n is an odd integer. 

9. I x^{2ax-'X*)^dx. 



Digitized by 



Google 



Elementary Examples. 121 

95. Value of e'^ af^ dXj when ni» 9k positive integer. 
In Art. 63 we have seen that 

U~'af* (fo? = - e'^af^ + n e' jif'^ dx. 

Again, the expression — vanishes when a? = o, and also 
when ^ = 00, (Dif. Cal., Art. 94, Ex. 2). 

Hence e-^oifdx = n\ e^af'-^dx. (10) 

c"'ir»cfo = 1 . 2 .3 . . . w. (11) 

Many other forms are immediately reducible to the pre- 
ceding definite integral. 

For example, if we make a? = as we get 

in which a is supposed to be positive. 

Again, to find ic~ (log xY dx; let a; = e"', and the in- 
tegral becomes 

(- i)** fV(*»*^)»^« dz = (- i)"i-iiillii^. 
^ ^ Jo * ' ^ ^ (m+i)"*^ 

Since log a? = -logf-j, this result is often written in 

Google 
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122 Definite Integrals. 

The definite integral j^-'d:"-* dx is sometimes known as 

The Second* Enlerian Integral, and is fundamental in the 
theory of definite integrals. Being obyiously a function 
of n it is denoted by the symbol T (») ; and ia styled tlid 
Gamma-Function. 

It follows from (lo) that 

r(n+i) = nT(n). (14) 

Also, when n is an integer we have 

r(n+ i) = I . 2 .3 . . . /». (15) 

Again, when x is less than unity, we have 



I -X 



r dx f* 

log a: = loga?(i +a? + aj* + . . .)d^ 

Jo I — 0? Jo 

/ I I \ ^' 

(by a well known result in Trigonometry). 
In like manner we get 

V^Yogxdx TT* . 

Jo i+a? ~ 8' 

An account of the more elementary properties of Qamma- 
Functions wiU be given at the end of this chapter. 

1 — 

* The integral I x^'"^ (i - x)^'^ dx, conaidered in Art. 92, is also sometimes 

" ^A the First Eulerian Integral ; we shall show subsequently how it can d^ 
used in terms of Gamma-Functions. 
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EXAHFLES. 

Jo (loga)«<i 

Jo 1 - «« 

96. -5^ tt ani V he both functions of Xy and if v preserve tJ^ 
same sign while x varies from Xq to X, then we shall have 



uvdx = U vdx. 



where Vis some quantity comprised between the greatest and the 
least valties ofUy between the assigned limits. 

For, let A and B be the ^atest and the least values of 
Uy and we shall have, when v is positive, 

Av > uv> Bv ; 
when V is negative, 

Av <uv < Bv. 

Consequently, for aU values of x between a?o and X the^ 
expression uvdx lies between Avdx and Bvdxy and accord- 
ingly, since the sign of v does not change between the limits^ 

uvdx lies between A vdx and B vdx : 

J'o J^o J-'o 

which establishes the theorem proposed. 
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124 Definite Integrals. 

Cor. If /(a?) be finite and continuous for all values of 
between the fiiiite limits Xo and X, then the integral 



X 



1 



f(o^dx 



\vill also have a finite value. 

For, let A be the greatest value of /(a?), and B the least, 

then f{x) dx evidently lies between the quantities 
A dx and B\ dx. 

.-. I /(a;)(&>J?(X-a?o) and<^(Z-aro). 

97. Taylor's Theorem. — ^The method of definite integra- 
tion combined with that of integration by parts furnishes a 
simple proof of Taylor^s series. 

For, if in the equation 

/(X+A)-/(X)=j^">(*)dir 
^e assume a? = X + A-2, we get dx^ -efe, and also 
I f{x)dx^ f(X + h-z)dz, 

.-. /(X + h) -/(Z) = [V (Z + A - 2) dz. 
Again, integrating by parts, we have 
[/(X+A-s)rfs = s/(Z+A-2) + {z/\X+h-z)dz. 

Hence, substituting the limits, we have 

[V(^+A"2) dz = ^(Z) + ps/'(Z+A-s)&. 

y Google 
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Taylor* 8 Theorem. 125 

In like manner 

[zf\X^h-z)dz = ^/'(X+A-s) + [^^f\X+h-z)dz, 

which gives 

Jo 2 Jo 2 

and BO on. 

Accordingly, we have finally 

/(z+ A) =/(x) + \f{x) + -^r'(x) + . . . + ^/(-) (X) 



+ 



J/»)(X + A-.)^. (16) 



This is Taylor^s well-known expansion.* 

98. Remainder in Taylor's Theorem expressed as & 
Definite Integral. — ^Let jB» represent the remainder after 
n terms in Taylor's series, then by the preceding Articlo 
we have 

i2„= /(-)(X + A-s)5-^. (17) 

Jo \n-i 

There is no difficulty in deducing Lagrange's form f or 
the remainder from this result. 
For, by Art. 96, we have 

M„ = U\ ^—^, : = Zr- " 



^»=^ir 



2 .3...(n-i) I . 2 . . .n' 



where U lies between the greatest and least values which 
Z^**) (X + A - s) assumes while z varies between o and Ik 

* The stadent will observe that it is essential for the yalidity of this proof 
(Art. 90) that the aucceasive derived functions, /'(as), /"(a;), &c., should be 
finite and continuous for all values of x between the limits Z and X+ A. 
Compare Articles 54 and 75, Dif. Cal. 
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126 Definite Integrals. 

Hence, as in Art. 75, Dif. Cal. (since any value of z between 
o and h maybe represented by (i -fl)A, where 0>o and < i); 
we have 

1 • Z • , m lb 

where is some quantity between the limits zero and unity. 
99. Bernoulli's Series. — ^If we apply the method of in- 
tegration by parts to the expression f(x) dx, we get 



/(a?) dx = xf{x) -\Tf{x)dx^y 
[^f{x)dx = Xf{X) '^[y(x)xdx. 



In like manner 



|V(.)«^.i;/(x)-|V(«)^. 



a^dx 



«,nd so on. 

Hence, we get finally 

^M<h = :^ytx) - ^/(Z) + 7^/'(X) - &c. ,. . (18) 

Compare Art. 66, Dif. Cal., where the result was obtained 
directiy from Taylor's expansion. 

100. Exceptional Cases in Definite Integrals. — In the 
fof egoing discussion of definite integrals we have supposed 
that the function f(x)j under the sign of integration, has a 
finite value for all values of x between the limits. We have 
also supposed that the limits are finite. We purpose now to 
give a short discussion of the exceptional cases.* They may 

* The complete inyestigation of definite integrals in these exceptional cases 
is due to Cauchy. For a more general discussion the student is referred to M. 
Moigno's Calcul Integral, as also to those of M. Serret and M. Bertrand. 
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le clajssed as follows : — (i). When f{x) becomes infinite at 
one of the limits of integration. (2). When f{x) becomes 
infinite for one or more values of x between the limits of 
integration. (3). When one or both of the limits become 
infinite. 

In these cases, the integral f{x) dx may still have a 

finite value, or it may be infinite, or indeterminate : depend- 
ing on the form of the function f(x) in each particular case. 
The following investigation will be found to comprise the 
cases which usually arise. 

ID I. Case in which f{x) becomes infinite at one of the 
liimits. — Suppose that f{x) is finite for aU values of x 
between Xo and X, but that it becomes infinite when x = X. 

Ihe case that most commonly arises is where f{x) is of 

the form X- x>> > i^ which \L(x) is finite for aU values 
(X - x)"" ^ ^ ^ ^^ 

between the limits, and n is a positive index. 

Let a be assumed so that "^{x) preserves the same sign 

between the limits a and X, then 

r^ \P (x) dx _ f * \( ;{x)dx C ^ \P (x) dx 

l^{x-xr^]r^{x-^xr^]^{x-xr' 

The former of the integrals at the right-hand side is 
finite by Art. 96. The consideration of the latter resolves 
into two cases, according^ as n is less or greater than imity. 

(i). Let n < I, and also let A and B be the greatest 
^nd least values of xf/ (x) between the limits a and X : then, 
by Art. 96, the integral 

!v x«. lies between A 7= r- and £ 7= r- . 

J. (X - ir)~ J. (X - xy J. (X - x)^ 

Moreover, since n < i, we have evidently 

{^_dx__ ^ (X-ay-^ 
]a{X-xr i-n ' 

-and consequentlj, in this case, the proposed integral has a 
finite value. 
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128 Definite Integrals. 

(2). Let n > I, and, as before, suppose A and B th^ 
greatest and least values of t// {x) between a and X ; then 

r^^» Hes between a\[-^„ and b\[^^. 

Again, we have 

C dx -_! 

J (X - x)^ " {n- i) (X-ir)"-^ • 

Now -p^ r^ becomes infinite ^hen x = X, but has a 

finite value when x = a; consequently the definite integral 
proposed has an infinite value in this case. 

r dx 

When n = I, .^^ . = - log (X - x). This becomes 

infinite when x = X; and consequently in this case also the 
integral proposed becomes infinite. 

The investigation when f{x) becomes infinite for a? = ^a 
follows from the preceding by interchanging the limits. 

102. Case where /(a;) becomes infinite between the Limits. 
— Suppose f{x} becomes infinite when x = a^ where a has 
between the limits Xo and X; then, since 

^''^y(:x) dx = ^ly{x) dx + ^y{x) dx, 

the investigation is reduced to two integrals, each of which 

may be treated as in the preceding Article. 

}L(x) 
Hence, if we suppose f{x) = ^ . it follows, as in 

[X — (t) 

the last Article, that /{x) dx has a finite or an infinite 

value according as n is less or not less than imity. 

The case in which f{x)^ becomes infinite for two or more 
values between the limits is treated in a similar manner. 
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For example, if 

/(«i) = OO5 f{(h) = 00, . . . f{an) = 00, 

where fli, 02 . . . a„ lie between the limits X and Xo ; then 
[ /{x) dx = {'"'/{x) dx + f V(^) cfe + &c. + T/Caj) (fo, 

Ja^o J*0 J<»1 J«j| 

each of which can be treated separately. 

103. Case of Infinite Limits. — Suppose the superior limit 
X to be infinite, and, as in the preceding discussion, let f{x) 

be of the form . \^ , where \p{x) is finite for all values of x. 

[X — Of] 

As before we have 

f Ax)dx = [f{x)dx-^\''f{x) dx. 

The integral between the finite limits Xo and a has a finite 
value as before. The investigation 6i the other integral con- 
sists again of two cases. 

(i). Let n > I, and let A be the greatest value of ^(a?) 
between the limits a and 00, then 

- — is less than A 



But 



{x-a)*" Ja {x-a)*^' 

c^ dx i___ r I I 1 

J. (a? - a)" " « " I L (a - a)"*-' (X - fl)«-^J* 



^ The latter term becomes evanescent when X = 00 ; accord- 
ingly in this case the proposed integral has a finite value. 

in like manner it is easily seen mat if n be not greater than 
unity, the definite integral 



j: 



dx 



a {x-ay 



K 
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130 Definite Integrals. 

has an infinite vaiue ; and consequently 

t// (x) dx 
[x-aY 

is also infinite, provided i//(a?) does not become evanescent for 
infinite values of x. 

Hence, the definite integral 

p 4,{x)dx 

has, in general, a finite or an infinite value according as n is 
greater or not greater than unity : yif[x) being supposed finite, 
and Xq being greater than a. 

If X become - 00, a similar investigation is applicable, for 
on changing x into - Xy we have 



\''f[x)dx^-[^f{-x)dx, 



in which the superior limit becomes 00. 

104. Principal and General Values of a Definite Integ^raL — 
"We shaU conclude this discussion with a short account of 
Cauohy's* method of investigation. 

Suppose /(rr) to be infinite when a? = a, where a lies be- 
tween the limits Xq and X, then the integral I f[x) tfe is re- 

garded as the limit towards which the sum 



f{x)dx^\ f{x)dx 



approaches when € becomes evanescent : /n and v being any 
arbitrary constants. 



* This and the four following Articles haye been taken, with some modifica- 
tions, from Moigno's Galcul Integral. 



Digitized by 



Google 



Principal Value of a Definite Integral, 131 

This value depends on the nature of /(a?), and may be 
finite and determinate, or infinite, or indeterminate. 

If we suppose /n = v, the limiting value of the preceding 
sum is called the principal value of the proposed integral : 

while that given ali)ve is called its general value. 

ex ^^ 
For example, let us consider the integral — . 

Here T ^ = linut T T^ . ^ ^1 

Also, making dr = - s. 

Accordingly, the principal value of — is log ( — j ; while 

its general value is log f — J + logf- ]• The latter expres- 
«ion is perfectly arbitrary and indeterminate. 
Again, let us take — . 

But r^ = ±-4:andrg = ±--L. 

Jy, x" V X J^^ a^ fit Wo 

.•.r$=iinutrj-.-L-±--ii 

Consequently, both the principal and the general value of the 
integral axe infinite in this case. 

K 2 
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132 Definite Integrals. 

In like manner 

, Hence the general value of the integral is infinite, while 
its principal value is - f — - ^a )• 

It may be observed that the principal value of 

J^^ -IS equal to J^^-. 

This holds also whenever /(a;) is a function of an odd 
order : i.e., when/( - ar) = -f{x). 
For, we have 

f 'f{x)dx = \ 'f[x)dx+ [ f{x)dx. 
But f ° f[x)dx =-['/(- x)dx= \ f{- x)dx. 

/. Cf(x) dx^y {/{X) +/( -X)}dx (19) 

Accordingly if /(- x) = -f[x) we get 

) 
f{x)dx= o. 

Again, if /(a?) be of an even order, i.e., if /(- x) =/(ir), we 

J, «o r^o 

f[x)dx^2\ f[x)dx. 
-Xq Jo 

105. Singular Definite Integral. — ^The difPerenoe between 
the general and the principal value of the integral considered 
at the commencement of the preceding Article is represented 

/{x)dx, 
in which /(a) = 00, and c is evanescent. 



1: 
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Infinite Limits. Example. 133 

Such an integral is called by Cauchy a singular definite 
integral^ in which the limits differ by an infinitely small 
quantity. T^he preceding discussion shows that such an in- 
tegral may be either infinite or indeterminate. 

106. Infinite Limits. — If the superior limit be infinite, we 

regard f{x)dxBS the limit of f{x) dx, when c becomes 
evanescent. 

Also f{x) dx = limit of f[x)dx when £ is evanescent, 

In the latter case the value of the definite integral when 
/u = V is, as before, called \hQ principal valtie of 

In this we assume thai f {a) does not become infinite for 
any real value of x. 

107. Example. — Suppose ^^^ to be a rational algebraic 

fraction, in which /(a?) is at least two degrees lower in x than 
F{f)y and suppose aU the roots of F[x) = o to be imaginary, 
it is required to find the value of 



CM 

J- F{x) 



fix) 
Prom the foregoing conditions it follows that —7-4 cannot 

(^) 
become infinite for any real value of x : accordingly the true 

value of the integral is the Kmit of 



IlF{x) 



when c vanishes. 

y Google 



Digitized by ^ 



134 



Definite Integrak. 



To find this value, suppose ■^^. decomposed by the me- 



thod of partial fractions, and let 



F{:xy 



.and 



be the fractions corresponding to the pair of conjugate roots 

a + b^- I and a - b^/- i, of F{x) = o : 
then the corresponding quadratic fraction is the sum of 



x-a-b^-i x-a + b^/-! 

. ' 2A{x - a) -^ iBb 
'•^•' [x-af + b'' • 



•'« 2Bbdx 



• = 27r J5 when 6 vanishes. 



Also 



[2A[x-a)dx ..if vo ,o» 



= 2-4 log -, when c = o. 
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Now, suppose jP(a?) to be of the degree 2n in ii?, and let the 
values of A and J5, corresponding to the n pairs of imaginary 
roots, be denoted by Ai^ ^2, . • . An, and -Bi, £2, . . . -Bn, re- 
spectively ; then we have 

1 

+ 27r(J?i + J?a + . . . + J5n). 

Again, since/(a;) is of the degree 2/1 - 2 at most, we have 

Ai + A2+ . . . -\- An = o. 
For, if we clear the equation 

/(a?) ^ 2^1 (g?-gi) + 2J 3|6i 2 A (a? - gn) + 2.gn^n 

from fractions, the coefficient of a:*'*'* at the right-hand side is 
evidently 

2{Ai + -^2+ . . . +-4n) ; 

which must be zero, as there is no corresponding term on the 
other side. 

Accordingly we have, in this* case, 

l« ^^=27r(5,+52+...+5n). (21) 



* It may be obseired tliat when/ (a;) is but one degree lower than F{x)y 
^principal value of I 4/" ( ^' "• ^^ o^ t^e ^o"" givoi^ in (2 1). 
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1 3 6 Definite Integrals. 

We proceed to apply this result to an important example. 

1 08. Value of — —y when m and n are positive integers, 

and n> m. 

Let a be a root of a^** + i =0, and, by Art. 37, we have 



zna*"*"' in 

Again, by the theory of equations, a is of the form 

{2k + iVtt y — . [2k + l)7r 

cos -^ '— + v^- I sm ^ ^— , 

2n 2n 

in which A; is a positive integer and less than n ; 

.-. a^^* = cos (2ft + i)B + v^- I sin (2* + i)fl, 

2n 

Hence B = — — ; and accordingly we have 

2n ^ "^ 

J5i + J52 + .. . -H J5n = — (sin ft + sin 3© + ... +sin(2n-i)0). 
2n^ 

To find this simi, let 

S = sin6 + sin39 + ...+sm {2n - i)©, 
then 

2/Ssinfl=2 sm'6 + 2sin6sin36 + .. . + 2 sin6sin(2«- i)9 
= I - cos 28+ cos 20- cos 4© + . . .+C0s(2n-2)d-C0S2Hfl 

== I - cos 2fid = 2 sin'nfl = 2 sin*(2m + i) - = 2. 

^ ^ 2 

/. S = -7—5 = 7 r— 

sm 9 . (2m + ijTT 
2n 
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Accordingly, we have 



J-« I 



+ar^ , (2m-\-i]ir 

n sin -^ ^— 

in 

Hence, by (19), 



Jo i+a;«"~^L„ i+ir^~2/j . (2w + i)7r' ^^^' 



8in- 

' 2n 



We now proceed to consider the analogous integral 

rx^*^dx 
— -^, where m and w, as before, are positive integers, 

and n> m, • 

I —a? 
We commence by showing that 

Jo I - a?* " 
This is easily seen as follows, 

Jo I -ir^~Joi -a:^"^Ji I -a^' 

Now, transform the latter integral, by making a? = -, and 

z 

we get 

•••Jo T^ = °- 

Again, proceeding to the integral 
Jo i-x'""' 



Digitized by 



Google 



138 Definite Integrals. 

we observe that i + a? and i - x are the only real factors of 
I - a?***, and that the corresponding partial quadratic fraction 
in the decomposition of 

ar^"» , I 

IS 



i-a^ n[i-x^) 

Consequently, the part of the definite integral which corres- 
ponds to the real roots disappears. 

Moreover, it is easily seen that the method of Arts. 107 
and 108 applies to the fractions arising from the n - i pairs 
of imaginary roots, and accordingly 

where -Si, -B2, . . . Bn-\ have the same signification as before. 
Again, since the roots of ar^** - i = o are of the form 

hv / . ktr 

cos — ± a/ - I sm — , 
n n 

it follows, as in Art. 108, that 

5i + ^2 + . . . + Bn-i = — [sin 2fl + sin46 + ... + sin 2(n - i)fl], 
in 

^ lim + i)7r - p 

where u « ^ —. as before. 

2n 

Proceeding as in the former case, it is easily seen that 
sin 26 + sin 46 + . . . + sin 2{n - i) 

cos -cos (2W- 1)6 , (2W+l)7r 

= ; 2 = cot . 

2 sm V 2n 

_ , ^ .^ « , 2m + I 
Hence = - cot — ir. 



J— I -a?*** "" n ^ 

■f 



2n 



a?^dx IT . 2m + I / .V 

3- = — cot TT. (23; 

I -ar^ 2n 2n 
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Again, if we transform {22) and (23) by making a?-** = s 

, 2m + I , 

and a = , we get 

r z^-'dz IT r z^'dz ^ , . 

= -: , = TT cot air. (24) 

Jo I + S Sm flTT Jo I - s 

The conditions imposed on m and n require thatja should 
be positive and less than unity. 

Moreover, since the results in (24) hold for all integer 
values of m and w, provided w > w, we assume, by the law of 
continuity, that they hold for all values of a, so long as it is 
positive and less thflii unity. 

1 10. The definite integrals discussed in the two preceding- 
Articles admit of several important transformations, of which 
we OToceed to add a few. 

For example, on making w = s* in (24), we get 

Jdu aw r ^« i 
7 = -; ; r = air cot air. 
. i smaTT Jo ^ 
1 + W I -u 

On making- = r, these become 

J'"^ du IT r du ir ,ir , . 
r = y ; = - cot -, (25) 
rem- ^ 
r 

where r is positive and greater than unity. 
Again 

r i^dx ^ p ai^dx r afdx 
Jo I +a^~Joi H-iT* Ji I -^x"' 

Now, if in the latter integral we make a? =-, we get 

r afdx _ p z-^dz p oT'dx 

r of dm naf' + ar^ ^ , ^, 
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140 Definite Integrals. 

Moreover, from {22)^ when n is less than unity, we have 

(27) 



Accordingly 



• CO 


otf^dx 

l+X" 


IT 




. 


nw 
200S — 
2 




'c^ 


•\- ar^ dx 

+ ar^ X 


IT 




X 


mr 

2 cos — 

2 


it is 


easily seen that 




'of' 


- ar^ dx 


= - tan 

2 


nw 


X 


- ar^ X 


2 ' 



(28) 



{29) 



It should be noted, that in these results n must be less than 
unity. 

Again, transform (28) and (29) by making x- fT" and 
mr = a, and we get 



sec- r- ^2 — *^" 



dz = , — - dz = . (30) 

We add a few additional examples for illustration. 



Examples. 

i: 



I. -. jins. — - 

Jo i . « 



<?^ 



** Jo {««+ a«)(a;«+^2)' 20* (• + *) 

^' Jo l-^' 4* 

IT 

tan" 9<M, where » lies between + i and- i. . 

>w 

2C0S — 
2 

y Google 
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Differentiation under the Sign of Integration. 141 

II x« + x-^ dx 
«» + *-» T'^ 



r 1 x« + T^ dx . 

, where n>m. Ant. - 



2« COB - - 
2n 



a h 

g p (g«« + g-«) (gto + <.-te) 2C08JC08- 



Jo <fi^ + (nr« COB a + 008 6 

7. j^ - •\_^-_r ^ dx. 



(««• + r«») {(^-e-^) ^ sin J ' 
<W?. -• 

^» - ^TT* COB a + COS 6 



It should he ohseryed, that in these we must have a + 3 < ir. 
%, Hence, when & < «■ proye that 



I cos axdx = . 

Jo «^+ «^* «"+2 cos t} + c'« 

!*«*«- g-fa sin J 
cos aa;</i; = . 
^» - rir* eja^ 2 cos /» + <>-« 

f " «** 4 r*« . ^ I ««-<?-• 



Jo ^*-#-ir« a ««+2C0S^ + tf«' 

Jo i-« 



1 aa»ar« , ^ i 

» cot a» — . 
a 



III. Differentiation of Definite Integrals. — It is plain from 
Art. 86 that the method of differentiation under the sign of 
integration appKes to definite, as well as to indefinite inte- 
grals, provided the limits of integration are independent of 
the quantity with respect to which we differentiate. 

On account of the importance of this principle we add an 
independent proof, as follows : — 

Suppose u to denote the definite integral in question, i.e.^ 
let 



1* = ^[xj a) dxj 



where a and h are independent of a. 

To find — let Au denote the change in u arising from the 
change Aa in a ; then, since the limits are unaltered. 
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142 Definite Integrak. , 

Aw = {^(j^, a + Aa) - ^(a?, a)] dlr, 

At* _ P ^ f^, <r + Act) - ^ (a?, a) 
' Aa J a Aa 

Hence, on passing to the limit,* we have 

du {^ d(^{x, a) ^^ 
da ] a da 

Also, if we differentiate n times in succession, we ob- 
viously have 

d^u __ [^ c^<^[xy a) 



The importance of this method will be best exhibited by a 
few elementary examples. 

112. Integrals deduced by Differentiation. — If the equa- 
tion 

f e^dx^^ 
Jo a 

1)0 differentiated n times with respect to a, we get 

as in Art. 95. 

Again, from the equation 



r" dx _ TT I 

In x^-^a^ 2 ai' 



we get, after n differentiations with respect to a, 

f • dx ^ TT I .3 .5...(2n-i) ^i^ ^ 
Jo (ar* + «)"*' 22.4.6... 2n a"*i ' 
which agrees with Art. 94. 



* For exceptions to this general result the student is referred to Bertrand^s 
* Calcnl Integral," p. 181. 
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Differentiation under the Sign of Integration. 143 

Again, if we take o and 00 for limits in the integrals (23) 
and (24) of Art. 21, we get 

[ e^c^mxdx^ ^„ [ r^sin ««:(&= ^j^. (32) 

Now, differentiate each of these n times with respect to a, 
and we get 

J"^.^COS»«,&=(-1)"(0(^) 

In . cos(n + i)d 
(a* + w'^)" 



__ _ . , In . sin (n+ i)0 



where w = a tan 6. (See Ex. 17, 18, Dif. Cal., pp. 55, 56.) 
Next, from (24) we have 



I = TT cot aw. 

Jo I -il? 



Accordingly, if we differentiate with respect to a, we have 



Jo I - 



logxdx 



X emrair 

Again, if the equation 



|>^y=i 



bx 

he transformed by making y = t-> it evidently gives 

a "T ox 

Jo (oTJ^" nah''' 
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Now, differentiating with respect to a, we have 
f" af^^dx I 



) differentiate m - i tinw 
af^''^dx 1.2.3... (^- 



If we proceed to differentiate m - i times with regard to 
a we have 



Jo {a-^bx)'^'^' w . (n + i) {n^2) ., .{n + m- i) * «"'6**' 

113. By aid of the preceding method the determination 
of a definite integral can often be reduced to a known integral ; 
we shall illustrate this statement by one or two examples. 
Ex. I. To find 

f' log (i + sin a cos a?) 
J cos X 

Denote the definite integral by u^ and differentiate with 
respect to a ; then 

du f'^ cos a fife /-I * i «v 

— = -. '• = TT, (by Art. 18). 

da J I + sm o cos iT •^ ^ 

Hence, we get 

f "■ dx log (i + sin a cos x) 

Jo COS a? 

No constant is added since the integral evidently vanishes 
along with a. 

_, , e"^^sinwa? , 
Ex. 2. u=\ dx. 



In this case 



-1: 

a: 



e"^ cos mxdx = 



dm ]o a^ + m^' 

No constant is added since u vanishes with m. 
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Ex. 3. Next suppose 

log(i + oV) 



Here 



J. I+4V 

<^t< _ f" 2aa?dx 

^ ~ Jo (i + aV) (i + 6V) 

~ o»-6'LJo I + 6V Jo i + ovj 
= —L—f-- \ = y 



IT 



To determine the constant ; let a = o, and we obTionsly 
have tt = o. 

Consequently, the constant is - -r log b. 

The method adopted in this article is plainly equivalent 
to a process of integration under the sign of intention. 
Before proceeding to this method we shall consider tne case 
of differentiation when the limits a and b are functions of 
the quantity vrith respect to which we differentiate. 

114. Differentiation where the Limits are variable. — ^Let 
the indefinite inte^al of the expression ^(^, ajdxhe denoted 
by F{xj a) ; then, by Art. 91, we have 

w = I ^(iC, a) & = jP(6, a) - F{a, a), 

. du d^F{b,a) 

= ^(6, a), 

Google 



db db 

L 
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and 

Again, talking the total differential coefficient of tf re- 
garding a and b as f onotions of o, we have 



du {^ 
da ]a 

i 



d<b Ixy a) , du db du da 
^ ^ — i-(fo + + 

da db da da da 



d^u d^u 
By repeating this process, the values of -j-^, ^, &o., can 

be ohtained, if required. 

115. Integration under the Sign of Integration. — Be- 
tuming to the equation 



u = \ (*, a) dx, 



where the limits are independent of a ; it is ohvious, as in 
Art. 85, that 

uda = U» (ar, a) {fa L^, 

provided a be taken between the same limits in both cases. 
If we denote the limits of a by oo and ai, we get 

ruda = (^{Xya)da\dx. 

o JaLJao J 

j I I ^(a?,a)efe da = j T ^ (aj, a) da 1 &?. (34) 



or 



This result is usually written in the form 



I ^{Xya)dxda = ^ (2;, a) da db?. (35) 

y Google 



Digitized by ^ 



Integration under the Sign of Integration, 147 

These expressions are called double definite integrahy as in- 
volvinff successive integrations with respect to two variables^ 
taken between limits. 

It may be observed that the expression 



JtoJa 



{xy a) dx du 

JhoJa 



is here taken as an abbreviation of 



<p{x, a)dx\ day 



in which the definite integral between the brackets is sup- 
posed to be first determined, and the result afterwards 
integrated with respect to a, between the limits ao and ai. 

The principle* established above may be otherwise stated 
thus, In the determination of the integral of the expression 

{Xy a) dx da 

•between the re>spective limits Xq, x^; and ao, ai; we may effect the 
integrations in either order y provided the limits of x and a are 
independent of each other. 

In a subsequent chapter the geometrical interpretation of 
this, as well as of a more general theorem, will be given. 

We now proceed to illustrate the importance of this 
method by a few examples. 

116. Applications of Integn^ation under the Sign /• 
Ex. I. Prom the elementary equation 



v^e get 



1: 



a 






* It should be noted that this principle fails whenever <p(jCy a), or either of 
its integrals with respect to a, or to ar, becomes infinite for any values of x and a 
contained between the limits of integration. The student will find that the 
examples here given are exempt from such failure. 

L2 
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Hence , ^ 

Jo logiT \aoJ 

Again, if we make x^-c^m this equation, we get 

Ex. 2. We have abeady seen that 

Jo «+»* 

Hence 

Jo Lk J J.,a' + w* 

or 

cos wa? c^ = t log -T i . 

Jo i» ^W + my 

Ex. 3. Again, from the equation 

1: 



e'^smmxdx = 



o'^+wi*' 



we get 

r P*i . , ^ P*^ mda 

e-^smmxdadx = -r r; 

Jo Jao l^a' + m^' 

r c-*o«-er**at . /a A /ao\ 

sm mx ax = tan M — - tan M — ). 

Jo a? \mj \mj 

Compare Ex. 2, Art. 113. 

If we make oo = o and oi = 00 in the latter result, we 

obtain 

f* sinma? , tt 
— '- — ax = — . 
Jo a? ^ 

y Google 
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Ex. 4. To find the value of 

[ er^'dx. 

Denoting the proposed integral by *, and substituting 
QX for Xy we obviously have 

[ e^'"adx = *, 
.-. [ ^"(i***) adx = he^\ 

«-«•("'■) adadx '^ k\ e** da = A'. 

Jo •l+«' 

^Jo 1 + a:' 4 

Hence 

[ e-*' eiiz; = A; = i ^/^i^. (3^) 

This definite integral is of considerable importance, and 
several others are reamly deduced from it. 
117. For example, to find 

(A) « = [" 

Jo 

Here 



Hence 
But 



r'"'"'tfe. 



du ^ r* -««-^ dx 

da ^ 



a 



Again, let s = -, and we get 



X 
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/•OB O* -OB O* 

e ^* adx = e ^* dz ^ u. 

Jo T" Jo 

•*• 3- = - 2w, hence w = Cfe"^". 
aa 

To determine (7, let a = o, and, by the preceding example, 

u becomes — — . 

2 

Consequently 



j^' r'-^V^ = ^^.-«. (37) 



/O 

Again, to find 

(B) w = [ e-^''^"cos2Ja!rfir. 

Jo 

Here 



— - = - 2 ^"^"^''sin zhxxdx. 
do Jo 

But, integrating by parts, we have 
2 r«*'' sm ihxxdx = — ^ + — 6"^ * cos 2 Jo- dx^ 

e""*^ sin zbxxdx = -r e"^*^" cos 260? da. 
^ Jo 



Hence 

rf« 26W du ^ 2hdb 

db ^' ^^ 17 " " T^"' 

Hence w = Ce~"'. 

Also, when 6 = o, w becomes ^ — , 



/Z ft- 

e-"'^' 00a 2bxdx = ^^^-^c"^- (38) 

2a 
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Again, if we diflEerentiate n times with respect to a the 
equation 



[ 



2-v/o 



e-^"" dx = 



and afterwards make a = i, we get 

(0) j;^V»^= ''3.5.;^.(3»-x) ^^ 

Next, to find 

^^^ J„ -TT^- 

"We obviously have 

Jo 1+^ • 

aer*'(i+*")cosnM?diC*i = ^ > 

But, by (38), we have 

i 

Hence, by (37)> we have 

COS wo? dx ir 



2 I e"*"**coswajffo = eriiT* 



QiO'^mxdx 

IF' 



r^' 2 



r COSWi 

Jo I + 

Again, differentiating with respect to w, we obtain 

f* a; sin ma? g^ _ v_ . 
1 + 



(39) 



xBJnmxdx ^ £^_^^ (^^^ 

a?» 2 
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EZAKPLBS. 



xdg. Ant, -sec'-. 

. rw* 4 2 



Jo ^* - i 



2 

wHen a > o and < i 



"^ Jo i-« log* ^'VMnmr/ 

IT 

4. |'l0g(l+C08aC0S«) . J( «'). 

Jo 'cos* * V4 / 

f • «f log« <& 

Jo 1+8* 



8in — 
' «f log« <& w* 2 

4 •"T* 

COS* — 

2 



118. The values of some important definite integrals oan 
be easUj deduced &om formula (31), Art. 32. 
For example,* to find 

IT 

[' log (sinO) dO. 

IT IT 

Here [' log (sinO) dO = [ ' log (cosO) dO. 
Henoe, denoting either integral bj u, we have 

ir 

2u = {log (sin 0) + log (cos 0) ] dO 

* These examples are taken from a paper, signed H. G., in the ** Cambxidge 
Mathematical Joumali" Vol. 3. 
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IT 

= I log (sin 2O) dO-— log 2. 
Jo 2 

Again, if s = 2d, we have 

«■ 

^ log (sin 20) dO = l\ log (sins) dz 

IT 

= i log (sill 2) d's + 1 log (fi^ ^) *^ 5 

"a 

lut, since sin (ir - z) = sin s, 

' log (sin 2) flfe = log (sin z) dz. 
Consequently 

IT W 

[ ' log (sin 20) dO = [ ' log (sin 9) d9, 
.:[ log (sin 0) rffl = - - log (2). (4 1 ) 

Jo 2 

Again, to find 

rfllog(8ine)rf8, 

r 9 log (sin e) dO = T (jt - 6) log (sin 0) dO, 
.: {' e log (sin 0) dO = -f log (sinO) rfO = - - log (2). 

Jo 2 Jo 2 

119. Theorem of Frullani. — ^To prove that 

r 6 (ax) - A (fta?) ^ , , , fb\ 

] /' ^ ' ^ ^-»(o)log(-]. 



Her© 
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Let u = ^Wjlzi_2 dz ; substitute ax lot 2, and we get 

Jo 2 

h 



{i » ( gjg) - » (o) ^ 



If we Bubstitute b for a, we get 

fr ^ (fep) - » (o) 



r« (or) eib? f*" (6a?) efo _ m f" ^ 
Jo X Jo X " *^^^J* X 



dx. 

X 

Henoe 

K 



= *(o)logf- 



Jo ^ J* ^ \^/ 

a 

If we suppose A = 00, we get 

p(^)-»(M ^,^(,)l,gQ^^ (43) 

provided I ^-^^ — ^ (fo = o when A = 00. 

6 

For example, let ^ (a?) = cos a?, and, since the integral 



r» cos fta? 

J* X 



evidently vanishes when A = 00, we have 

f * cos flw? - cos hx , ,6 

ax - loff-. 

\o X. ^a 



Digitized by 



Google 



Eulerian Integrals. 155 

As an exceptional case to the theorem of Frullani let us 
consider the integral 

f* tan^^fl?^ - tan"^/^;i? , 

u^dx. 

Jo X 

Since ^ (o) = o in this case, equation (40) gives 
r tan"^ ax - tan"^ hx ^ f* tan~^ bx dx 

Jo X ~ Ji ^ ' 



where A = 00. To find the latter integral, we observe that hx 
is infinite for all values between the limits, and consequently- 
tan"* Jo: = — for all values of x in the definite integral. 
Accordingly we have 

f * tan"* ax - tan"* hx ir{^ dx ^ir . fa\ 

Jo ^ " 2]h X " 2 ^\bj 

a 

120. Oamma-Fimctions. — It may be observed that there 
is no branch of analysis which has occupied the attention 
of mathematicians more than that which treats of Definite 
Integrals, both single and multiple ; nor in which the results 
arrived at are of greater elegance and interest. It would 
be manifestly impossible in the limits of an elementary 
treatise to give more than a sketch of the results arrived at. 
At the same time the Gamma or Eulerian Integrals hold so 
fundamental a place, that no treatise, however elementary, 
would be complete without giving at least an outline of their 
properties. With such an outline we propose to conclude 
this chapter. 

The definitions of the Eulerian Integrals, both First and 
Second, have been given already in Art. 95. 

The First Eulerian Integral, viz. : 

I x"^'^ {i - xY'^ dxy 

is evidently a function of its two parameters, m and n ; it is 
usually represented by the notation, B (w, n). 
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156 Definite Integrak. 

Thus, we have by definition 

r«-^'(i-x)«-*cte = B(m,n). 

(44) 
I e-'x^^dx = T{p). 

The constants m, ft, are supposed positive in all cases. 
It is e:irident that the result in equation (14), Art. 95, still 
holds when jd is of fractional form. 
Hence, we have in all cases 

r{p+i) =pr{p). 

This may he regarded as the fundamental property of 
GFamma-FimctionSy and by aid of it the calculations of all 
such functions can be reduced to those for which the para- 
meter p is comprised between any two consecutive integers.^ 
For this purpose the values of r(jo), or rather of log r{p), 
have been tabulated by Legendre* to 1 2 decimal places, for 
all values of p (between i and 2) to 3 decimal places. The 
student will find tables to 6 decimal places at the end of this 
chapter. By aid of such tables we can readily calculate the 
approximate values of all definite integrals which are re- 
ducible to Gamma-Functions. 

It may be remarked that we have 

r(i) = I, r(o)=oo, r(-;>)=a), 

p being any integer. For negative values of p which are 
not integer the function has a finite value. 

Again, if we substitute zx instead of a?, where « is a con- 
stant with respect to Xy we obviously have 

rr«^-^rfa: = ^. (45) 

Jo 2^ 



* See Traits des Fonctions EUiptiques, Tome 2, Int. Eoler. dutp. 16. 
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^ '^ r (m + n) 

With respect to the First Eulerian Integral, we have 
already seen (Art. 92) that 

.'. B{m, n) = J?(/j, m). 

Kenoe, the interchange of the constants m and n does not 
alter the value of the integral. 

Again, if we substitute — ^— for a?, we get 

Jo ^ ^ Jo (i+yr^'* 

Hence j" ^^^1^=5 (46) 

We now proceed to express B{my n) in terms of Ghimma* 
Functions. . 

121. To prove that 

B {m. n) = -—-7 r . 

From equation (45) we have 

r(m) = e-'^z'^jf^^dx. 
Hence 

Jo 

.-. r (m) [ ^-' 2:'-' & = [ 11 e-» (^**) ^"^«-^ 0^3 la^-» rf^. 
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158 Definite Integrals. 

But, if s(i + fl?) = y, we get 

Jo (l +ii;)"»*«Jo ^ ^ 

r(m + n) 

.-. r(m) r (n) = r (m + n) f ^'^'"t^ . 
Accordingly, by (46), we have 

Again, if w = i - w, we get, by (24), 

T{n) r(i -n)S ?— ^"^ = -^-. [^%) 

^ ' ^ ^ Jo I +aJ sin nir ^ 

If in this n = i, we get 

This agrees with (36), for if we make ^ = 2, we get 

i22rBy aid of the relation in (47) a number of definite 
integrals are reducible to gamma-functions. 
For instance, we have 



r y'^'^idy _ p y*^-^ dy p y«^ 

Jo (i+yr'^-Jo (TT^p^'^J, (TT 



yj«+«' 



now, substituting - for y in the last integral, we get 



J I (i+y)"**" Jo (i +«)'»*»* 

y Google 
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Hence 

Jo (i +«)•»«• r(«t + ») ^^^' 

Next, if we make a; = -—, we get 

Jo (I +a;f*« Jo (ay+6r^* 

. f- y"-^^y J r(m)r(n) , . 

* Jo [ayfbf^'' a'^bTim + ny ^ ^ 

Again,* let a? = sin'd, and we get 

.-.r8in--0 eo8-W«=i#-^J. (51) 

Jo 2r(m + n) 

This result may also be written as follows : 



1: 



Bil^'fl008^'dde = 



arP- 



If we make j' - i, we get 






(52) 



P sinrW« = ^ — ^. , . 

Jo ' 2 „/jt>-n\* (53) 



* These results may be regarded as generalizations of those given in Arts. 
93f ,94} to which the student can readily see that they are reduoible when the 
mdioes are integers. 
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Again, if j? = qin (52) it becomes 

(r 






2 

Let 26 = z, and we have 



w ir 

\ sin^^ iddB = i \mirHdz = | ' sin^^ 2& 

Jo Jo Jo 



\/Tr 



■© 



If we substitute zm for^, this becomes 

r(m)r(m + i)=^r(2«). (54) 

Again, make y = tan'O in (50), and we get 

f ^ sin'^^flcos^'^^flc^g _ r(m) Tf^) ' . . 

J (a sin'^fl + b oos^tf)"*^ " 2a'» 6« r (w + nf ^^^^ 

123. To find the Value* of 

n being any integer. 

Midtiply the expression by itself, reversing the order of 
the factors, and we get its square under the form 



* This important theorem is dne to Euler, hy whom, as already noticed^ the 
Gamma-functions were first inyestigated. 
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r^./r(i)r(£)r@...r(!^). ■'■ 



that is by (48), 



, v . 2w . Sir . (»-i)7r 

sin — sin — Bin — ... sin ^ — 

n n n n 

To calculate this es^ression^ we have by the theory of 
equations 

= ( i-2arcos-+ic^ j( i-2a?oos — +X^\.J i-2a?cos^ —-\-iC^\ 

Making successiyely in this, x- i^ and ^ = - i, and re- 
placing the first member by its true value n, we get 

/ . ir\Y . 27rV f . (n - i)irY 

n-[2 sm — 2 sm — ... 2 sm ^^ ^ , 

\ 2nJ \ 2nJ \ 271 J ^ 



n^[2 cos — 
V 2^\ 



2ir\ / (n-iWV 

2 cos ... 2 COS ^^ ^— ' 

2nj V 2n 



whence, multiplying and extracting the square root, 

„ , . TT . 27r . (n-iW 

n = 2**"^ sm - sm — . . . sm ^ ^. 

n n n 

Hence, it follows that 



H 

y Google 
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1 62 Definite Integrak^ 

124. To find the values of 

/• CD pOD 

e'^' cos hx Qf^^ dx^ and ^^* sin 6a? a?"*"^ efar. 

If in (45) a - b^/ - i be substituted* for z the equation 
becomes 



1: 



^ ,.V--;^„-. ^ ^ r(m) ^ rHCa + Sv^)- 



Let a = {a^-¥b^) cos 0, then 6 = (a' + 6*) sin 0, and the 



preceding result becomes 

e-^ (cos 6a? + v^- I sin 5a?) a?*""^ (fo 

(cos + v^- I sin fl)*^ 



(a* + 6^)* 

r(m) 



(cos w0 + \/-^ sin mQ). 



{a'+b'Y 
Hence, equating real and imaginary parts, we have 

e'""" cos 6a? af"^ dx = ^— ^ cos mQ 



I e-^ sin 6a?a?~"^ rfa? = T (m) . ^ | 
(a* + Vf J 

in which e = tan^^(^\ 



("'*'■)* y (57) 

sin m0 I 
(a* + 6*)'^ 



If we make d=o,d become -, and these f ormute become 

2 



* For a rigid proof of the yalldity of this tranflformation the student is 
referred to Berrett's CaL Int., p. I94. 
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cos ox af^^ dx= - , -^ cos , 

lo />"* 2 I 

sin ox af^^ dx = — , — ^ ein — . 
Jo 0'*' 2 J 

It may be observed that these latter integrals can be ar- 
rived at in another manner, as follows. 
From (45) we have 

« / \ cos bz C .. « , , , 
r (n) — ^— = ^--^ af^^ c:)s 63 dx. 

2 Jo 

^ , .r cos bzdz f * f * ,^ T ^ , T , 

Jo Z Jo Jo 

But, by (32), we have 



j: 



e-'"" cos bzdz = 



X 



¥ + x^ 



r cos Jz fife _ I f * oif^dx 
'Jo "l^^^ f>)Jo ^n^ 

:»i>y(27), 



r(n) nir' 

^ 2 cos — 
2 



in which fi must be positive and < i. 
In like manner we find 

sin bzdz J**"* ir 



f* sin h 

Jo ^ 



r(w) . nir 
^ ' 2 sin — 
2 



The results in (58) follow from these by aid of the relation 
<x>ntaLned in equation (48). 

M 2 
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164 Definite Integrals. 



Example?. 



I. I s" (l - x»)rdx. Am. — __— _^ L. 



3. Prove thftt 



i a^ti-i(i - ar)n-i ^, r (m) r (>/) 

(a + a?)"»-» * a» (i + «)"• r(w + u) 



Jo (l-^)*''jo(i +^*)i"4* 

cos (*«"; <fc. 



r(«+ I 



)co.(*^) 



^ 



125. Numerical Calculation of Gamma-FunctioBB. — ^The 
following Table gives the values of log P [p) to six decimal 
places, for all values oip between i and 2, (taken to three 
decimal places). 

It may be observed that we have F (i) = i, F (2) = i, and 
that for all values of jp between i and 2, T{p) is positive and 
less than unity ; and hence the values of log F [p) are negative 
for all such values. Consequently, as in ordinary trigono- 
metrical logarithmic Tables, the Tabular logarithm is obtained 
by adding 10 to the natural logarithm. The method of calcu- 
lating these Tables is too complicated for insertion in an 
elementary Treatise. 
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p 


1 1 


2 


3 


4 


6 


6 


7 


8 


9 


I.OO 




9750 


9500 


925' 


9003 


8755 


8509 


8263 


8017 


7773 


I.OI 


9.997529 


7285 


7043 


6801 


6560 


6320 


6080 


584' 


5602 


5365 


1.02 


5128 


4892 


4656 


4421 


4187 


3953 


3721 


3489 


0981 


3026 


1.03 


2796 


2567 


2338 


2110 


1883 


1656 


'430 


1205 


0775 


1.04 


0533 


031 1 


0089 


9868 


9647 


9427 


9208 


8989 


8772 


8554 


r.05 


9.988338 


8122 


7907 


7692 


7478 


7265 


7052 


6841 


6629 


6419 


1.06 


6209 


6000 


5791 


5583 


5378 


5'69 


4963 


4758 


4553 


4349 


1.07 


4145 


3943 


3741 


3539 


3338 


3'38 


2939 


2740 


2541 


2344 


1.08 


2147 


195 1 


'755 


1560 


1365 


1172 


0978 


0786 


2594 


0403 


1.09 


0212 


0022 


9833 


9644 


9456 


9269 


9082 


S900 


8710 


8525 


1. 10 


9.978341 


8157 


7974 


7791 


7610 


7428 
5^50 


7248 


7068 


6888 


6709 


I.II 


6531 


6354 


6177 


6000 


5825 


5475 


530' 


5128 


4955 


1. 12 


4783 


4612 


4441 


4271 


4101 


3932 


3764 


3596 


3429 


3262 


I-I3 


3096 


2931 


2766 


2602 


2438 
0835 


2275 


2113 


'95' 


1790 


1629 


I.I4 


1469 


1309 


1 150 


0992 


0677 


252' 


?365 


0210 


0055 


1.15 


9.969901 


9747 


9594 


9442 


9290 


9'39 


8988 


8838 


8688 


8539 


1. 16 


8390 


8243 


8096 


7949 


7803 


7658 


7513 


7369 


7225 
581B 


7082 


I.I7 


6939 


6797 


6655 


6514 


6374 


6234 


6095 


5957 


5681 


r.i8 


5544 


5408 


5272 


5'37 


5002 


4868 


4734 


4601 


4469 


4337 


1.19 


4205 


4075 


3944 


3815 


3686 


3557 


3429 


3302 


3'75 


3048 


r.2o 


2922 


2797 


2672 


2548 


2425 


2302 


2179 


2057 


'936 


1815 


1.21 


1695 


1575 


1456 


1337 


1219 


IIOI 




0867 


075' 


0636 


1.22 


0521 


0407 


0293 


0180 


0067 


9955 


9843 


9732 


9621 


95" 


'•23 


9.959401 


9292 


Itt 


9076 


8968 


8861 


8755 


8649 


8544 


8439 


1.24 


8335 


8231 


8025 


7923 


7821 


7720 


7620 


7520 


7420 


1.25 


7321 


7223 


7125 


7027 


6930 


s 


6738 


6642 


6547 


6453 


r.26 


6359 


6267 


6173 


6081 


5989 


5807 


5716 


5627 


5537 


'•'? 


5449 


5360 


5273 


5'85 


5099 


5013 


4927 


4842 


4757 


4^73 


1.28 


4589 


4506 


4423 


434' 


4259 


4178 


4097 


4017 


3938 


3858 


1.29 


3780 


3702 


3624 


3547 


3470 


3394 


33'8 


3243 


3168 


3094 


1.30 


3020 


2947 


2874 


2802 


2730 


2659 


2588 


2518 


2448 


2379 


^.31 


2310 


2242 


2174 


2106 


2040 


'973 


1907 


1842 


'777 


1712 


1-32 


1648 


1585 


1522 


^i? 


1307 


'336 


'275 


1214 


"54 


1094 


^•33 


'035 


0977 


0918 


0803 


0747 


0690 


0634 


0579 


0524 


^•34 


0470 


0416 


0362 


0309 


0257 


0205 


0153 


0102 


0051 


0001 


'•^1 


9.949951 


9902 


9853 


9805 


9757 


9710 


9663 


9617 


9571 


9525 


1.36 


9480 


9435 


939' 


9348 


l^ 


9262 


9219 


9178 


§^36 


9095 


'•^^ 


9054 


9015 


8975 


8936 


8859 


8822 


8785 


8748 


8711 


1.38 


8676 


8640 


8605 


857' 


8537 


8503 


8470 


8437 


8405 


w 


'•39 


8342 


8311 


8280 


8250 


8221 


8192 


8163 


8135 


8107 


8080 


1.40 


8053 


8026 


8000 


7975 


7950 


7925 


7901 


7877 


7854 


7831 


1.41 


7808 


7786 


7765 


7744 


7723 


7703 


7683 


7664 


7645 


7626 


1.42 


7608 


7590 


7573 


7556 


7540 


7524 


7509 


7494 


7479 


7465 
7348 


'•43 


7451 


7438 


7425 


7413 


7401 


7389 


7378 


7368 


7357 


1.44 


7338 


7329 


7321 


7312 


7305 


7298 


7291 


7284 


7278 


7273 


\'M 


7262 


7263 


7259 


7255 


7251 


7248 


7246 


7244 


7242 


7241 


1.46 


7240 


7239 


7239 


7240 


7240 


7242 


7243 
7282 


7245 


7248 


725' 


'•47 


7254 


7258 


7262 


7266 


7271 


7277 


7289 


7295 


7302 


1.48 


7310 


7317 


7326 


7334 


7343 


7353 


7363 


7373 


7384 


7395 


1.49 


7407 


74'9 


7431 


7444 


7457 


747' 


7485 


7499 


75'4 


7529 
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1 


2 


3 


4 


5 


6 


7 


8 


» 


I-50 


9.947545 


7561 


7577 


7594 


7612 


7629 


7647 


7666 


7685 


7704 


1. 51 


7724 


7744 
7967 


7764 


7785 


7806 


7828 


7850 


7873 


7896 


7919 


1-52 


7943 


7991 


8016 


8041 


8067 


8093 


8120 


8146 


8174 


1-53 


8201 


8229 


8258 


8287 


8316 


8346 


8376 


8406 


8437 


8468 


1-54 


f§°° 


ll^^ 


8564 


8597 


8630 


8664 


8698 


8732 


8767 


8802 


'•5| 


8837 


8873 


8910 


8946 


8983 


9021 


9059 


9097 


9135 


9^74 


1.56 


9214 


9254 


9294 


9334 


9375 


9417 


9458 


9500 


9543 


9586 


'•57 


9629 


9672 


9716 


9761 


9806 


9851 


9896 


9942 


9989 


0035 


1.58 


9.950082 


0130 


0177 


0225 


0274 


0323 


0372 


0422 


0472 


0522 


1-59 


0573 


0624 


0676 


0728 


0780 


0833 


0886 


0939 


0993 


1047 


1.60 


1 102 


"57 


1212 


1268 


1324 


1380 


1437 


1494 


1552 


1610 


1.61 


1668 


1727 


1786 


1845 


1905 


1965 


2025 


2086 


2147 
2780 


2209 


1.62 


2271 


2333 


2396 


2459 


2522 


2586 


2650 


2715 


2845 


1.63 


291 1 


2977 


3043 


3110 


3177 


3244 


3312 


3380 


3449 


3517 


1.64 


3587 


3656 


3726 


3797 


3867 


3938 


4010 


4081 


4154 


4226 


1.65 


4299 


4372 


4446 


4519 


4594 


4668 


4743 


4819 


4894 


4970 


1.66 


5047 


5124 


5201 


5278 


5356 


5434 


5513 


5592 


5671 


5750 


'•^Z 


S830 


591 1 


5991 


6072 


6154 


6235 


6317 


6400 


6482 


6566 


1.68 


6649 


6733 


6817 


6901 


6986 


7072 


7157 


7243 


7322 


7416 


1.69 


7503 


7590 


7678 


7766 


7854 


7943 


8032 


8122 


8211 


8301 


1.70 


8391 


8482 


8573 


8664 
9598 


8756 


8848 


9884 


9034 


9127 


9220 


1.71 


9314 


9409 


9502 


9693 


9788 


9980 


0077 


0174 


1.72 


9.960271 


03.69 


0467 


0565 


0664 


0763 


0862 


0961 


1061 


1 162 


1.73 


1262 


1363 


1464 


1566 


1668 


1770 


1873 


1976 


2079 


2183 


1.74 


2287 


2391 


2496 


2601 


2706 


2812 


2918 


3024 


3131 


3238 


1.75 


3345 


3453 


3561 


3669 


3778 


3887 


3996 


4105 


4215 


4326 


1.76 


4436 


4547 


4659 


4770 


4882 


4994 


5107 


5220 


5333 


5447 I 


'•77 


^J^l 


5675 


5789 


5904 


6019 


6135 


6251 


6367 


6484 


66do 


1.78 


6718 


6835 


6953 


7071 


7189 


7308 


7427 


7547 


7666 


7787 


1.79 


7907 


8023 


8149 


8270 


8392 


8514 


8636 


8759 


8882 


9005 


1.80 


9129 


9253 


9377 


9501 


9626 


9751 


9877 


0008 


0129 


0255 


1.81 


9.970383 


0509 


0637 


0765 


0893 


102 1 


1 150 


"Z? 


1408 


1538 


1.82 


i668 


1798 


1929 


2060 


2191 


2322 


2454 


2586 


2719 


2852 


1.83 


2985 


3118 


3252 


3386 


3520 


3655 


3790 


3925 


4061 


4197 


1.84 


4333 


4470 
5852 


4606 


4744 


4881 


5019 


5157 


5295 


5434 


5573 


H\ 


5712 


5992 


6132 


6273 


6414 


6555 


6697 


6838 


6980 


1.86 


Vl^ 


7266 


7408 
8856 


7552 


7696 


7840 


7984 


8128 


8273 


8419 
9887 


''It 


8564 


8710 


9002 


9149 


9296 


9443 


9591 


9739 


1.88* 


9.980036 


0184 


0333 


0483 


0633 


0783 


0933 


1084 


1234 


1386 


1.89 


1537 


1689 


1841 


1994 


2147 


2299 


2453 


2607 


2761 


2915 


1.90 


3069 


3224 


3379 


3535 


3690 


3846 


4003 


4159 


4316 


6062 


1.91 


4631 


4789 


4947 


5105 


5264 


5423 


5582 


5742 


5902 


1.92 


6223 


6383 


6544 


6706 


6867 


7029 


7192 


7354 


7517 


7680 


1-93 


7844 


8007 


8171 


8336 


8500 


8665 


8830 


8996 


9161 


9327 


1.94 


9494 


9660 


9827 


9995 


0162 


0330 


0498 


0666 


0835 


1004 


1.95 


9.991173 


1343 


1512 


1683 


1853 


2024 
3746 


2195 


2366 


2537 


2709 


1.96 


2881 


3054 


3227 


3399 


3573 


3920 


4094 


4269 


4443 
6206 


1.97 


4618 


4794 


4969 


5145 


5321 


5498 


5674 


5851 


6029 


1.98 


If^t 


6562 


6740 


6919 




7277 


7457 


7637 


7817 


7997 


1.99 


8359 


8540 


8722 


8903 


9085 


9268 


9450 


9633 


9816 
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Examples. 



1. I . Ans, 1'^ a. 

•'0 »y a-x 

2. If /[ic) =/(« + a?) for all yalues of ar, prove that 



where ra is an integer. 



3- / ' 



rfa; 



I. 

2 



•K 



5. I sin"^ a: dx> 

6. f <fe 

J^^ (i+a?)>v/i + 2X-a;« 4V^2 

7. I ; , flc - 3' being positive. — ^ 

J-a, a + 2A» + ca?«' ° ^ ^ac - ^2 

8. Prove that 
dx 



\ . ,. 2 . ^ = — T^» ^^®re A = 2(v^ac + h). 
Jo Thm 



10. 



cos a cos a; * sin fl' 



Jo I + cos COS a; sitt ^ 

IT 
p" ^ 

Jo (^ sin* a? + ^*cos* x 



12. 



!2 aa; 

(a* sin-sa; + ^^ cos* xV' 



lab 



dx ir{a2 + i2) 



(a* sin-* a; + ^2 cos* xy' ^a^^ 
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1 68 Definite Integrals, 

13. r-/i«^^co8-» - dx. An». :^^ 

Jo a 16 8 

f^ dx ^ It 
. , a > d. . 
1 (a - Aa?) \/i - X* V^a*-^ 

C<far 
^/(x - a) ()3 - 4 

cii_ .1 X f* sinciTcosi^ , » ,. 11 

17. Snow that \ dx = -, or o, according as a > or < J ; and 

Jo « 2 

that when a = b the yalue of the integral is -. 

4 

18. . _ ,ab<i. ^fw.— r=log( — ). 

ir 

19. I tans^rrfar. J (log 2-}). 

Sir 

(T 8inarrf:r » ^ , i 

20. ', — + tan-*— Tz. 

Jo i + cos^A 4 ^2, 

21. If eyery infinitesimal element of the side e of any triangle be diyidod 
by its distance from the opposite angle C, and the sum taken, show that its 
yalue is 

log [ cot — cot — ) . 

22. Being given the base of a triangle ; if the snm of eyery element of the 
base multiplied by the square of the distance from the yertex be constant, show 
that the locus of tiie yertex is an ellipse. 



'2 co8*0sin0efd ^ f tan"^^ 

Ant, -- - 



f2 C08«( 

''' Jo IT 



e^cos^a* -^"'' e^" (j3 



^^ p- cos'gsing^g ^ a/'+I* log(g-f\/i-K^) 
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35. Deduce the expansions for sin a; and cosj; from Bernoulli's series. 
26. Show that the integral 



ic* (log «)"" 



can be immediately eyaluated by the method of Art. in, when m is an integer. 
— / la, . Ant. - log(i4a). 

28. Find the value of 

I log (i - la cos a; + a*) <ir, 

distinguishing between the cases where a is >, or < i. 

Ans. a < I, its value is o. 
„ a > I , its value is 2 log a, 

29. If /(^) can be expanded in a series of the form 

oo + oi cosd; + 02 cos 2X + . . . + a» cos na; + . . . , 

show that any coefficient after oo can be exhibited in the form of a definite 
integral. 






Am, an = — I /(«) cos fM? <£r. 



30. Find the analogous theorem when f{x) can be expanded in a series of 
sines of multiples of x ; and apply the method to prove the relation 

(sin 2X sin 3a? „ \ 
sin X f- &c. I , 
2 3/ 
when X lies between + ir. 

31. Prove the ideiitical relation 



I — r X I \/ sin tf <ftf = T. 
32. Express the definite integral 

IT 

de 



Jo -/ I 



in the form of a series, k being < i. 



-•t(-G)'-*(^)'"-(^I)'-«-) 

y Google 
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1 70 Definite Integrals, 

rr 
fa log ( f + COS a cos x) dx 



12 log(r + cosocosic)rflr i /t^ \ 
■ ' . Am. - ( o- 1 . 
cos a; 2 \ 4 / 

34. aTc-««8iiiia;rfa^, where a>o. . 

Jo (a2 + b'^f 

Jo a;^ 2 ^( oai8/5 j 

IT 

36. p Iog(a2co82a + )32sm2«)^d. ^w^Li^. 

Jo 2 

IT 

Jo {i^a;«)* 3 

fi <fa; 

f^ cos rx dx 
Jo I — 2a cos a; + a- 



w sm — 
n 



ira^ 



41. Find the sum of the series 



11 n 

• + V h . . A- • 



«2 4. It ' „2 -f 22 w2 + 32 

whon n is increased indefinitely. 

This is eyidently represented by the definite integral 

fi dx 



fi dx -K 

Jo i+a;«* 4 



42. Find the limit of the sum 



/ + ■ , + . . + . . . + , — , 

V'/i^-ia v^w2-2a v^«2_32 v^t*«-(»-j)^ 

when ft = 00. jins. — . 



2 
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43. Prove that 

IT IT 

!2 _m(m— i)f2" , 

C08»"a; cos nx ax = — \ ~ \ cos" '- cosnxax; 
m^~n* Jo 

and hence, deduce the values of the integrals 

TT IT 

I cos^'" X cos {2w + I ) « ^J?, and I ' cos'"*** x cos 2ft« dxy 
when i» and m are integers. 

44. I log (i - la cos + fl') cos »0 d$y when a' < i. Ant, — — • 
Jo * *• 

45. COS — djc. I. 
J-« 2 
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CHAPTER VII. 



AREAS OF PLANE CURVES. 



126. Areas of Curves. — ^The simplest method of regarding 
the area of a curve is to suppose it referred to rectangular 
axes of co-ordinates ; then^ me area included between the 
■curve, the axis of a?, the two ordinates corresponding to the 
values Xo and Xi of Xy is represented by the de&oite integral 



ydx. 



For, let the area in question be represented by the space 
ABVTy and suppose -BF divided into n equal intervals, and 
the corresponding ordinates drawn, 
as in the accompanying figure* 

Then the area of the portion 
PMNQ is less than the rectangle 
pMNQy and greater than PMNq, 

Hence the entire area A£ VT is 
less than the simi of the rectangles 
represented by pMNQ, and greater 
than the sum of the rectangles-^ 
PMNq ; but the difference between 
these latter sums is the sum of the rectangles Pp Qq^ or (since 
the rectangles have equal bases) the rectangle under MN and 
the difference between TV and AB. Now, by supposing 
the number n increased indefinitely, MN can be made in- 
definitely small, and hence the rectangle MN{TV-AB) 
also becomes infinitely small. Consequently the difference 
between the area ABVT and the sum of the rectangles 
PMNq beconies evanescent at the same time. 
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If now the co-ordinates of P be denoted by x and y, and 
MN by Aa?, it follows that the area ABVT is the limiting^ 
value* of 2 (y Aa?) when the increment Aa? becomes infinitely^ 
small. 

Or area ABVT = | ydx\ where a?i = OT, a?o = 0-B. 

It should be observed that this result requires that y 
continues finite, and of the same sign, between the limits 
of integration. 

If y change its sign between the limits, i.e., if the cun^e 
cut the axis of Xy the preceding definite integral represents 
the difierence of the areas at opposite sides of the axis of r. 

In such cases it is preferable to consider each area sepa- 
rately, by dividing the integral into two parts, separated hy 
the value of x for which y vanishes. 

The preceding mode of proof obviously applies also to- 
the case where the co-ordinate axes are oblique ; in which 
case the area is represented by 

sin 



mw ydxj 



where to represents the angle between the axes. 

In applying these formulae the value of y is foimd in 
terms of x by means of the equation of the curve : thus,, 
if y =/(a*) be this equation, the area is represented by 

taken between suitable limits. 

Conversely the value of any definite integral, such as 

r Ax) dx 



* This demonstration is substantially tbat given by Newton ; (see Principia^ 
Tjib. I., Sect, i., Lemma 2) ; and is the geometrical representation of the result 
established in Art. 90. 

The modification in the proof when the elements of ^F* are considered 
unequal, but each infinitely small, is easily seen. It may be remarked that th& 
restdt here given is but a particular case of the general principle laid down in 
Arts. 38, 39, Dif. Cal. 
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may be represented geometrically by the area of a definite 
portion of the curve represented by the equation 

Again, it is plain that the area between the curve, the 
axis of y, and two ordinates to that axis, is represented by 

I xdy, 

taken between the proper limits : the co-ordinate axes being 
supposed rectangular. 

We proceed to illustrate this method of determining 
area£ by a few applications, commencing with the simplest 
examples. 

127. The Circle. — ^Taking the equation of a circle in the 
form 

a?* + y2 = a*, we get y = ^le - x\ 
4md the area is represented by 



V^a* - ic* cfe. 




taken between proper limits. 

For instance, to find the area of 
the portion represented by APDE 
in the accompanying figure. Let a; » a cos 0, then the area 
in question is plainly represented by 

ra^ 
BVD?Odd = — (a - sino cosa) ; where o = / DCA. 

This result is also evident from geometry ; for, the area 
DPAE is the difference between DCAP and DCE^ or is • 

o*a «* sin a COS a 
2 2 

The area of the quadrant ACS is got by making a = - ; 

^nd accordingly is — : hence, the entire area of the circle 
4 

is zra'. 
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128. The Ellipse. — ^From the equation of the ellipse 



and the element of area is 
a 



+ 1^ = I, we get y = -^d'-'X', 



^/a^ - 0?* djCy 



but this is - times the area of the corresponding element 
of the circle whose radius is a : consequently the area of any 
portion of the ellipse is - times that of the corresponding 

part of the circle. This is also evident from geometry. 

The area of the entire ellipse is wab. 

Again, if the equation of an ellipse be given in the form 
Aa^ + J?y* = (7, its area is evidently 



yAB 

As an application of the case of oblique axes, let it be 
proposed to find the area of the 
segment of an ellipse cut off by 
any chord DI/. 

Draw the diameter AA' con- 
jugate to the chord, and BB^ 
parallel to it. Then, C being 
the centre, let 



G4'=a', CB'^b', ACB'^^iOy 




?iTid the equation of the ellipse is -75 + ^ = i ; hence the 
area DA^If is represented by 



/ 



V 



2 -7 sin w 



n ^cP -0^ dx = a'6'sinw(a-sinocosa), 

JCE 



where 



coso = 



CE 
CA' 
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Again, c^ V sin cu = aJ, by an elementary property of the 
ellipse, a and b being the semiaxes. 

Hence the area of the segment in question is 

ab (a - sin a cos a). 

This result can also be deduced immediately from the 
circle by the method of orthogonal projection. 

129. The Parabola. — ^Taking the equa- 
tion of the parabola in the form 

y' = 4^, we get y = z^^px. 

Hence the area of the portion APN is 



zpl a^dxj or -p^x^, i.e. - xy. 




Consequently, the area of the segment ^ 
PAP^ cut off by a chord perpendicular to 
the axis, is J of the rectangle PMM'P. 

It is easily seen that a similax relation holds for the seg- 
ment cut off by any chord. 

More generally, let the equation of the curve be y = aj^y 
where n is positive. 

Here ydx = a \af^dx= + const. 

If the area be counted from the origin, the constant 
vanishes, and the expression for the area becomes 



n+ i' 



or 



xy_ 



Hence, the area is in a constant ratio to the rectangle 
under the co-ordinates. A corresponding result holds for 
oblique axes. The discussion when n is negative is left to the 
student. 

130. The Hyperbola. — ^The simplest form of the equation 
of an hyperbola is where the asymptotes are taken for co- 
ordinate axes ; in this case its equation is of the form ory = c*. 
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Hence, denoting the angle between the asymptotes by w, 
the area between the curve and the asymptote is denoted by 

c* sin h) — , or c^ sin cu loff ( — ^ ), 

J X ° \x^J 

where Xi and Xq are the abscissae of the limiting points. 
If the curve be referred to its axes, its equation is 

and the element of area ydx becomes 

-^/x^ - a^dx. 
Hence the area is represented by 

- ^x^ - a' dxy 
taken between proper limits. 

Again Wx^- a^ dx = ^ - a^ \ — . 

J Jv/?^^ l^/^F^"^ 

Also, integrating by parts, we hav^p 

r r ^ dx 

Adding, and dividing by 2, we get 




'dx = 



x-ya? - a" c? 



-?1 



dx 



yV^ 



r^s^ -0? a 



-— log(ir+vV-a'). 
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Accordingly, if we suppose the area counted from the 
summit -4, we have 



ah ^^^ ( x + y/a?^ - a^ ^ 



2 2 '^\a bj 
Again, since the triangle CPN 

sector ^(7P = ^ log (^ + |\ 



^ xy^ it follows that 



(I) 



131. The Catenary. — If an inelastic string of uniform 
density be allowed to hang freely from two fixed points the 
curve which it assumes is called the Catenary. 

Its equation is easily shown 
from mechanical considerations, 
when reduced to its simplest form, 
to be ^ 



'\ 



.f(j,.-^)- 




The shape of the curve is ' 
exhibited in the accompanying 

figure, in which the distance from the origin to the lowest 
point V of the curveis equal to a. 

The area of any portion VPNO^ is 






(2) 



* If NL be drawn perpendicular to the tangent at P, it will be shown in 
the next cllapter that NL = a, and consequently that PL = y^y* — gfl, AcoOfd- 
ingiy, the area VFNO is double that of the triangle FNL. 
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Exi^MPLES. 

1. In the equilateral hyperbola, a;'-y*= i, if double the sectorial area 
ilCP (figure of Art. 130) be denoted by 5, prove that 

* = -T->«'=-^— 

These may ba written in another form, viz. 

X = cos (-Sv/ - 0> y = V^ - ^ sin (5v/ - i). 

These functions are called the hypwholic Wn^.and ootine of ^S, and have many 
analogies to ordinary sines and cosines. 

2. To find the area of the oval of the parabola of the third degree with a 
double point 

The area in question is represented by 

—7=1 ^,h^x)^/'^^adx. ^ 

y/ c Ja 

Let x — a^z^, and we easily find for the area* 

3. Find the whole area of the curve 

aV = «' (2a - «). Ang. ira«. 

4. Find the whole area between the cissoid 

«nd its asymptote. 

Since x — a = oia the equation of the asymptote, the area in question is 
represented by 

x^dx 




!« x'dx 
(a - «) 



* The student will find little difficulty in proving that this area is ~^-i 

times the rectangle which circumscribes the oval, having its sides parallel to the 
co-ordinate axes. 

K2 

Digitized by VjOOQIC 



i8o 



Areas of Plane Curves. 



Let a; s a sin* 9, and this becomes 



■i: 



^a^ \ %\u^9d9 \ 



henee the area in question is - va^. 

o 

5. Find the area of the loop of the curye 
a V = «*(* + x). 

This cnrre has been considered in Art. 263, Dif. 
Cal. Its form is exhibited in the annexed figure ; and 
the area of the loop is plainly 






b + s^dx. 




Am, 

curve, 
p 



such as 



Let & + ^ = <*» and it is easily seen that the area 
ill question is represented by 

3 . 5 • 7 . «^ 
6. Find the area between the witch of Agnesi 

«y* = 4a* (2a - x) 
and its asymptote. 

132. In finding the whole area of a closed 
that represented in the figure, we 
suppose lines, PJfcf, QJV, &c., drawn 
parallel to the axis of y ; then, as- 
suming each of these lines to meet 
the curve in but two points, and 
making PM == y,, P^M = y,, the 
elementary area PQQfP^ is repre- 
sented by (ya - yi) dxy and the en- 
tire* area by 

COB' 

in which OJ?, 0J5' are the limiting values of a?. 

For example, let it be proposed to find the whole area of 
an ellipse given l3y the general equation 

ax* + 2hxj/ + 6y^ + 2gx + 2/1/ + c = o. 

* This form still holds when the axis of x intersects the curve, for theordi- 
nates below that axis have a negative sigpn, and (yt — fi)dx will still represent 
the element of the area between two paraUel ordinate!. 
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Here, solving for y, we easily find 



Also, the limiting values of x are the roots of the quad- 
ratic expression under the radical sign. 

Accordingly, denoting these roots by a and |3, and ob- 
serving that h^-ab is negative for an elUpse, the entire area 
is represented by 



2^ab- h^fP 



f V(^ - «) (/3 - x) dx. 



dO 



b 
To* find this, assume x~a = (jS - a) sin^0 : 
then (5-x = (/3 - a) cos* 0, and we get 

V 

f ^{x - o) (0 - x) (fo = 2 (/3 - aY P sin»0cc8''0 

Agam (/3-a)=4 p^^iji 

_ 4ft {qP + ft/7^ + cA' - 2fgh - aJc) 
(a6 - h^y * 

Hence the area of the ellipse is represented by 

TT {ap + bg^ + ch^ - zfgh - abc) 

{ab-hY^ 

This result can be verified without difficulty, by deter- 
mining the value of the rectangle under the semiaxes of an 
ellipse in terms of the coefficients of its general equation. 

It is worthy of observation that if we suppose a closed 
<5urve to be described by the motion of a point round its 
entire perimeter, the whole inclosed area is represented by 
it/dXf taken for every point around the entire curve. 
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1 8 2 Areas of Plane Curves, 

Thus, in the preceding figure, if we proceed from -4 to -4' 
along the upper portion of the curve, the corresponding part 
of the inte^:ul lydx represents the area AFA!SB. Again, 
in returning from A to A along the lower part of the curve, 
the increment dx is negative, and the corresponding part 
of lydx is also negative (assuming that the curve does not 
intersect the axis of a?), and represents the area A'P^ABBy 
taken with a negative sign. Consequently the whole area of 
the closed curve is represented by the integral lydxy taken 
for all points on the curve. 

The student will find no difficulty in showing that thia 
proof is general, whatever be the form of the curve, and 
whatever the number of points in which it is met by the 
parallel ordinates. 

To avoid ambiguity the preceding result may be stated as 
follows : — The area of any closed curve is represented by 

J ^t* 

taken through the entire perimeter of the cwrCy the element of the 
curve being regarded as positive throughout. 

133. In many cases, instead of determining y in tenns of 
jr, we can express them both in terms of a single variable, 
and thus determine the area by expressing its element in 
terms of that variable. 

For instance, in the ellipse, if we make x = a sin ^, we 
get y = J cos Ay and ydx becomes ab cos*^ c?^, the integral of 
which gives tne same result as before. 

In Hke manner, to find the area of the curve 

it)'* ($)'■'■ 

Let X = a sin'^, then y = 6 cos'^, and ydx becomes 

^ab sin^^ cos^^ dip : 
hence the entire area of the curve is represented by 



IT 

i2ab sin*0 cos*^ cf^ = ^irab. 

y Google 
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Examples. 

1. Find the whole area of the eyolute of the ellipse 

2. Find the whole area of the curve 

2 



Ana. 



%ab 



3.4.6 2(»K+»+l) 

134. The Cycloid. — ^In the cycloid, we have (Dif. Oal., 
Art 273) 

a? = a (0 - sin 0), y = a (i - cos 0) : 

/. \ydx = a^\{i-QO%OYdO = 4a' [sin'-fl?0. 

Taking between o and tt, we get 37ra* for the entire 
area between the cycloid and its base. 

The area of the cycloid admits also of an elementary 
geometrical deduction, as follows : — 





I 

"^"""^^ / M 

/ N 

( ^ 

I 


^-Nj~~^ 


» 




\ 


^ 




I \.- 


a: 




r 

\ 

A 



It is obviously sufficient to find the area between the 
tsemicircle BTB and the semi-cycloid B'pA. To determine 
this, let points P and F be taken on the semicircle such that 
arc BT = arc BP : draw MPp and JSfP^p' perpendicular 
to BB. Take MH and M'N' of equal length, and draw 
JSq and iVY, also perpendicular to BB : then, by the 
fundamental property of the cycloid, the line Pp = arc J5P, 
andP'/=:aroPP': 

.*. Pp + P^p' = semicircle = ica 
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Now, if the interval MN be regarded as indefinitely 
small, the sum of the elementary areas PpqQ and P^p^Qf is 
equal to the rectangle under MIf and the sum of Pp and 
P^p\ or to wa X MIf, 

Again, if the entire figure be supposed divided in like 
manner, it is obvious that the whole area between the semi- 
circle and the cycloid is equal to ira multiplied by the sum of 
the elements JOT, taken from £ to the centre C?, i. e., equal 
to ira^. 

Consequently the whole area of the cycloid is sira\ as 
before. 

The area of a prolate or curtate cycloid can be obtained 
in like manner. 

135. Areas in Polar Co-ordinates. — Suppose the curve 
AP£ to be referred to polar 
co-ordinates, being the pole, 
and let OPy OQy OR represent 
consecutive radii vectores, and 
Pi, QM, arcs of circles described 
with as centre. Then the 
area OPQ= OPL + PLQ; but 
PLQ becomes evanescent in com- 
parison with OPL when P and 
Q are iafinitely near points; 
consequently the elementary area ^2^0 

OPQ = area OPL (in the limit) = ; r and being the 

polar co-ordinates of P. ^ 

Hence the sectorial area A OB is represented by 




»r 



V0, 



where a and /3 are the values of corresponding to the 
limitiQg points A and P. 

136. Area of Pedals of Ellipse and Hyperbola. — ^For 
example, let it be proposed to find the area of the locus of 
the foot of the perpendicular from the centre on a tangent 
to an ellipse. ^ ^ 

Writing the equation of the ellipse in the form ~i"*" r» = ^» 

the equation of the locus in question is obviously 
r' » a* coB^O + 6' sin*0. 
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Hence its area is 

2] 2] 44 

The entire area of the locus is 

2^ ^ 

The equation of the corresponding locus for the hyperbola 
is 

r^ = fl'cos'e-i^sin^e. 

In finding its area, since r must be real, we must have 
«* cos* 0-6* sin* positive : accordingly, the limits for are o 

and tan~^-r. 


Integrating between these limits, and multiplying by 

4j we get for me entire area 

a6+(a*-6*)tan-^4- 
^ 

In this case, if we had at once integrated between = o 

and = 27r, we should have found for the area (a* - V) —. 

This anomaly would arise from our having integrated 
through an interval for which r* is negative, and for which, 
therefore, the corresponding part of the curve is imaginary. 

The expression for the area of the pedal of an ellipse with 
respect to any origin will be given in a subsequent Article. 

EXAMPUIS. 

1. Show that the entire area of the Lemniscate 

r* = a^ cos 29 
is a*. 

2. In the hyperbolic spiral 

r9 = «, 
prove that the area bounded by any two radii vectores is proportional to the 
^lifference between their lengths. 

3. Find the area of a loop of the cnrye 

. «* 
r* = a'co8«9. Ans. — . 

n 
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4. Find the area of the loop of the Folium of Descartes, whose equation is 

«* + y® = 3«a:y. 

Transforming to polar co-ordinates, we have 

3a cos 9 sin 9 

r = . 

siu^fl + cos^d 

IT 

Again, the limiting yalues of 9 are o and — , 



Area 



9a2ff 8in'dcos>d</d 



= ^ [ 
2 J( 



Jo (8in3d-t-cos3»/* 
Let tan 9 = ti, and the expression hecomes 

2 



Jo (1 + «3/ ~ ~^' 



5. To find the area of the Lima^on 

r = a cos ^ + ^. 
Here we must distinguish between two cases. 

(i). Let h>a. In this case the curve consists of one loop, and its area is 



i^'' (acG&9-{rbfd9 ^ h^^^\i 



"WTien b = ay the curve becomes a Cardioid, and the area - — 4 

2 

(2). Let b<a. The curve in this case has two loops, as in the figure (see 
Dif. Ual., Art. 270), the outer loop corresponding to r = a cosd + J, the inner to 
r — a cos 9 — b. 

To find the area of the inner loop, we 
take 9 between the limits o and a, where 



= COS'* ( ~ ) » *°^ *^® entire area is 
r (a(iO%9-byd9 

= r (a«co8*d-3a*cose + i*)<ftf 

Jo 

(a* \ a* 
— + ** ) a + — sin a cos a - 2ab sin a 



= f^ + i2\cori--5*>/«2_^2. 




It is easily seen that the sum of the areas of the two loops is obtained by 
integrating between the limits o and 2ir, and accordingly is 



aa in the former case. 



{?-)■ 
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187 




137. In finding the whole area of a closed curve by polar 
co-ordinates we distinguish between two cases. When the^ 
origin is outside, we suppose tangents OT, OTy drawn 
from 0, and vectors OP^ OQy &c., 
drawn to cut the curve; then, if 
these lines intersect it in but two "^^ 

points each, the element of area 
PpqQ is the difference between 
the areas POQ and pOq ; or in 
the limit, is ^ (n* - ra') dOy where 
OP = ri, Qp = n. 

Hence, the expression 

o^^ ^«^ 

taken between the limits correa- 

ponding to the tangents OT and OT', represents the entire- 
included area. 

If the origin lie inside the curve, its whole area is in 
general represented by i J (ri* + ra^) dO, taken between the 
limits = and = tt. 

We shall illustrate these results by applying them to- 
the circle 

r' - 2rc cos + c* = a*. 

If the origin be outside, we h ave c>a, an d ri + n = 2c cos 0,. 
and nra = c* - a' : .'. n - n = 2^/a^ - c'sin'O. 

Hence (n* - r^*) dO = 4c cos 0>v/a* - c* sin* rffl ; and the 

limiting values of are ± sin"^ -. 

Hence the whole area is 



20 \ ^ cos 6^a^ - c^ sin'fl fl?9. 

Let c sin = a sin ^, and this integral transforms into 
2c? cos'^ d^ = ira*. 
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Again, if the origin be inside, we have c < a, and 
i (ri* + rz) = fl' + c' cos 20, 

.-. i r(ri* + r8*)^0 = Ha' + 0^^008 20)^0 = ira\ 

The method given above may be applied to find the area 
included between two branches of the same spiral curve. As 
a.n example let us consider the case of the spiral of Archimedes. 

138. The Spiral of Archimedes. — The equation of this curve 
is r = a0, and its 
form, for positive* 
values of Oyis repre- 
sented in the ac- 
companying figure, 
in which is the 
pole and OA the 
line from which 
is measured. Let 
any line drawn 
through meet the 
different branches 
of the spiral in 
points P, Q,JB,&c. : 
then, if OP = r, and 
POA = 0, we have, 
from the equation of the curve, 

OP = a0, OQ = a (0 + 27r) , OE = a{e + 4ir) , &o. 

Hence PQ «= QR = &c., = 2aTr = c (suppose) ; i. e., the 
intercepts between any two consecutive branches of the spiral 
are of constant length. 

Again, let 0Q = n, OE = ra = n + c, and the area between 
the two corresponding branches is 

i[(r2*-n')^0 = c[ri(/0 + ^'[ef0. 

Now, suppose MN and mn represent the limiting lines, 

* It should be noted that when negative values of are taken, we get for 
the remaining half of the spiral a curve symmetrically situated with respect to 
the prime vector OA, 
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1 8^ 



and let j3 and a be the corresponding values of ; then the 
area nMNm will be equal to 



i 



aOcie + -Trffl = - O - a) (aa + a/3 + c) 

2 ]jt 2 



-im 



a)iOM+On). 



(3> 



If j3 - a = TT, this gives for the area of the portion be* 
tween two consecutive branches QKQf and RFRj inter- 
cepted by any right line RR drawn through the pole, 

'RQ.QRj i. e., half the area of the ellipse whose semi-axea 

are i?Q and iZ'Q. 

139. The formula in Article 137 still holds obviously 
when AB and ab represent portions of diflferent curves. 

It is also easily seen, as in Article 132, that if a point b& 
supposed to move round any closed boundary, the included 
area is in all cases represented by i jr^dO, taken round the^ 
entire boundary, whatever be its form ; the elementary angle^ 
dO being taken with its proper 'sign throughout. 

Agfion, if we transform to rectangular axes by the relations 
^ = r cos 0, y = r sin 6, we get 

tanW = -, .•. — r^ = 1 . 

Hence r*c?0 = xdy - ydac ; 

and the area swept out by the radius vector is represented by 
the integral 

i / {^dy - ydx\ 

taken between suitable limits; a result which can also be^ 
easily arrived at geometrically. 

140. Area of Elliptic Sector, 
of importance in Astronomy to 
be able to express the area A.FF 
swept out by the focal radius 
vector of an ellipse. This can 
be arrived at by integration from 
the polar equation of the curve ; 
it is however more easily ob- 
tained geometrically. 



Lambert's Theorem. — It is 
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For, if the ordinate PN be produced to meet the auxiliaiy 
•circle in Q, we have 

4irea AFP = - x area AFQ = - {ACQ - CFQ) 
a a 

ah . 

= — (t« - e sin w), 



(4) 



-where u = L A CQ. 

By aid of this result, the area of any elliptic sector cante 
expressed in terms of the focal distances of its extremities, 
and of the chord joining them. 

For, let QFP represent the 
sector, and let FP = /o, FQ=p\ 
PQ = c ; then, denoting by u 
«,nd u the eccentric angles cor- 
responding to P and Q, the 
area of the sector QFPy by (4), a^ 
is represented by 




r IL IS Jl 



— \u - u^ - e (sin w - sin «') > . 



We proceed to show that this result can be written in the 
form 

— {*-*'- (si^ * - sin 0')K (5) 

where <p and 0' are given by the equations 

. <b , If) + p' + c . ^' . Ip + p' 
2 ^ S a ^ 2 ^S a 



- c 



Fpr, assume that ^ and ¥ are determined by the equations 

u-vt ^ ^-^\ e (sin t* - sin w') = sin - sin 0'. (fl) 

The latter gives 

, u-u^ u + tc^ . - a' + 0' 

<? sm cos = sm - — - cos - — - , 

2 2 2 2 ' 



or 



« + ^ 6 -\-(b 

e cos = cos - — ~. 

2 2 
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Again, since the co-ordinates of P and Q are a cos m, 
I sin Uy and a cos u% b sin w', respectively, we have 

c^ = a* (cos w - cos u'y + J'* (sin w - sin ?/)* 
= 4 sin'* I a' sm^ + 6^ cos' — ^ 



= 4^^ sin^ ( I - r cos'^ 1 

= 4a' sin' - — - sm' - — ^ • 



2 2 

,-. t? = 2a sin ^ — — sin ? — ^ = a (cos 0' - cos 0). (6) 

Again, from the ellipse we have 

p = a {1 - e oosu)y p' = a {i - e cos w'), 

, , ,v u ^- u' u -%{ 
,'. p-{- p = 2a - ae (cos w + cos w ) = 2a - 2ae cos cos • 



« 2a - 2a cos ^ — ^ cos ^ — — = 2a- a (cos + cos 0'). (f) 

Hence, adding and subtracting {b) and (c), we get 

^- — !- = 2(1- cos 0) = 4 sin' -, 

a ^ ^' 2 

^lf::£ = 2(i-cos^0=4sm'^'; 

d 2 

^which proves the theorejm in question. 

Consequently, the area* of any focal sector of an ellipse 
•can be expressed in t^rms of the focal distances of its extremities^ 
of the chord which joins them^ and of the axes of the curve. 

* This remarkable result is an extension, by Lambert — Insig. orb. comet, 
prop.y 1 76 1 — of the corresponding formula for a parabola given by Euler in 
MisceU. Berolin., t. vii. (p. 20), It famishes an expression for the time of 
describing any arc of a planet's or a comet's orbit, in terms of its chord, 
the distances of its extremities from the sun, and the major axis of the orbit; 
neglecting the disturbing action of the other bodies of the solar system. 
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141. We next proceed to an elementary principle which 
is sometimes useful in determining areas, viz. : — 

The area of any portion of the curve represented by the equatm 



Ks' I)-" 



is ah times the area of the corresponding portion of the curve 

F{x,y) ^c. 
This result is obvious ; for the former equation is trans- 

a-""' b 



formed into the latter, by the assumption — = a?', j-=y\9sA 



hence, ydx becomes abydx\ 

.\ j ydx = ab j i/diCy 

the integrals being taken through corresponding limits; a 
result which is also easily shown by projection. 

Thus, for example, the area of the ellipse — + 75 = ^ 

a 

reduces to that of the circle ; and the area of the hyperbok 
— - ^ = I to that of the equilateral hyperbola ic* - y» = i. 
Again, let it be proposed to find the area of the curve 

The transformed equation is 

i-^ + y) - p + ^,. 

or, in polar co-ordinates, 

a'oo8»0 J'sin'9 



r» = 



P 



But the whole area of this (Art. 136) is - f jy + — j j. 

y Google 
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Consequently the whole area of the proposed curve is 

It may be remarked that the equations 

represent similar curves, and' their corresponding linear di- 
mensions are as a : I. Consequently the areas of similar curves 
are as the squares of their dimensions ; as is also obvious from 
geometry. 

142, Area of a Pedal Curve. — ^If from any point perpen- 
diculars be drawn to the tangents to any curve, the locus of 
their feet is a new curve, called the pedal of the original 
(Dif. Cal., Art. 187). 

Jip and cu be the polar co-or- 
dinates of Nj the foot of the per- 
pendicular from the origin 0, then 
the polar element of area of the lo- ^y 

cus described by i^T is plainly"^- — , r 

and the sectorial area of any por- 
tion is accordingly 




i |;?V6., 



taken between proper limits. 

There is another expression for the area of a closed pedal 
curve which is sometimes useful. 

Let 81 denote the whole area of the pedal, and 8 that of 
the original curve ; then the area included between the two 
curves is ultimately equal to the sum of the elements repre- 
sented by NTN' in the figure. 

Hence 8, = 8+ 'S.NTN' « ;8 + 1 \PN'dw. (6) 

Again, by the preceding, 

i8i = i[0JVVw. 
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Accordingly, by addition, 



(7) 



It is easily seen that equation (6) admits of being stated 
in the following form : — 

The whole area of the pedal of any closed curve is equal to 
the sum of the areas of the curve and of the pedal of its evoMe: 
both pedals having the same origin. 

For, PN is equal in length to the perpendicular from 
on the normal at P: and hence j^PIPdw represents the ele- 
ment of area of the locus described by the foot of this perpen- 
dicular, i. e., of the pedal of the evolute of the original curve. 
^For example, it follows from Art. 136 that the area of 



the pedal of the evolute of an ellipse is - {a 



by^ the centre 



being origin. 

143. Area of Pedal of Ellipse for any Origin. — Suppose 
- to be the pedal origin, and 
OMy OM' perpendiculars on 
two parallel tangents to the 
ellipse; draw CW the perpen- 
dicular from the centre C ; let 
OM = p,,OM' =;?2, CN=^p, 
OC=C,LOCA^a,LACN^w] 
then 

Pi = MD - OD -=^p - c cos (w - a), 

P2 =p + c cos (w - a). 

Again, the whole area of the pedal is 

ipCPi' +-P2') dio= Tfi?' + c" cos*(6) -a)] du> 
= [V^w + <^ I oos^(w - a)c?(u = - (a* + 6» + c»). 

Jo Jo 2 




(8) 



That is, the area of the pedal with respect to as origin 
exceeds the area of its pedal with respect to C by half the 
area of the circle whose radius is OC. 

If the origin lie outside the ellipse, the pedal consists 
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of two loops intersecting at and lying one inside the 
other ; and in that case the expression in (8) represents the 
fium of the areas of the two loops, as can be easily seen. 

The result established above is a particular case of a general 
theorem of Steiner, which we next proceed to consider. 

144. Steiner's Theorem on Areas of Pedal Curves. — Sup- 
pose A to be the whole area of the pedal of any closed curve 
with respect to any internal origin 0, and A' the area of its 
pedal with respect to another origin (/ ; then, if ^ and^ be 
the lengths of the perpendiculars from and ff on a tangent 
to the curve, we have 

Jo Jo 

Also, adopting the notation of the last article, 
j9' = jt? - c cos (w - a) = J? - a? cos (u - y sin o) ; 

where a?, y represent the co-ordinates of ff with respect to 
rectangular axes drawn through 0. Hence we get 

A' - A = ^\ (a; cos w + y sin a>)* dto 

p cosw rfw - y p sin w (/w. 
cos^w ts^oi = TT, sin 'w rfw = TT, sin u) cos w du) = o. 

Also, for a given curve, j? cosw dta and j? sincu rfw are 

-constants when is given. Denoting their values by g and 
Ji, we have 



rr 



A'-A = ^ [x" + if) -gx- hy. (9) 

This equation shows that if be fixed, the locus of the 
origin (/, for which the area of the pedal of a closed area is 
constant, is a circle.* The centre of this circle is the same, 

* It can be seen, without difficulty, from the demonstration given above, 
that when the curve is not closed the locus of the origin for pedals of equal area 

O 2 
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whatever be the given area, and all the circles got by varying 
the pedal area are concentric. 

If the origin be supposed taken at the centre of this 
ciroley the constants g and h will disappear; and, in this case, 
the pedal area is a minimum, and the difference between the 
areas of the pedals is equal to half the area of the circle whose 
radius is the distance between the pedal origins. 

For example, if we take the origin at the centre, the 
pedal of a circle is the circle itself. For any other origin the 
pedal is a lima9on : hence the whole area of a lima9on m 



• ( a' + — J, as found in Art. 136, Ex. 



145. Areas of Boulettes. — The connexion between the 
areas of roulettes and of pedals is contained in a very elegant 
theorem,* also due to Stelner, which may be stated as fol- 
lows : — 

When a closed curve rolls on a right linCy the area between 
the right line and the roulette generated in a complete revolution 
by any point invariably connected mth the rolling curve is double 
the area 0/ the pedal of the rolling curve, this pedal being taken 
unth respect to the generating point as origin. 

To prove this, suppose to be the describing point in any 




position of the rolling curve, and P the corresponding point 

is a conic : a theorem due to Pro£ Eaabe, of Zurich. See " Crelle's Jottrnal,'^ 
vol. 1., p. 193. 

The student will find a discussion of these theorems hj Pro£ Hirst in ths 
*< Transactions of the Royal Society, 1863/' in which he has inyestigated the 
corresponding relations connecting the volumes of the pedals of surfaces. 

• See " Crelle's Journal,'* vol. xxi. The corresponding theorem of Steiner 
connecting the lengths of roulettes and pedals wiU he given in die next chapter. 

By the area of a roulette we understand the area between the roulette, the 
fixed line, and the normals drawn at the extremities of the roulette. 
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of contact. Let 0' represent an infinitely near position of the 
describing poiat, Q' the corresponding poiat of contact, and Q 
a point on the curve such that PQ = PQf ; then Q is the point 
which coincides with Q' in the new position of the rolling 
ourve ; and, denoting the angle between the tangents at F 
and Q (the angle of contingence) by dwy we have OPff = rfw, 
since we may regard the curve as turning round P at the in- 
stant (Dif. Cal., Art. 275). 

Moreover, QQf ultimately is infinitely small in comparison 
with QPy and consequently the elementary area OP^(X is 
ultimately the sum of the areas POCX and Q(/Py neglecting 
an area which is infinitely small in comparison with either of 
these areas. 

Again, if OP = r, we have POff = , and area QffP 

= QOP in the Kmit. 

Also the simi of the elements QOP in an entire revolu- 
tion is equal to the area {S) of the rolling curve. Conse- 
quently, the entire area of the roulette described by is 

8 + ijr'dio. 

But we have already seen (7) that this is double the area of 
the pedal of the curve with respect to the point ; which 
establishes our proposition. 

Again, from Art. 144, it follows that there is one point in 
uny closed curve for whidi the entire area of the correspond- 
ing roulette is a minimum. Also, the area of the roulette 
described by any other point exceeds that of the minimum 
roulette by the area of the circle whose radius is the distance 
between the points. 

For instance, if a circle roll on a right Kne, its centre de- 
scribes a parallel line, and the area between these lines after 
a complete revolution is equal to the rectangle imder the 
radius of the circle and its circumference ; i. e., is 27ra*, denot- 
ing the radius by a. 

Consequently, for a point on the circumference, the area 
generated is iira^ + ira^y or 37ra' ; which agrees with the area 
found already for the cycloid. 

In like manner, by Steiner's theorem, the area of the or- 
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dinary cycloid is the some as that of a cardioid ; and the area 
of a prolate or curtate cycloid the same as that of a liiua90ii. 

Again, if an ellipse roll on a right line, the area of the 
path described by any point can be immediately obtained. 

For example, the pedal of an ellipse with respect to a focus 
is the circle described on its axis major. Hence, if an ellipse 
roll upon a right line^ the area of the roulette described hy its 
focus in a complete revolution is double the area of the auxiliary 
circle. Also, the area of the roulette described by the centre 
of the ellipse is equal to the simi of the circles described on 
the axes of the ellipse as diameters, and is less than the area 
of the roulette described by any other point. 

146. If the curve, instead of rolling on a right line, roll 
on another curve, it is easily seen that the method of proof 
given in the last article still holds ; provided we take, instead 
of db)^ the sum of the angles of contingence of the two curves 
at the point P. 

Hence the element of area OPff is in this case 

\ OP'dij ( I + ^\ or ^ OP'dio ( I + ^\ 

where p and p' are the radii of curvature at P of the rolliag 
and fixed curves, respectively. 

Hence, it follows that tne area between the roulette, the 
fixed curve, and the two extreme normals, after a complete 
revolution is represented by 



S*i 



W-"?) 



If a closed curve roll on a curve identical with itself, hav- 
ing corresponding points always in contact, the formula for 
the area generated becomes 

8 + jr'dto. 

In this case, the area generated is four times that of the 
corresponding pedal ; a result which can also be shown imme- 
diately geomefaically by drawing a figure. 
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Examples. 



I. If ^ 1)6 the area of a loop of the curve r*» = a» cos mBy and A\ the area of 
its pedal with respect to the polar origin, prove that 



(-1) 



For, it is easily seen that the angle hetween the radius vector and the per- 
pendicular on the tangent is m9 ; and .*. w = (m + i)0. 
Hence, hy Art. 142, 

2^1 = ^ + ^ — ^ /r«<fe = (w + 2) A, 

2. If a circle of radius h roll on a circle of radius a, and if A denote the 
area, after a complete revolution, hetween the ^xed circle, the roulette descrihed 
by any point, and the extreme normals ; and if A be the area of the pedal 
of tbe circle with respect to the generating point, prove that 

Aa-k- M^ 2(a + b) A\ 

wbere B is the area of the rolling circle. 

3. Apply this result to find the area included between the fixed circle and 
the arc of an epicycloid extending from one cusp to the next. 

147. Holditch's Theorem.* — ^If a line (7C'of a given length 
move with its extremities on two fixed closed curves, to find, 
in terms of the areas of the 
two fixed curves, an expres- 
sion for the whole area of 
the curve generated, in a 
complete revolution, by any 
given point P situated on 
the moving line. 

Let CF = Cy PC = c\ and suppose (iTi, yi), (a?, y), and 
(^> 1/2) to be the two co-ordinates of the points C, P, and C, 
respectively, with reference to any rectangular axes. 

Then, if be the angle made by CO with the axis of j/, 
we have evidently 

a?i = a? - c sin 0, yi = y - c cos 0, 

a?3 = a? + c' sin 0, y^^y -^ c' cos 0. 

* This simple and elegant theorem appeared, in a modified form, as the 
Prize Question, by Mr. Holditch, under the name of ** Petraioh," in the "Lady's 
and Gentleman's Diary" for the year 1858. 
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Hence we have 

yidxi = ydx - c cos (cte + yd9) + c* cof^ddB, 

yidoh, = ydx + c' cos (c^ + yfl?0) + c'* cos'fle^d. 

Multiplying the former equation by c\ and the latter by ^ 
and adding, we get 

c'yidxx + cy2^ip2 = (c + <!)ydx + (c + c')(Jc' cos*0rfd, 

.'. c'jyidxi + cly^ph^ =[c + c') jydx + (c + c') cc' Jcos* fi?d. 

If we suppose the rod to make a complete revolution, so 
as to return to its original position, and if we denote by (C), 
(C), (P), the areas of the curves described by the points, 
Cy &y and P, respectively, we shall have (since in this case 
the angle revolves through 2w) 

d [C) + c[C') = (c + c') (P) + 7r(c + e')cc\ 
or — j-^ = [F) + TTCC . 

This determines the area (P) in terms of the areas ((?), 
(C) and of the segments c, eJ'. 

When the extremities (7, C move on the ^ame* identical 
curve we have [C) = ((?'), and hence [C) - (P) = ircc'. 

Consequently, if a chord of given kngth move inside any 
closed curvCy having a tracing point P at the distances c and c 
from its ends, the area comprised between the two curves is equal 
to ircc\ 

Should the extremities, instead of revolving, oscillate 
back to their former positions, then ((7) = o, ((?') = o, and 
.'. (P) = - ircc. The negative sign implies that the area is 
described in a direction contrary to that in which the rod re- 
volves. Should the rod also oscillate, we have (P) = o, which 
indicates that the area described consists of two equal loops, 
one positive and the other negative. 



* This holds also where the extremities moye on curyes of equal 
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148. Areas by Approzimation. — In many cases it is 
necessary to approximate to the value of the area included 
within a closed contour. The usual method is by drawing a 
convenient number of parallel ordinates at equal intervsJ-S ; 
then, when a rough approximation is sufficient, we may 
regard the area of the curve as that of the polygon ^ot by 
joining the points of section of the parallel ordinates. 
Hence, if A be the common distance between the ordinates, 
and if 

yo, Vly y-l, &C., !/„, 

represent the system of parallel ordinates, the area of the 
polygon, since it consists of a number of trapeziums of equal 
oreadth, is plainly represented by 

Hence the rule : add together the halves of the extreme 
ordinates^ and the whole of the intermediate ordinates^ and 
inultiply the remit by the common interval. 

When a nearer approximation is required, the method 
next in simplicity supposes the curve to consist of a number 
of parabolic arcs ; each parabola having its axis parallel to 
the equidistant ordinates, and being determined by three of 
those ordinates. 

To find the area of the parabola passing through the 
points whose ordinates are yo, yi, ^2 ; let y = a + /3a? + yoi^ be 
the equation of the parabola, and, for simplicity, assume the 
origin at the foot of the intermediate ordinate ^1, then we 
liave 

yo = a - /3^ + 7^*, yi = a, y, = a + /3A + yK". 

Again, the area between the first and third ordinate is 
{a + (3x -h ya^) dx = 2hla + y — \ 

But ^0+^2 = 2yi + 2yh^ : hence the area in question is 
hi \ 

-|;/o + 4yi + y^j. 
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Now, if we suppose the number of intervals n to be even> 
and add the different parabolic areas, we get, as an approxi- 
mation to' the area, the expression 

h 

-{^0+ yn+ 4 (2^1 + 2^3+ &C. + yn-i) + 2(1/2 + yi+&0. + yn^)}. 
o 

Hence the rule : add together the first and last ordimtesy 
twice every second intermediate ordinate^ and four times each 
remaining ordinate; and multiply by one-third of the common 
interval. 

We get a closer approximation by supposing the number 
of equal intervals a multiple of 3, and regarding the curve 
as a series of parabolse of the third degree, each beinj 
determined by four equidistant ordinates. To find the area 
corresponding to one of these parabolic curves, let y©, ^i, y?, y» 
be four equidistant ordinates, and for convenience assume 
the origin midway between yi and yz ; then if the equation 
of the parabolic curve be 

y = a + j3^ + Yar* + Sar\ 

and the common interval on the axis of x be denoted by 2K 
we have 

^0 = a - 3/3A + 97A* - 278^% 

y.^a-iih + yK'-U^ 

y2 = a + (ih-\-yh^ + Sh^ 

yz = a + 3j3A + gyh'' + 278^^ 
Hence 

2/0 + ^3= 2{a + gyh^)y ^1 + ^2= 2(0 + 7*"). 

Again, the parabolic area between yo and yz is 
{a + (5x-\-yx^-\-SiX^)dx = 3^(20 + 67*2). 



J-3A 



Substituting iq this the values of a and 7 obtained from 
the two preceding equations, the expression for the area 
becomes 

3* 

— {^0 + 2^3+3(^1 + ^2)). 
4 
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If the corresponding expressions be added together we 
easily arrive at the following rule.* Add together the first 
and last ordinates, twice every third intermediate ordinate^ and 
thrice each remaining ordinate; and multiply by ^ths of th& 
common interval. 

It is readily seen that these rules also apply to the 
approximation to any closed area, by drawing a system of 
Imes, parallel and equidistant, and adopting the intercepts, 
made by the curve instead of the ordinates, in each rule. 

Since every definite integral may be represented by a 
curvilinear area, the methods given above are applicable io 
the approximate determination of any such integral. 

In pretctice the accuracy of these methods is increased by 
increasing the number of intervals. -— ^ 

149. Planimeters. — Several mechanical contrivances hava * 
been introduced for the purpose of practically estimating the 
area inclosed within any curved boundary. Such instruments- 
are called Planimeters. The simplest and most elegant is 
that of Professor Amsler of Schaffhausen. It consists of 
two arms jointed together so as to move in perfect freedom 
in one plane. A point at the extremity of one arm is made 
a fixed centre round which the instrument turns ; and a. 
wheel is fixed to, and turns on, the other arm as an axis, and 
records by its revolution the area of the figure traced out by 
a point on this arm. From its construction it is plain that 
the revolving wheel registers only the motion which is. 
perpendicular to the moving arm on which it revolves. 

In the practical application of the instrument it is neces* \ 
sary that the two arms, CA and AB^ should return to their 
original position after the tracing point B ha^ been moved 
round the entire boundary of the required area. 

We shall commence by showing that the length registered 
by the wheel in a complete revolution is independent of it& 
position on the moving arm ; i. e., is the same as if the wheeL 
be supposed placed at the joint. 



* This and the preceding are commonly called " Simpson's rules'* for cal- 
culating areas : they were however previously noticed by Newton (see Opuscula^ 
Method. Diff., Prop. 6, scholium) as a particular application of the method of 
interpolation. The studfent is referred to Bertrand's Cal. Int. ch. xii., for the- 
more general and accurate methods of approximation of Cotes and Gauss. 
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To prove this, suppose P to represent the point on the 
:arm at which the centre of the revolving wheel is situated. 
Let A'ff represent a new position of AB very near to ABy 
^nd P' the corresponding position of the point P. Draw 
PN perpendicular to A'B^^ then PN is the length registered 
hy the wheel while the arm moves 
from AB to the infinitely near 
position A'B^. 

Next, draw AN^ perpendicular, 
and AL parallel, to A^B^. 

Let PN= ds\ Air=^ ds, AP = c, 
PAL = d<l>: then PN^PL + AN\ 
•or c?/= ds-\-cd(p. 

Now, if we suppose AB after 
^ complete circuit of the curve, to 
return to its original position, we 
have obviously 2 {d<l>) = o ; and . 
therefore S (ds^) = S (fl?s), i. e., the 
whole length registered by the revolving wheel at P is the 
«ame as if it were placed at A. 

Next, let X and p be the co-ordinates of B with respect to 
rectangular axes drawn through (7, and lei AC = a, AB = 6, 
z ACX = ; and suppose ^ the angle which BA produced 
makes with the axis of x ; then we shall have 

iz: = a cos + 6 cos ^, y = asinO + b sin 0. 
Hence xdp - ydx = d^dO + h^dt^ + db cos (0 - ^) e? (0 + ^). 
Also ds = AN' = AA' sin AA'N = a dB cos (0 - 0) . 

But + = 20- (0-0), 

/. a6 cos (0-0) c?(0 + 0) 

= 2rt& cos (0 - 0) c?0 - a6 cos (0 - 0) ^ (0 - 0) 

= 2b ds-ab cos {0 " (p) d{0-<p), 
•Consequently 

xdy-ydx = a^dO ■¥ b^dcp + zbds -aboos{0 -tf) d{0 -ij^). 

But, by Art. 139, the area traced out by jB in a complete 
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revolution is represented by \i{xdy-ydx) taken around the^ 
entire curve. 

Also, since AC and AB return to their original positions^ 
the integrals of the terms a^dOy 6V0 and ah cos {0-fp)d{0- 0) 
disappear; and hence the area in question is equal to bSy 
where S denotes the entire length registered by the revolving^ 
wheel. 

On account of the importance of this principle, the fol- 
lowing proof, for which I am indebted to Prof. Ball, based 
on elementary geometrical princi- ^ 
pies, is also added. 

Let O, Ay B represent, as before, 
the positions of the fixed centre, the 
joint, and the tracing point, respec- 
tively; and suppose R to represent 
the position of the roller, or revolv- 
ing wheel ; then draw CP and R8 
perpendicular to AB, 




Let 



AC = a, AB = 6, AB = /, BC = r. 



Now, if the instrument be rotated about O through an 
angle without altering the angle CAB, it is easily seen 
that the circumference of the roller is rotated through an aro 
represented by 



PE.e = [1 + 



2b 



> 



Again, if the instrument be rotated about 8 through a 
small angle the roller does not revolve. 
Hence a curve can be drawn through B, 
such that, if the tracing point B. be 
moved along it, the roller will not 
revolve. 

Now, let Xfiy X'fj be the two adjacent 
circles described with C as centre, and 
suppose aa and /3j3' two adjacent non- — --._^^ • 
rolling curves, such as just stated : and P ^ 

suppose the tracing point B to move round the indefinitely 
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small area aa(i^(5 : then the arc through which the roller has 
turned is represented by 

^ rgrge _ area of aa'fi'p 
b ~ b ' 

«ince aj3 = rS0; and Sr = aa'sin j3. 

Now suppose the instrument works correctly for the area 
Waa^ then it will work correctly for the area AA'/3'j3 ; for, 
start from a to X, X^ a\ then the area aXX'a^ must be regis- 
tered, since the roller does not turn in moving from a' to a ; 
proceed then from a to /3', /3, a, then, by what has been just 
proved, the area a(i^j3a will be added. Hence the instrument 
will work correctly for the strip XX'/u'ai* 

Again, suppose the instrument works correctly for the 
tirea Xju/o, then it will work correctly for Xf/p ; for, suppose 
we start from X to /o, ju, and back to X : then start from A to 
ft, ju', X' and X ; the two journeys from X to /t* and /i to X 
will neutralize each other, and it follows that if the instrument 
works correctly for the area X/^/o, it will work correctly for 
the area X Vp • hence, if the instrument works correctly for 
«,ny portion of the area, however small, it works correctly for 
the entire area. 

The student will find a description of Amsler's Planimeter, 
with another mode of demonstration, in a communication by 
Mr. F. J. Bramwell, C. E., to the British Association. — See 
Eeport, 1872, pp. 401-412. 
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Examples. 



I. Find the wliole area between the curve 



and its asymptotes. 


Jus. zieab. 


2. Find the whole area of the curve 




aV = a:*(«2-ar2). 


8«2 

" T- 


3, Find the whole area of the curve 




©'^©*=- 


„ Kab. 



4. Find the whole area included between the folium of Descartes 

«nd its asymptote. „ i— . 

2 

5. In the logarithmic curve y = a«, prove that the area between the axis of 
jr and any two ordinates is proportional to the difference between the ordinates. 

6. Find the area of a loop of the curve 

r = a C08M9. „ — . 

7. Find the area of a loop of the curve 

r = a cos«<> + h sinwd. „ (a' + i«) -. 

The equation of the curve may be written in the form 
r = -y/a* + li^ cos («<> + a), 

where tan a = — ; and consequently its area can be found from the pre- 
ceding example. 

8. Find the area of a loop of the curve 

r^ r=.a^ cosnd + *» sinwd. „ ^^ "^ ^*. 



Digitized by 



Google 



208 



Areas of Plane Curves. 



9. Find the area of the tractriz. 

The characteristic property of the tractrix is that the intercept on a tangent 
'to the curve between its point of contact and a fixed right line is constant. 

Denoting the constant by a, and taking the origin at the point for which 
the tangent OA is perpendicnlRr 
to the axis, we have, F being 
any point on the curve, 

FT^a, FN':^y, 




Hence the element of the area of 
the tractrix is equal to that of a 
circle of radius a. 

It follows immediately that the whole area between the four infinite branches 
of the tractrix is equal to ira^. This example furnishes an instance of our being 
able to determine the area of a curve from a geometrical property of the curve,, 
without a previous determination of its equation. 

If the equation of the tractrix be required it can be derived from its differ^ 
ential equation 



dx = 



from which we get 



X + V^a* + y« = a log * 



\ + \/a2 - % 



10. If each focal radius vector of an ellipse be produced a constant length e^ 
show that the area between the curve so formed and the ellipse is ir« (26 + e)> 
h being the semi-axis minor of the ellipse. 



1 1. Find the area of a loop of the curve f« = «» cos n9. 



Am. 



.yi ''(;^;) 



12. If a right line carrying tbree tracing points A, S, C, move in any manner 
in a plane, returning to its original position after making a complete rovolution ; 
and if (-4), (B), (C) represent the entire areas of the closed curves described by 
the points A, B^ Cy respectively, prove that 

AB X {C) 4- BCx {A) + C7^ x (J5) + ir . AB.BC. CA = o, 

in which the lines AB, BC^ &c., are taken with their proper signs ; i. e_ 
AB = - BAf &c. 

13. If a curve be referred to its radius vector r and the perpendicular p on 
the tangent, prove that its area is represented by 

if Prdr 
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14. Show that the whole area of the inverse of the ellipse -;: + ir = i ia 

a* &* 

represented hy 

y^ (I r /i_lW^ ^\) 

-where a, iS are the co-ordinates of the origin of inversion, and k is the radius of 
the circle of inversion. 

15. A given arc of a plane curve turns through a given angle round a fixed 
point in its plane ; what is the area described P 

16. A chord of constant length (e) moves about within a parabola, and 
tangents are drawn at its extremities ; find the total area between the parabola 
and the locus of intersection of the tangents. , irc^ 

Ana: — , 

■ 2 

17. From the centre of an ellipse a tangent is drawn to a semicircle 
described on an ordinate to the axis major ; prove that the polar equation of the 
locus of the point of contact is 

^ + 4a2 tan2 d ' 

and that the whole area of the locus is 7 

2 2a + 6 

18. Apply the three methods of approximation of Art. 148 to the calculation 

f^ dx .1 
, adopting^ — as the common 

interval in each case. Ana, (i), .693669. (2), .693266. (3), .693224. 

The real value of the integral being log 2, or .693x47, to the same number 
of decimal places. 

19. Prove that the sectorial area bounded by two focal vectors r and r' of a 
parabola is represented by 

?IC-^)'-(^^^')'!' 

where e is the chord of the arc, and a the semiparameter. 

20. Given the base of a triangle, prove that the polar equation of Hh^ locus 
of its vertex, when the vertical angle is double one of its base angles, is 

«(2C08 2d + l) 

r = — i r-^ — <-. 

2 cos d 

Hence show that the entire area of the loop of the curve is - — ^-— ^. 

o 

21. Prove that the area of the pedal of the cardioid r = a (i - cos d) taken 
Trith respect to an internal point at the distance e from the pole is 

~ (5a« - 2atf + 2c2). (Cafnb,Tripo8Exam,.,i%'}6), 
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CHAPTER VIII. 

LENGTHS OF CURVES. 

1 50. Lengrth of Curves referred to Bectangpilar Axes. — ^The 
usual mode of considering the length of a curve is by treating 
it as the limit of a polygon when each of its sides is infinitely 
small. If the curve be referred to rectangular axes of co- 
ordinatesy the length of the chor d joining the points (^, y) 
and (a? + rfa?, y + dy) is -v/(fo* + efy*, and, consequently, if « 
represent the length of th e curve me asured from a fixed point 
on it, we shall have ds = ^da^ + dy^ ; 



taken between suitable limits. 

The value of ~ in terms of a? is to be got from the equa- 
tion of the curve, and thus the finding of « is reducible to a 
question of integration. 

The determination of the length of an aro of a ourve is 
called its rectification. 

It is evident that if y betaken for the independent variable 
we shall have 



M'^^^''- 



Affain, when x and y are given functions of a single 
vaiiaUe 0, we have 



■liJ^f!'^- 



1^' In each case the f onn of the equation of the curve deter- 

mines which of these formulae should be employed. 
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The ourves whose lengths can be obtained in finite terms 
are veiy limited in number. We proceed to consider some 
of the simplest applications. 

151. The Parabola. — Writing the equation of the parabola 



in the form y* = zmx. we get -- = ^. 



m 



Hence 



-M^ 



+ m*rfy. 



The value of this integral can be obtained from that of 
the area of a hyperbola (Art. 130), by substituting y for x^ 
and m* for - a*. 

Thus we have 



y^f^ 



mr m 

— + 



^^.{tiy^y 



(>) 



2m 2 ^ \ m 

the arc being measured from the vertex of the curve. 

152. The Catenary. — ^The equation of the catenary, as 

before observed, is 



Hence 



dy 
dx 






dm 



^(-g)'-<-«-^) 




* .•. « = ^ <^efo + ^ U"<fo = -fe"-e "J + const. 
If a be measured from the vertex F, we have 



,.?(i-.-) 



w 



Comparing this with Art. 13 1, we see that 

area OrPJV=axaxo VP. 
p 2 
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Again, if NL be drawn perpendicular to the tangent Pi, 

doc CL 

we havesiniPJV= -r- = -. Hence JVX = «/ sin LFN = ax 

ds y 

and TL = (y* - a*)i = arc VT. This result shows that the 
catenary is the evolute of the tractrix (see Ex. 9, page 208). 

153. Semi-cubical Parabola. — ^The equation' of this curve 
is of the form ay^ = a?'. 

Hence ' 

.•.«=( i+— I dx = — ( i+— ) + const. 
If the arc be measured from the vertex, we get 

154. Bectification of Evolutes. — It may be noted that the 
rectification of the semi-cubical parabola is an immediate con- 
sequence of its being the evolute of the ordinary parabola 
(see Dif. Cal., Art. 239). In like manner the length of any 
curve can be found if it be the evolute of a known curve, 
from the property that any portion of the arc of the evolute 
is the difference between the two oorrespondiug radii of cur- 
vature of the curve of which it is the evolute. 

For example, we get by this means the lengths of the 
cydoid, the epicycloid and the hypocycloid. 

Again, since the equation of the evolute of an ellipse is 

(fla7)l + (J2/)l = (a*-J^)l- 

the length of any arc of this curve can be at once found. 

This can also be readily got otherwise ; for, writing the 
equation in the form 
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and making x = a sin'^, we get y = /3 cos'0, and 

d8 = {dx^-]- dff = 3 sin COB (a^ sin*0 + /3^ cos*0)4rf^ 

Hence 

« = ^ \ — "-T^ ^^ + const. 

If the arc Ibe measured from the point a? = o, y = j3, we 
get the constant 

-/3' ,^. (a»8m'»+./3'cos'»)»-ffl 

-^^^^F' ^^"^ ^' 

If a = /3, the expression for d% becomes 3a sin cos ^d(^ ; 
ice we get « = - a 
same point as aboye. 



hence we get « = - a sin^0, the arc being measured from the 



Examples. 
I. Find the length of the logarithmic curve y » ea*. 

Here log y = a? log a+ log <?, .'. ^r = -> where h = -i • 

^ y log a 

lHy_ 



Hence , = f (JLti^. f ^^ ^ f 3^ 

J y J (** + y*)* J y(*^ + 

2. Find the length of the tractrix. 

Here, by definition (see fig. page 208), we have PT ^ a, 

. ««,« y , ifo a 

.-. sin TTN^ -, hence :j- =- -, 

.•. a = - a I — = — a logy + const. 
If the arc be measured from the vertex A^ we get 
arc-4P= clog (-] 
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3. Find in what cases the curves represented by o^ =: 9^* are rectiflable. 
Here we have 

Substituting h for ^, and making i -f ^« ** *> z'» this becomes 

This expression is immediately integrable when — is a positire integer. 

Hence if — = r, the equation becomes of the form ay*r = a?'*^*. 

Again, if — be a negative integer, the expression under the integral sign 
2111 

becomes rational, and can accordingly be integrated. This leads to the form 

y8r a (ufir-i. Accordingly, all curves comprised in the eqiution ay* « ic"** 

are rectifiable, m being any integer. (Compare Art. 62). 

155. The Ellipse. — ^The simplest expression for the arc of 
an elUpse is obtained by taking ;v = a sin 0, whence 

y = 6 cos 0, and cfe = («* cos'0 + V sisj?<i)^di^y 

.'.«=/ (a' cos*^ + J* sin*^)M0. 

It is often more conyenient to "write this in the form 

« = flj(i - c* sin'0)iflr0, (3) 

e being the eccentricity of the ellipse. 

It may be observed that ^ is the complement of the ecce)i» 
trie angle belonging to the point (a?, y). 

The length of an elliptic quaint is represented by the 

n 

definite integral a\ (i - c* sin*0)ief0. 

We postpone the further consideration of elliptic arcs to 
a subsequent part of the chapter. 

156. Bectification in Polar Co-ordinates. — ^If the curve be 
referred to polar co-ordinates we plainly have (Dif. Oal,, Art* 
1 80) cfe' = rfr* + f^d^ ; hence we get 
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For example, the length of the spiral of Arohimedes, 
r = a0, is giveiQ by the equation 

8 = ^Ur' + a')^dr. 

Comparing this with the formula (i) for the parabola, it 
follows that the length of any arc of the spiral, measured 
from its pole, is equal to that of a parabola measured from its 
vertex. 

Examples. 

1. Cardioid, r s a (i + eo8 0). 

dr 
Here —- a — a sin 0, and hence 
did 



# =: a J { (i + cos tf)' + am*e]^d$ = la J cos - rftf « 4a sin - + constant. 

Tke constant becomes zero if we measure a from the point for which = o. 

2. Logarithmic spiral, r = o^. 

Here, if ^ = , , we get 

log a 

rd0 1 
dF^^' 

Accordingly, the length of any arc is proportional to the difference between 
the Tectors of its extremities ; a result which also follows immediately from the 
property that the curve cuts its radius vector at a constant angle. 



-!E(-*5)'*-H^<— '■ 



3- 


r»» = «« cos m0. 




Taking the logarithmic 


dr 
differentials, we get -- = - 
rUO 

^* 
rd0 


tanwid; 


Hence 


1 
» = a /cosma)* d0. 






•-=!H-"'* 
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This is readily integrated when — is an integer (see Art. 56). 

Whatever be tlie value of m we can express the complete length of a loop of 

the curve in Gramma-functions. For if we integrate between o and -, we ob- 

Tiously get the length of half the loop. 

Hence the length of the loop (Art. 123) is 



// V IT \ 2m / 



m 
r 



m 



157. Formula of Legendre on Bectification. — Anotlier for- 
niTila* of considerable utility in rectification follows imiae- 
diately from the result obtained in Art. 192, Dif. Cal. Tor, 
if this result be written in the form 

--^ — - = jf?, we get s - ^ = Ipdw. (5) 

Consequently, the total increment ois -t between any two 

points on a curve is equal to J pd{») taken between the same 

two points. 

d 
For example, in the parabola we havejf? = — ^ — , and 



hence 



s - t = a 



= a log tan {- + -) + const. 

cos ci> ^^ \4 2/ 



If we measure the arc from the vertex of the curve, and 

di[) 
observe that ^ = —-, this gives 



a sm (i> 

s = 



— + a log tan - + - . 



The student can without difficidty identify this result with. 
thatgiveninArt. 151. 



* This theorem is due to Legendre. See Traits des Fonctions EHiptiquee, 
tome ii.y p. 588. 
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158. Application to Ellipse. Fagnani's Theorem. — ^In 
the ellipse we have 

p^ = c^ cos'w + ft* sin^w. 

Hence, measuring the arc 
from the vertex -4, and observ- 
ing that in this case PiVis to be 
taken with a negative sign, we 
have 




arc 



AP + FN = I * (a* cos'w 4 6* sin»a>)irfw, 



where a = z ACN. 

But, in Art. 155, we have found that if be measured 
from the vertex J5, the arc is represented by 

J (a'* cos'0 + 6^sin*0)irf^. 
Consequently, if we make L BCQ = a = L ACNy and draw 
Qitf" perpendicular to the axis major meeting the curve in P', 
we shall have 

arc BF = arc ^P + FNy 

or, taking away the common arc FFy 

BF-AF^ FN. (6) 

This remarkable result is known as Fagnani's theorem*, 
and shows that we can in an indefinite number of ways find 
two arcs of an ellipse whose difference is expressible by a right 
line. 

"We add a few properties connecting the points P and P' 
in this construction. 

* Fagnani, Produzioni Mathematice, 1750. It may be noted that if we in- 
tegrate the equation of Art. 116, Dif. Cal., taking the angle C as obtuse, and 
adopting zero for the lowest limit in each integral, we obtain 

I'-v/i -Ar^sin2«rfa+ f \/ i - k^ siu'^^ db 
Jo t 

= I *y I — k^ sin^c de + A?* sin a sin i sin c, 
ifrhere a^byenxe connected by the relation 



cos e = cos a cos i — sin a sin h v i — A?* sin*c. 
This equation furnishes a relation between three elliptic arcs, from which 
Fagnani's theorem can be readily deduced, as well as many other theorems con- 
Dected with such arcs. See Legendre, Fonc. Ellip., tome i., ch. 9. 
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Examples. 

1. If (a?, y) and {x\ y') be the co-ordinates of P and P*, respectively ; proTe 
the following : — 

(i). Py= ~^, (2). Py = P'iV", (3). CiV-. CN' = C4 . C», 

(4). CP2 + CiV"2 = CA^ + C32. 

2. Divide an elliptic quadrant into two parts whose difference shall be equal 
to the difference of the semiaxes. 

This takes place when P and P* coincide; in which case Ci\r=\/a^, and 

We shall designate the point so determined on the elliptic quadrant as Fag- 
nani's point. 

3. Show that if a tangent be drawn at Fagnani*s point, the intercepts be- 
tween its point of contact and its points of intersection with the axes are re- 
spectively equal in length to the semiaxes of the ellipse. 

4. If the lines PiV and P'N' be produced to meet, show that they intersect 
on the confocal hyperbola which passes through the points of intersection of the 
tangents to the ellipse at its vertices. Show also that this hyperbola cuts the 
ellipse in Fagnani*s point. 

159. The Hyperbola. — ^In the hyperbola, we have 
y = a'oos^fai - b^ sin^o;. 
Hence, measuring the arc from the vertex A of the curve, we 
find, since &> is measured below the axis, 

PN-AP^ [" (a' cos^oi - V sin^a>)iefc.;, (7) 

where a = Z. ACN. 

As we proceed along the hyperbola 
the perpendicular p diminishes, and 
vanishes when the tangent becomes 
the asymptote. 

Moreover, as the limit of a> in this 

case becomes tan"^ yj i^ follows that the 


difference between the asymptote and 

the infinite hyperbolic arc, measured 

from the vertex, is represented by the 

definite integral 




ptan 5 



(a' costal - J' sin*ci>)irfai. 
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ExiJiPLES. 
I. If a > d, pro?e that 



iC f 

2. If a < b^ prove tliat 



is represented by an elliptic arc, and that the semiaxes of the ellipse are the 
greatest and least values of (a + 6 cos 0)^. 



is represented by the difference between a right line and a hyperbolic arc. 

160. Landen's Theorem on a Hyperbolic Arc. — ^We next 
proceed to establish an important theorem, due to Landen ;* 
namely, that any arc of a hyperbola can be expressed in terms of 
the arcs of two ellipses. 

This can be easily seen as follows : — In any triangle^ 
adopting the usual notation, we have 

(J = a cos jB + 6 cos A. 

Now, representing by C the external angle at the vertex 
(7, we have & = -4 + 5, and hence 

cdC=^ [a cos jB+ ft cos-4) d4 + {a cos-B+ J cos -4) dB. 

Consequently, supposing the sides a and b constant, and 
the remaining parts variable, we have 

J cc?C=/acos jBrf-4 +J Jcos -4c?jB+ 2asin jB+ const., 
or 

J ya^^V+2abQO%C dC^^ya^-ti'&m^A dA-\-^yU'-a^&ixi^B dB 
+ 2a sin jB + const. (8) 

Now, if we suppose a > J, >v/a*-6^sin^^ dA represents 
(Art. 155) the arc of an ellipse, of axis major 2a and eccen- 
tricity -. Also I y^J* - a* sin'^-B dB represents (Art. 159) the 

* Landen, Philosophical Transactions, 1775. 
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difference between a right line and the arc of a hyperbola 
whose axis major is b and eccentricity -r . 

Again, ^/(f + b^ + zabooa C^ J{a - by sin* -— +(a+ft)*cos^-, 

yi 2 2 

and consequently the integrtd 

y/a^ + 6* + 2ab cos CdC 

represents an arc of the ellipse whose semiaxes are a + b and 
<i -b. 

Hence, Landen's theorem follows immediately. 

It should be noted that the limiting values -i, B and C 
are connected by the relations 

a sin £ = J sin -4, and C= A + £. 

Again, if we suppose the angle A to increase from o to tt, 
the external angle will increase at the same time from o to t, 
while J5 will commence by increasing from o to a, and after- 
wards diminish from a to o, f where a = sin"^ - i. Moreover, in 

the latter stage b cos A is negative, and dB also negative ; 
consequently the term b cos A dB is positive throughout the 
entire integration, and the total value of 

I %/ft* - a* siii^BdB is represented by 2 J ^/b- - a' sin^jB dB. 

C 

Hence, substituting for -, and integrating between the 

limits indicated, we get, after dividing by 2, 

IT 

\[{a + by sin> + (a - by cos'^jM^ 

= I' (a» - b" Bm'A)i dA + {'{b'- o' sin'5)i dB. (9) 
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Accordingly, the difference between the length of the cm/mp^ 
tote and of the infinite arc of a hyperbola is equal to the differ^ 
once between two elliptic quadrants. This result is al^o due to 
Landen. 

"We next proceed to two important theorems which may be 
regarded as extensions of Fagnani's theorem. 

1 6 1 . Theorem* of Dr. Graves. — If from any point P on the 
exterior of two confocal ellipses, tangents FT and FT' be 
drawn to the interior, then 

the difference (FT + FT' ^-- ->? 

- TI^) between the sum of 
the tangents and the arc 
between their points of con- 
tact is constant. 

For, draw the tangents 
Q8 and Q8' from a point Q, 
regarded as infinitely near 
to P, and drop the perpen- 
diculars PiVand QiV'; then, 
since the conies are confocal, 
we have 

lFQN=lQFN\ ..FN'^QN. 

Also FT=TIt^BjSr^TR + E8^8N=T8+8N 

= T8+8Q-QI^. 

In like manner 

Fr = FJN^' + 8'Q - r8\ 

. PT-^Fr=Q8+ Q8' +T8- r8\ 

or FT^FT -Tr=Q8+ Q8' - 88\ 




♦ This elegant theorem was arrived at by Dr. Graves, now Bishop of Lime- 
rick, for the more {general case of spherical conies, from the reciprocal theorem, 
viz : — If two spherical conies have the same cyclic arcs, then any arc touching^ 
the inner will cut from the outer a segment of constant area. (See Grraves' 
translation of Chasles on Cones and Spherical Conies, p. 77, Dublin, 1841). 

It should be remarked that the theorems of this and of the following article 
-wrere investigated independently by M. Chasles. The student wiU find in the 
Oompies Bendus, 1843, 1844, a number of beautiful applications by that great 
geometrician of these theorems, as well to properties of confocal conies, as also 
to the addition of elliptic functions of the first species. 
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Hence, PT+ PT - TT does not change in passing to 
the consecutive point Q ; which proves the proposition. 

The analogous theorem, due to Professor Mac Cullagh, 
may be stated aa follows : — 

162. Theorem. — If tangents PT, PT' be drawn to an 
•ellipse from any point on a con- 
focal hyperbola, men the diflfer- 
•ence of the tangents is equal to 
the difference of the arcs TJBTand 
XT. 

The proof is left to the stu- 
dent, and is nearly identical with 
that given for the previous theo- 
Tem. 

This result still holds when 
the tangents are drawn from a 
point on an ellipse to a confocal 
nyperbola, provided that the tan- 
gents both touch the same branch of the hyperbola ; as can be 
seen without difficulty. 

As an application* we shall prove another theorem of 
Landen ; viz., that the difference between ike lengths of the 
asymptote and the infinite branch of a hyperbola can be eX' 
jpressed in terms of an arc of the hyperbola. 

For, let the tangent at A meet the 
asymptote in 2), and suppose a con- 
focal ellipse drawn through 2). Then, 
regarding DT as a tangent to the 
hyperbola, it follows, by the theorem 
just established, that the difference 
between -DjT and JBTTis equal to the 
difference between DA and AK. 

Consequently the difference be- 
tween the asymptote CT and the 
hyperbolic branch AT ia equal to 
DA + DC - 2KA. Consequently 
the required difference is expressible 
in terms of given lines and of the 
byperbolic arc AK. 

« I am iudebted to Dr. Ingram for thia application of Pro£ Mac Gu]lagh*8 thearenu 
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"We next proceed to consider two important curves whose 
rectification depends on that of the ellipse. 

163. The Limagon. — From the equation of the lima9on, 

df* 
r = a cos 6 + J, we get ^ = - a sin fl, 

and hence 

da = (a*+ J»+2a6cose)iefe, 

... 8 = [j(a + J)^cos^|+ (a^ft)*sin'^j*cf0. 

Accordingly, the rectification of the lima9on depends on 
that of the eflipse whose semiaxes are a-tb and a-b. 

1 64. The Epitrochoid and Hypotrochoid. — The epitrochoid 
is represented bj the equations (see Dif. Gal., Art. 284) 

X = (a + J) cos 6 - c cos — 7—6, 



Hence 



y = (a + J) sin 6 - c sin — 7— 0. 



dx / . z\ f • n c . fl + J ^) 
^ = -(«+6)J8me-j8m-pej, 






Squaring and adding we get 



COByj, 
« «= —;—\W + <?-2bC0O6-r\ dd. 



b IT"" ^'""""6 



Henoe, sdbsiilnitiiig — - for B, we get 

« = ^^^f{(6 + c)'sinV + (6-c)*oo8»i(f^. 
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Consequently the length of an arc of the epitrochoid is equal 
to that of an ellipse. This theorem was discovered by Pascal. 

The corresponding form for the hypotrochoid is obtained 
by changing the sign of b. 

165. Steiner's Theorem on Bectiflcation of Boulettes. — ^If 
any curve roll on a right line, the length of the arc of the 
roulette described by any point is equal to that of the cor- 
responding arc of the pedfd, taken with respect to the 
generating point as origin. 

For (see figure, Art. 145), the element OCf of the rouletto 
is equal to OPdo). 

Again, to find the element of the pedal. Since the 
angles at N and N' are right, the quadrilateral NN'TO is 
inscribable in a circle, and con- 
sequently NN' = OTmiNON\ 
But, in the limit, NN' becomes 
the element of the pedal, and OT 
becomes OP : hence the element 
of the pedal is OPdto; conse- 
quently the element of the pedal 
is equal to the corresponding 
element of the roulette, .*. &c. 

We proceed to point out a few elementary examples of 
this principle. In the first place, it follows that the length 
of an arc of the cycloid is the same as that of the cardioid ; 
and the length of the trochoid as that of the lima^on* 
Again, if an ellipse roll on a right line, the length of the roulette 
described by either focus is equal to the corresponding arc of the 
auxiliary circle. 

Moreover, it is easily seen, as in Art. 146, that if one 
curve roll on another, the elements ds and ds\ of the roulette 
and of the corresponding pedfd axe connected by the relation 




ds 



-*'(■*?) 



In the case of one circle rolling on another, this relation 
shows that the arcs of epicycloids and of epitrochoids are 
proportional to the arcs of cardioids and of lima9ons : which 
agrees with the results established already. 
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We next proceed to the rectification of the Oval of 
Descartes. 

166. Oval of Descartes. — This curve is defined as the 
locus of a point whose distances, r and /, from two fixed 
points are connected 
by the equation 

mr-^l/ = dy 

where /, m, d are 
given constants. 

For convenience 
we shall write the 
equation in the form 

mr-^y ^ ncj (10) 

where c is the dis- 
tance between the 
fixed points. 

The polar equa- 
tion of the curve is 
easily got. For, let 
-Pand Fi be the fixed points, and z Fi FP = 0, then we have 

/* s r^ -^ (^ - 2rc COB 0; 

Pr^ = {nc - mry, 
hence the polar equation of the locus is readily seen to be 




also from (10), 



, mn-P cos o w* - P 

r - irC : jr — + c* — r — -- = o. 

m^ -P m* - P 

For simplicity, we shall write this in the form 

r* - 2rQi + C = o. 

Solving this equation for r, we get 



00 



(12) 



r = 12 ± yQ'- (7, or JPj = O + ^a?-C, FP = Q -v^a»-(7, 

It can be seen without difficulty that, so long as /, m, n are 
real and unequal, the curve consists of two ovals, one lying 
inside the other, as in the figure. 
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Again we get from (12), by difEerentiation, 

(r -Q)dr = rQ'efO, where O' = ^ ; 



dr O' q: . ds v/Q' + 0'*-(7 

—ITT = ;r = , ; hence -^77 = - — , — . 

rdQ r-a ^Q^-C ^^^ ^Q^-C 



Or (fe = — ^^ , ■■■ ±yQ?-^a'^-GdOj (13) 

the upper sign corresponding to the outer oval, and the lower 
to the inner. 

Hence the difference between the two corresponding 
elementary arcs is equal to 

lyo^-^a'^-CdBy or, 2 ^/ a? + lahoo^d + V' - C d9y 

(writing Q in the form a + J cos 0), which plainly represents 
the element of an ellipse. Consequently, the difference 
between two corresponding arcs of the ovals can be repre- 
sented by the arc of an ellipse. This remarkable theorem is 
due to Mr. "W. Eoberts (Liouville, xv., p. 195). Some years 
after its publication it was shown by Professor Gbnocohi 
(Tortolini, 1864, p. 97) that the arc* of a Cartesian is- expres- 
sible in terms of three elliptic arcs. 

In order to establish this result, we commence by proving 
one or two elementary propertiesf of the curve. 

Suppose a circle desioribed through -P, jPi, and P ; and let 

PQ be the normal at P to the oval, meeting the circle in Q, 

and join FQ and PiQ ; then let L FPQ = a>, and FiPQ = « ; 

df dv 
andsince w-r- + l-r- = o, we have /sinft>'= wsinw, 
as as 

.-. FQ : FiQ -- l:m. 



* For the t»oof of this theorem given in the text, I am indebted to Mr. 
Panton. 

t For an account of the fundamental properties of the Cartesian Oti], the 
student is referred to a Note at the end of my Differential Calculus. 
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Also, since mr + 1/ = nc ; and (by Ptolemy's theorem) 

JPP .FiQ + i^iP.JPQ = FFi'PQ, 
we have 

FQ ^ F,Q PQ 
/ m n ' 

Hence, denoting the common value of these fractions by 
Uy we have 

FQ = lu, FiQ = muy PQ = «w. 

Again 

dr Q' yQ*-C 

tan (u = — 77; = — y- i .*. cos (u = 



Hence the first term in the expression for ds in (13) is 
equal to 

QdO _ c mn - P cos ^ 
oosw m^-P cosw 

Again, let L FPF^ = ^, ^ PFiC = 0, 

and we have the two following relations between the angles 

e, 0, ^, 

^ = + ^9 /sin0 + msin0 = nsin^. (14) 

Hence, 

d<p-dO = d\py loosOdO + mcoBipd^ = nco&xfjdxpf 

.-. (mw-Z*cos0)c?0 = w(n + /cos^)t/^-n(w + /cos^)rf(/^, 

or 

mw-rcos0,^ n + ^cos0_ w + ^cosi^., , . 

dO = m ■^d6-n -d\L, (15) 

cos 01 coscu ^ cosw ^ ^ ' 

Again, from the triangle PPQ, we have 

rcosu) = PQ + PQcos0 = {n + loostp)ti, 



n + ^cos^ 

COSd) 


i = - = ^/P + n^+ 2lnQ086. 

u ^ 




Q2 
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In the same manner it can be shown that 

cos (O ti^ 

Hence we have 

f QdO mC f /rr , 

Jcosw m'-/'J^ ^ ^ 

tic r 

— j^ L//' + w* + 2lm oo&xl^dxp. (i6) 

Each of these latter integrals is represented by the arc of an 
ellipse, and, accordingly, the arc of a Cartesian Oval is 
expressible in the required manner. 

It should be noted that the limiting values of 0, 0, and xf/ 
are connected by the relations given in (14). 

Again, it can be shown without difficulty that the axes of 
the ellipses are the lines {AB, CD), {AC, -BD), and {AD, BC\ 
respectiveli/ : a result also given by Sig. Genocchi. First, 
with respect to the ellipse whose element is ^/Q^-\-Q,'^-Cd0, 
it is plain that its axes are the greatest and least values of 
2 y/Q' + Q"^^, or of 2v/a' +y+ 2a6co se- C: but these 
are 2 ^(a -\-by- C and 2 ^{a - by - (7, which are plainly 
the same as the greatest and least values of PPi ; and,. 
consequently, are AlB and CD. 

Again, rrom the equation mr + // = nc, we get 

mFB + l(FB + c) = nc, /. FB = i!LlfIl. 
In like manner 

l + m 

A^ain, since we get the points on the outer oval by 
changing the sign of /, we have 

m-l m-l 
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and consequently, 



AD = -^„ BC= '"^ 



but these are readily seen to be the values for the axes of the 
ellipses in (16). 

It should be noted that if we substitute in (13) the values 
for a and 6, the expression for the element da becomes of the 
following symmetnoal form 

ds = g L//' + w'+2/noos0 d<p 1 — -v^f*+m*+2/moos^c?;// 

^w? + w* - imn cos dO. (17) 



ni'-P 



We shall conclude the Chapter with a brief account of 
the rectification of curves of double curvature. 

167. Bectification of Ctirves of Double Giirvature. — ^If the 
points in a curve be not situated in the same plane, the curve 
is said to be one of double curvature. The expression for its 
length is obtained in an analogous manner to that adopted 
for plane curves: for, if we refer the curve to a system of 
rectangular axes in space, and denote the co-ordinates of two 
consecutive points by (a?, y, 2), (x + tfo?, y + dt/y z + cfo), we get 
for the element of length, cfe, the value 

ds a ^/da^ + dt/^ + dz^. 

The curve is commonly supposed to be determined by the 
intersection of two cylindrical surfaces, whose equations are 
of the form 

f{Xyy) = o, ^(^,2) = o. 

Prom these equations, if ~ and — be determined, the 
formula of rectification is 
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When z is taken as the independent variable, this formula 
becomes 



=ll-(^'^(^T- 



the limits being in each case determined by the conditions of 
the question. 

The simplest example is that of the helix, or the curve 
formed by the thread of a screw. Prom its mode of 
generation it is easily seen that the helix is represented by 
two equations of the form 



X = acosiT I, y = asmly /. 



Hence 

dx 



dx a . (z\ dy a fz 
-7- = - T sm 7 , -r- = T cos ' 



= ^,+^Jrf,, or « = (i+g)*s; 



the arc being measured from the point in whioh the helix 
meets the plane of xy. 

This result can be easily established geometrically. 



EXA3IPLES. 



Find the length of the curve whose equations are 



la 6a* 



the arc being measured from the origin. 

This is a case of a system of curves which are readily rectified ; for, in general, 
whenever 







vehare 


(-£*£)'- (-1). 


and therefore 


ds = dx + dzy or a =s x-\-z + const. 
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dy 
Thus, if y =/(ir) be one of the equations of a cnnre, we get j- = /*(«), and 

bence, if a second equation be determined from tbe equation 

the length of the ciure is represented by rr + s + const. : the yalue of the 
coaostant being determined by the conditions of the problem. 
For instance, if y = sin d?, we get /* (:p) = aooaXy and 

-r- = — cos*af, .*. s = — (a5 + co8a;sin»). 

Hence the length of the curye of intersection of the cylindrical surfaces 

y = asino;, z = — (jr + cos « sin j) 
4 
iaz-k-x; the length being measured from the origin. 

2. ffs2\/ax-x, z = x--l—. Ana. B *^ x^y-z, 

a« V* a - -* , ^ 1. 

3. -i - n = '» * = -(^ + « «), the length being measured from the 

H* (r 2 

point of intersection of the curve with the plane of «y . 
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Examples. 
I. Find the length of any arc of the catenary 






and show that the area between the curve, the axis of x^ and the ordinates at 
two points on the curve, is equal to a times the length of the arc terminated by 
those points. 

2. In any curve prove that a «= I -, and hence find the lengfih of a 

Jy/,.2 - pi 

parabolic arc. 

Iicdx 
may be represented by an arc of 

a circle, and find the limiting values of x for its possibility. 

Ucfi — fP^x^ 
""a i" ^* 

where a is the semiaads major, and e the eccentricity. 

5. Express the length of an elliptic quadrant in a series of ascending powera 
of its eccentricity. 

-t{-G)'t-(^)"t-(^3't-H- 

6. Prove that the integral of 

x'^dx 



^/ (z^ - fi^) (ai - x^) 
can be represented by an arc of the ellipse whose semiaxes are a and fi, 

7. Show that the rectification of the sinusoid y = ^ sin « is the same as that 
of an ellipse. 

8. Prove that the whole length of the j^«^ negative pedal of an ellipse, taken 
with respect to a focus, is equal to the circumference of the circle described oa 
the axis minor as diuneter. 

9. Show that the length of an arc of the curve r « a sin »0 is equal to that 
of an arc of the ellipse whose semiaxes are a and na» 

10. If from the equation of a curve referred to rectangular co-ordinates, we 
form an equation in polar co-ordinates, by taking r-y and rd$ = dEr, thai 
the lengths of the corresponding arcs of the two curves are equal, and the area 
r ydx of the former curve is equal to the corresponding sectorial area of the 
latter. 

11. Prove that the difference between the lengths of the two loops of the 
limaQon rsaco60+dia equed to 86 : a being greater than b, 

12. Being given three points A^ B, C on the circumference of an eUipee, 
show that we can always find, at either side of C, a fourth point D sudi that the 
difierence between A£ and CD shall be equal to a right line. 
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13. If a circle be described toucbing two tangents to an ellipse and also 
touching the ellipse, prove tbat tbe point of contact with the ellipse divides the 
elliptic arc between the points of contact of tbe tangents into two parts, whose 
difference is equal to the difference of the lengths of the tangents (Chasles, 
Comptes Rendus, 1843). 

14. Prove that the entire length of any closed curve is represented by 

fpds 
— taken round the entire curve ; p being the radius of curvature at any 
P 
point, and p the length of the peipendicular from any fixed point on the tangent. 

^« -i> I ds e^* + I 

15. If ^ = — '■ — be the equation of a curve, prove that -7- = -- — — , and 

hence rectify the curve. 

16. Calculate approximately, by the tables of Art. 113, the whole length of 

a loop of the curve r' = a* cos - tf . 
5 
Here, by Ex. 3, p. 207, the required length is 

, A^ At) 

13 9 

Hence, taking logarithms, and observing that — «= 1.625, «^d - =1.125, we 

o o 

get as the required approximation a x 3.29488. The figure of this curve is 
exhibited in Art. 261, Dif. Cal. 

17. In a Cartesian Oval whose two internal foci coincide, prove that the 
<lifference of the two arcs, intercepted bv any two transversals from the exter- 
nal focus, is equal to a straight line which may be found. [The above curve 
is the inverse of an eUipse from a focus.]— Pbofessok Cbofton, Hdue. Times, 
June, J 874. 

From (11) page 2 25 , it follows, making n = m, that the equation of the limafon, 
in this case, is 

- ^cose-m^ _ 

which is of tbe form r* + 2r (a cos tf - iS) + (a - i3)2 = o. 

Hence, by (10), the difference between two corresponding elementaiy arcs 
is 

4V 0)3 cos - dd. 

2 

Consequently, if Oi and $2 be the values of e for the two transversals in 
question, we get the difference of the corresponding arcs 

= 8 v^ojB f sin -- - sin — J . 

Also, it can be readily seen that the distance between the vertices of the 
lima^on is 4\/a^ ; .'. &c. 
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1 8. Show that the leng;th of an arc of the ellipse 

is represented by the integral 

,.^f ^? . 

JCa'cos^e + ^sin^a)^ 
This result is easily seen, for we have da = pddy and p = — ^, . *. &c. 

19. Show, in like manner, that the length of a hyperbolic arc is represented 
by 

a^H^i ^ . 

J (a* cos^tf - i^ BiaH) * 

20. Hence prove that the integral 

Idx 

is represent^ by an elliptic ar6 when ab' > ba\ and by a hyperbolic arc whea 
ab' < ba\ 

21. Prove that the differential of the arc of the curve found by cutting in 
the ratio n : i the normals to the cycloid 

5/ = a + 3 cos «, a^ = au+ bBinUfis 



J{a + nby + ^nab sin* - du, 

22. Each element of the periphery of an ellipse is divided by the diameter 
parallel to it, find the sum of all ih.e elementary quotients extended to th& 
entire ellipse. Ant. v. 

22. In the figure of page 217, if a = ^ ACN\ and /S = Z. BCN^ prove that 

tan a tan /S 
—a b- 

23. Find the length, measured from the origin, of the curve 



2 = o2 \i -««/. 

^,w., = alog(^) -*• 



24. Find the length, measured from ^s o, of the curve which is rejseseated 
by the equations 

X = {la — ^) sin ^ - (a — i) sin^^, 

y = (2b — a) cos ^ - (i — a) CO8?0. 

Ans, « = } (a + i) ^ + f (a - *) sin^ cos f- 
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CHAPTER IX. 



VOLUMES AND STTRFACES OF SOLIDS. 



1 68. Solids — The Prism and Cylinder. — ^The .most simple'$^ 
solid is the cube, which is accordingly the measure of all 
solids, as the square is that of all areas. Hence the finding 
the volume of a solid is called its cubature. Before proceed- 
ing to the application of the Integral Calculus to finding the 
volumes and surfaces of solids, we propose to show how, in 
certain cases, such volumes and surfaces can be found from 
geometrical considerations. In the first place, the volume of 
a rectangular parallelepiped is measured by the continued 
product of three adjacent edges ; and that of any parallelepi- 
ped by the area of a face mmtiplied by its distance from the 
opposite face. 

Again, the volume of a right prism is measured by the 

product of its altitude into the area of its base. For example^ 

the volume of the right prism represented 

in the figure is measured by the area of 

the polygon ABCDEy multiplied by the 

altitude AA', Again, since each lateral 

face, AB BA for example, is a rectangle, 

it follows that the sum of the areas of all 

the faces (exclusive of the two bases), i. e. 

the area of the surface of the prism, is equal 

to the reotanffle imder the altitude and the 

perimeter of the polygon which forms its 

base. 

This and the preceding result still hold 

in the limit, when the base, instead of a 

polygon, is a closed curve of any form, in which case the sur- 
face generated is called a cylinder. Hence, if V denote the 

volume of the portion of a cylinder bounded by two planes 

drawn perpencficular to its edges, h its height, and A the area 

of its base, we get V = Ah. 
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Again, if S denote the superficial area of a cylinder, 
T30iinded as before, and S the length of the curve which forms 
its base, we have S = SA. 

169. The Pyramid and Cone. — ^If the angular points of 
a polygon be joined to any external point, the solid so 
formed is called 21. pyramid. Any section of a pyramid by a 
plane parallel to its base is a polygon similar to that 
which forms the base, and the ratio of their homologous 
sides is the same as that of the distances of the planes from 
the vertex of the pyramid. Hence it foUows that pyramids 
standing on the same base, and whose vertices lie in a plane 
parallel to the base, are equal in volume. For, the sec- 
tions made by any plane parallel to the base are equal in 
every respect ; and, consequently, if we suppose the pyra- 
mids divided into an indefinite number of slices by planes 
parallel to the base, the volumes of the corresponding slices 
will be the same for all the pyramids ; and hence the entire 
Tolumes are equal. 

Also, if two pyramids have equal altitudes, but stand on 
■different polygonal bases, the volumes of the pyramids will 
be to each other in the same proportion as the areas of the 
polygonal bases. For, this proportion holds between the 
«xeas of the sections made by any plane parallel to the base ; 
and consequently between the slices made by two infinitely 
near planes. 

Again, the pyramid whose base is one of the faces of a 
•cube, and whose vertex is at the centre of the cube, is 
the one-sixth part of the cube ; for the entire cube can be 
divided into six equal pyramids, one for each face. Hence, 
denoting the side of a cube by a, the volume of the pyramid 

in question is represented by — ; i. e. by the product of the 

area of its base into one-third of its height. 

Now, if we vary the base, without altering the height, 
from what has been 1 established above, it follows that the 
volume of any pyramid is the area of its base multiplied by 
one-third of its height.* 

* This demonstration is taken from Clairaut's *^ £lemen8 de Geom^tzie.*' 
The student is supposed familiar with the more ancient proof^ from the property 
that a triangular prism can he divided into three pyramids of equal yolume. 
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Surface and Volume of a Sphere. 237 

If the base of the pyramid be any closed curve, the solid 
so fonned is called a cone ; and we infer that the volume of a 
cone is equal to one-third of the product of the area of its base 
into its height. 

If the base of a pyramid be a regular polygon, and tho 
vertex be, equidistant from the angular pointe of the polygon, 
the pyramid is called a right pyramid. 

In this case each/^^ of the pyramid is an isosceles triangle,, 
whose area is the rectangle under the side of the polygon 
and half the perpendicular of the triangle. Hence the sur- 
face of the pyramid is equal to the rectangle imder the semi* 
pOTlneter of the regular polygon and the perpendicular 
common to each face of the pyramid. 

Again, if we suppose the number of sides of the regular 
polygon to become infinite, the pyramid becomes a right 
cone ; and we infer that the entire surface of a right cone is 
equal to the rectangle imder the semi-circumference of its 
circular base and the length of an edge of the cone. 

Hence, if a be the semi-angle of the cone, I the length of 
an edge, and r the radius of its base, we have r = / sin a, and 
the surface of the cone is represented by tt^ sin a. 

If a riffht cone be divided by two planes ABCy DEFy 
perpendicular to its axis, as in figure, the o 

part intercepted by the planes is called 
a truncated cone. 

The surface of a truncated cone is 

easily expressed ; for, if OA = /, OD = l\ ^, .p. 

the required surface is tt sin a (P - P), / ^ — 

or IT {I - f) (^ + ^ «• / 

Now, if the circular section LMIfhe ^I: ^ !!^ ^ 

drav^n bisecting the distance between / m 

ABO and BUF^ the circumference of l- -.^ 

the circle LMN\& tt (/+ V) sin a. Hence ^^- 

the surface of the truncated cone is equal ^ 

to the rectangle under the edge AD and the circumference of 

ZiMIfits mean section. 

1 70. Surface and Volume of a Sphere. — ^To find the super- 
ficial area of a sphere ; suppose a regular polygon inserted 
in a semidrcle, and let the figure revolve around the diameter 
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AB ; then each side of the polygon, PQ for example, will 
describe a truncated cone. 

Now, from the centre C draw CD perpendicular to PQ, 
and construct as in figure; then, by the preceding Article, 
the surface generated by PQ is 
«qual to 27r PQ . DI. 

Again, by similar triangles, 
we have DC : DI= PQ : JGV, 
.'.PQ.DI=DC.MN. 

Accordingly, since the per- 
pendicular CDis of same length jL. 
for each side of the polygon, the 
Burface generated by the entire polygon in a complete revo- 

IT 

lution is equal to 27r CD . AB = 47r jR* cos - ; where nrepre- 

sents the number of sides of the polygon, and iJ the radius of 
the circle. 

If we suppose n to become infinite, the solid generated 
l)y the polygon becomes a sphere; and we get 47rjR* for the 
-entire surface of the sphere. Hence, the surface of a sphere is 
^qual to four times the area of one of its great circles. 

Again, it is easy to find the surface generated by any 
numj)er of sides of the polygon. Thus, for example, that 
generated by all the sides lying between the points A and Q 
is plainly equal to 27r CD . AN. 

Hence, in the limit, the surface generated in a complete 
revolution by the arc -4 Q is equal to 2Tr . AC . AN. Such a 
portion of a sphere is called a spherical cap. 

Again, suppose the points A and Q connected ; then, since 
AQ^ = AB . ANy it follows that the area of the spherical cap 
generated by the arc ^Q is equal to the area of the circle 
whose radius is the chord AQ. 

The volume of a sphere is readily found from its surface ; 
for we may regard the volume as consisting of an infinitely- 
great number of pyramids, having their common vertex at 
the centre, and whose bases form tne entire surface. But the 
volume of each pyramid is represented by the product of one- 
third of its height (i. e. the radius) by its base. Hence the 
entire volume of the sphere is one-third of its radius multi- 
plied by its surface, i. e. — B\ 
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1. If a sphere and its circumscribing cylinder be cut by planes perpendi- 
cular to the axis of the cylinder, prore that the intercepted portions of the 
surfaces are equal in area. 

2. Prove that the volume of a sphere is to that of its circumscribing cylinder 
in the proportion of 2 to 3 : and that their surfaces also are in the same propor- 
tion. These results were discovered by Archimedes. 

171. Surfaces of Bevolution. — ^In the preceding we have 
legarded a sphere as generated by the revolution of a circle 
around a diameter. In general, if any plane be supposed to 
revolve around a fixed line situated in it, every point in the 
plane will describe a circle, and any curve lying in the plane 
will generate a surface. 

Such a surface is called a surface of revolution ; and the 
fixed line, round which the revolution taies place, is called the 
axis of revolution. 

It is obvious that the section of a surface of revolution 
made by any plane drawn perpendicular to its axis is a 
circle. 

If we suppose any solid of revolution to be cut by a series 
of planes perpendicular to its axis, the volume of the solid 
intercepted between any two such sections may be regarded 
as the limit of the sum of an indefinite number of thin cylin- 
drical plates. 

Now, if we suppose the generating curve to be referred to 
Tectanffular^axes, the axis of revolution being that of a, the 
area of the circle generated by a point (a?, y) is plainly equal 
to Try*, and the cylindrical plate standing on it, whose thick- 
ness is dxy is represented by ny^ da. 

Hence, the element of volume of the surface of revolution 
is TTi/^dXy and the entire volume comprised between two sec- 
tions, corresponding to the abscissae a and j3| is obviously 
represented by the definite integral 



■t 



in which the value of y in terms of j? is to be got from the 
equation of the generating curve. 
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In like manner, the volume of the surface generated by 
the revolution of a curve around the axis of y is represented 
l^ TT jx^dy, taken between suitable limits. 

Again, we may regard the surface generated by any 
element ds of the curve as being ultimately a portion of the 
surface of a truncated cone, as in Art. 1 70 ; and hence the 
surface generated h j ds in a complete revolution round the 
axis of a; is repesented by 2Tryds ; and accordingly the entire 
surface generated is represented by 

27r J yds, 

taken between proper limits. 

We proceed to apply these formulae to a few elementary 
examples. 

172. The Sphere. — ^Let a^ ■]• y^ = a^ be the equation of the 
generating circle ; then, substituting a^ - a? for y®, we get for 
the volume 

V= IT j {a^ - x^) dx =Trla^x J + const. 



zwa 



If we take o and a as limits, we get for the volume of 

3 

the hemisphere ; .*. the entire volume of the sphere is -^ — ^ 

as in Art. 1 70. 

To find the volume of a spherical cap, let h be the length 
of the portion of the diameter cut off by the bounding plane^ 
and we get for the corresponding volume 

fl- (a^ - x^) dx = 7rh^ (a — j. 

Again, to find the superficial area, we have 

ds =ri + -^j tte = f I +—]dx = -dx^ .*. yds = adx. 

Hence, the surface of the zone contained between two 
parallel planes corresponding to the abscissae Xi and Xq is 

pafl 

27r adx = 2Tra {xi - Xo) ; 

J axt 

Digitized by VjOOQIC 



Paraboloid of Revolution . • 241 

that is the product of the circumference of a great circle by 
the breiadth of the zone. This agrees with Art. 170. 

1 73. Bight Cone. — If a denote, as before, the angle which 
the right line which generates a cone makes with its axis of 
revolution, we get y = x tan a, taking the vertex of the cone as 
origin, and the axis of revolution as that of x ; accordingly, 
the element of volume is ir tan ^a o^dx. 

Hence, if h denote the height of the cone, we get its volume 
equal to 



tan\i ;j? dx^- tan'^aA^ 
Jo 3 



i. 6. - X area of its base, as in Art. 169. 
3 . 

Again, to find its surface, we have d!^ = sec a (£r, 
.•. 27r \yd% = 27r tan a sec a xdx = tcl? tan a sec a; 
which agrees with the result already obtained. 

Examples. 

« 

1. The base of a cylinder is a circle whose area is equal to the surface of a 
sphere of radius 5 ft. ; being given that the volume of the cylinder is equid to 
the sum of the volumes of two spheres of radii 9 ft. and 16 ft., find the height of 
the cylinder. Am, 64^ ft. 

2. A solid sector is cut out of a sphere of 10 fk. radius by a cone, the angle 
of which is 120'' ; find the radius of the sphere whose solid contents are equal to 
those of the sector. Ant, 5 v^2. 

3. Two cones have a common base, the radius of which is 12 ft. ; the alti- 
tude of one 19 9 ft. , and that of the other is 5 ft. ; find the radius of a sphere 
whose entire surface is equal to the sum of the areas of the cones. 

Asm, 2^/ i\ ft. 

1 74. Paraboloid of Bevolution: — ^Writing the equation of 
a parabola in the form y' = 2mx^ we get for the volume of the 
solid generated by its revolution round the axis of x 

2TW^ J xdx ^ Ttmx^ + const. = —y^a? + const. 
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Henoe, the volume of the surfaxje generated by the revo- 
lution of the part of a parabola between its vertex and the 

point (iTi, yi) is represented by — yi'a?i, i. e., is equal to half the 

volume of the circumscribing cylinder. 

Again, to find the surface of the paraboloid, we have 

pd8^t/(i + ^j dy^-^U^ + nA ydy. 

Hence, the surface of the paraboloid, between the same 
limits as above, is represented by 

^|\» + m^)lydy = |£ ((y,» + m')» - m^. 

175. Spheroids of Bevolution. — If we suppose an ellipse 
to revolve round its axis major, the surface generated by the 
revolving curve is called b, prolate spheroid. If it revolve round 
the axis minor, the surface is called an ohlate spheroid. 

The volume of a spheroid is easily obtained ; for, taking 

— + ^ = I as the equation of the generating ellipse, we get, 
a V 

on substituting JM i - — j for 2/% 

r= IT -^ (a* -x^)dx = "V^ (^' ) + const. 

Hence the entire volume is — ah^. In like manner, the 

3 

voliune of an oblate spheroid is — ba^. 

176. Surface of Spheroid. — ^In the case of a prolate sphe- 
roid we have 
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Hence, if CN = a?i, CM = a?o, we get for /8, the zone 
generated in a complete 
revolution by the arc PQ, 

Now, if we take CD = -, 
e 

and construct an ellipse 

whose semiaxes are CD and CB, it is easily seen (Art. 129) 

that the elementary area between two consecutive ordinates 

of this eUigse is — ("T"^*) ^' Hence it follows that the 

area of the zone generated by the arc PQ is tt times ther area 
of the portion PiQiQiPz of this ellipse. 

Again, if AEi be the tangent at the vertex of the ori^nal 
ellipse, we see that the entire surface of the spheroid is 47r 
X the area BCAJEi ; but this is seen, without difficulty, to be 



e 



(0 



In. like manner, we get for the surface 8 generated by the 
revolution of an ellipse round its minor axis 

8= 2Tr\xd8 = 2w ( «^ + -TT y^ ) ^y 

If this be integrated, as in Art. 151, we get, after some 
obvious reductions, 

g = ir^(^aVy» + yUir^log ^ ^ ^/ L. 

If this be taken between the limits o and 6, ^d doubled, we 
^et for the entire surface of the ellipsoid 

Google 
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It is readily seen, as in the former case, that the surface 
of any zone of this eUipsoid is w times the area of a corre- 
sponding portion of the hyperbola 



a?* a^e'y' 



= I 



hounded by lines drawn parallel to the axis of x. 

The area of the surface generated by the revolution of a 
hyperbola round either axis admits of a similar inyestigation. 



EXAHFLES. 

I. Find the yolnme of the surface generated by the resolution of a cycloid 
round its base. 

Here, referring the cycloid to DA and tj' i. n 

J)J3 as co-ordinate axes, we have (see Dif. ^ ** 
Cal., Art. 273) 

a; = a (^ + sin ^), y = a (i + cos ^), 
▼here Z PC£-=^. 



Hence 



AN 



dV= vy^dx = ira?(i + cos ^Yd^p ; 
.*. for the entire yolume F, we get 




F " a»»' 



' 1(1 + cos ^)»£/4> = iSvofi f'coss ^ dA 

Jo Jo 2 



= 32ira? I * QOB^ede, making-J-= B. 
Hence r= 511*0?. 

a. Find the whole surface generated in the same case. 
Here 8=2v [yds =4ira* f (i + 00s 4>) cos -d^ ; 

hence the entire surface is 

Jo 2 ^ X 
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3. Find the yolume and the surface of the solid generated hy the reyolution 
of the tractrix round its axis. 

(i). Here we have 

hence the volume generated hy 
the portion AP\a 

^[ {a^-y^)^ydy = -Aa^-y^% 

The volume generated hy the 

entire tractrix is — a^i i. e. half 

3 
the volume of the sphere whose radius is OA, 

(2). The surface generated hy AF is 

iT\yds = 2'ira dy (see page 213), 

= 2va {a - y). 

Hence the entire surface generated is ztra^ ; i. e. half the surface of the sphere 
of radius OA, 

4. Find the volume, and also the surface, generated hy the revolution of the 
catenary around the axis of x. 

(i). Here the volume of the solid generated 
hy VF is represented hy 



• y*clx = 1 Vc«+tf» -^2 J dx 

Jo 4 Jo 



■ (ys + ax) : 




where $ = FV. 
(2). Again since 

we have 



/ - --\ ^dx 

27r^yd9= —\ y- dx. 
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Consequently the surface generated by PF in a complete revolution U - 

X the Tolume generated ; i. e. = «■ (ya + <w;). 

5. In the same curve to find the surface generated by its revolution round 
the axis OF, 

Here 



Again 



iS = air I xds = V \xe**dx + t be? « dx. 

f - - f- Y - - ^ 

I xe^ dx^axe^-a \ efdx=a \xe" -ae" + a / . 



Also the value of 



rz -f 
I xe ^dx 



is obtained by changing the sign of a in the last result 
Hence 



I a?« • <fo = a* - axe • - a^e «. 
.'. iS = ir I aa« + ax \««-tf'«j -ti*\^ ^^e~') ] 



! 2ir(a' + ir« - ay). 



ITT. If a closed curve, which is symmetrical with respect 
to a right line, be made to revolve 
round a parallel line, then the su- 
perficial area generated in a com- 
plete revolution is equal to the 
product of the length of the mov- 
ing curve into the circumference 
of the circle whose radius is the 
distance between the parallel lines. 

This is easily proved, for let 
APBP^ be any curve, symmetrical 6 Sm X 

with respect to ABy and suppose OX to be the axis of revo- 
lution; and draw JPiV, Qif two infinitely near lines perpen- 
dicular to the axis. It is evident that PQ = P'Q'. Again, let 
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TN-^yy P'N-^j/y PQ = P'Q' = d8,DN=b; then the snm of 
the elementary zones described by PQ and P^Qf in a complete 
reyolution is 

2w {y •{- i/)d8- ^irbds. 

Consequently the surface generated by the entire curve is 
2wb8j where 8 denotes the whole length of the curve. 

A similar theorem holds for the volume of the solid gene- 
rated : viz., the volume generated is equal to the product of 
the area of the revolving curve into the circumference of the 
same circle as before. 

For the volume .of this solid is plainly represented by 

or by 

T^liy-l/) (y + y')dx=^ zirbj (y- y') dx. 

But the area of the curve is represented by 

/ {y - y') dx : 

consequently, denoting this area by -4, and the volume by F", 
we have 

F= 2irbxA. 

In these results the axis of revolution is supposed not 
to intersect the curve ; if it does, the expression 2irb x A 
represents the difference between the volumes of the surfaces 
generated by the portions of the curve lying at opposite sides 
of the axis of revolution ; as is readily seen. A similar alte- 
ration must be made in the former theorem in this case. 

If a circle revolve round any external axis situated in its 
' plane, the surface generated is called a spherical ring. From 
the preceding it follows that the entire surface of such a ring 
is /^TT^ab ; where a is the radius of the circle, and b the dis- 
tance of its centre from the axis of revolution. 

In like manner the volume of the ring is 2TrVb. 

178. Ghildin's Theorems. — The results established in the 
preceding Article are but particular cases of two general pro- 
positions, usually called Ghildin's Theorems, but originally 
enunciated by Pappus (see Walton's Mechanical Problems, 
p. 42, third Edition). They may be stated as follows : — 
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(i). If a plane curve revolve round any external axis, 
situated in its plane, the area of the surface generated is equal 
to the product of the perimeter of the revolving curve by the 
length of the path described^ during the revolution^ by the centre 
of gravity of that perimeter. 

(2). Under the same oirciimstances, the volume of the solid 
generated is equal to the product of the area of the generating 
curve into the path described by the centre of gravity of the re' 
volving area. 

To prove the former, let 8 denote the whole length of the 
curve, a?, y, the co-ordinates of one of its points, ^, y, the co- 
ordinates of the centre of gravity of the curve ; then, as is 
shown in Elementary Mechanics, we have 

y g » 

.'. iiryS = ztt j yds, 

i. e. the surfa,ce generated by revolution round the axis of x 
is equal to the product of S, the length of the generating 
curve, into zwy, the path described by the centre of gravity. 
To prove the second proposition ; let A denote the area 
of the generating curve, and dA the_element of area corre- 
sponding to any point or, y. Also let Xy y be the co-ordinates 
of the centre of gravity of the area, then 

y= S^ ^ 0^ (substituting d^dyiovdA), 

.\ iiryA = 2Tr j j ydxdy = ir j y^dx ; 

where the integral is supposed taken for every point round 
the perimeter of the curve : but, from Art. 171, the integral 
at the right-hand side represents the volimie of the solid ge- 
nerated ; hence the proposition in question follows. 

For example, the volume of the ring generated by the 
revolution of an ellipse aroimd any exterior line situat^ in 
its plane, is evidently zir^abc, where a and b are the semiaxes 
of the ellipse, and c is the distance of its centre from the axis 
of revolution. 

It may be noted that these results stiU hold if we suppose 
the curve, instead of making a complete revolution, to turn. 
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xoimd the axis through any angle. For, let be the circnlar 
measure of the angle of rotation, and in the former case we 
have 

0^8 = Ojyds. 

But 9^ is the length of the path described by the centre 
of gravity, and J yds is fhe area of the surface generated by 
the curve, .*. &c. 

In like manner the second proposition can be shown to 
hold. 

Again, Ghildin's theorems are stUl true if we suppose the 
rotation to take place around a number of different axes in 
succession; in which case the centre of gravity, instead of 
describing a single circle, would describe a number of arcs of 
circles consecutively ; and the whole area of the surface ge- 
nerated will still be measured by the product of the length of 
the generating curve into the path of its centre of gravity ; 
for this result holds for the pjurt of the surface corresponding 
to each axis of revolution separately, and therefore holds for 
the sum. 

Again, in the limit, when we suppose each separate rota- 
tion indefinitely small, we deduce the following theorem. If 
any plane curve move so that the path of its centre of gravity 
is at each instant perpendicular to the moving plane, then the 
surface generated by the curve is equal to the length of the 
curve into the path described by its centre of gravity. 

The corresponding theorem holds for the volume of the 
surface generated. 

179. The method given in Art. 171 of investigating the 
volume bounded by a surface of revolution can be readily ex- 
tended to a solid bounded in any manner. For, if we sup- 
-poBB the volume divided into slices by a system of parallel 
planes, the entire volume may, as before, be regarded as the 
limit of the sum of a number of infinitely thin cylindrical 
plates. Thus, if we suppose a system of rectangular co-ordi- 
nate axes taken, and the cutting planes drawn parallel to that 
of xy ; then, if Az represent the area of the section made by 
a plane drawn at the distance z from the origin, the entire 
volume is denoted by 

fAzdz, 
taken between proper limits. 
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The area Az is to be deteimined in each case as a function 
of 2 from the conditions of the bounding surface. 

For example, to find the volume of the portion of a cone 
cut off by any plane ; we take the origin at the vertex, and 
the axis of z perpendicular to the cutting plane ; then, if B 
denote the area of the base, and h the height of the cone, it 
is easily seen that we have 

Az\ B=^z^ i A*, or Az = -^, 

B f * 
/. F= jT 2'^2 = ^ jB X A ; as in Art. 169. 

If the cutting planes be parallel to that of ys, the volume 
is denoted by J Ajdx ; where Ax denotes the area of the sec- 
tion at the distance x from the origin. 

1 80. Volume of Elliptic Paraboloid. — ^Let it be proposed 
to find the volimie of the portion of the elliptic paraboloid 

x^ y^ 

pa 

cut off by a plane drawn perpendicular to the axis of the sur- 
face. Here, considering z as constant, the area of the ellipse 

— + — = 22, by Art. 128, is 27r2 ^/w- 
p q ^ 

Hence, denoting by c th6 distance of the bounding plane 

from the vertex of the surface, we have 



F = 2ir *ypq zdz = V ^^pqc^. 

Jo 



This result admits of being exhibited in another form ; for if 
B be the area of the elliptic section made by the bounding 
plane, we have 

B = 27rc \/pq. 

Hence F = ^ circumscribing cylinder, as in paraboloid of re- 
volution. 
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181. The Ellipsoid. — ^Next, to find the volume of the 
ellipsoid 

a?' y^ ^ 

a* W & 

The section of the surface at the distance z from the 
origin is the ellipse 

c^ y" z" 

I 

the area of this ellipse, i. e. -4 a is 



■(i-|)a6. 



Hence, denoting the entire volume by F, we have 



a- 



V - 2Trab\ ( I - "^ ) rfs = - TT abc. 



182. Case of Oblique Axes. — It is sometimes more con- 
venient to refer the surface to a system of oblique axes. In 
this case, if, as before, we take the cutting planes parallel to 
that of ^y, and if oi be the angle the axis of z makes with 
the plane of xy, the expression for the volume becomes 

BmwfAzdZj 

taken between proper limits, where Az represents the area of 
the section, as in the former case. 

For example, let us seek the volume of the portion of an 
ellipsoid cut off by any plane. 

Suppose DEiyE^ to represent the section made by the 
plane, and ABAS the parallel central section. Take OAy 
OBy the axes of this section as axes of x and y respectively ; 
and the conjugate diameter OC as 
axis of 2. 

Then the equation of the surface is cy. 

?L ^ t ^ 

where OA = a', OB = b\ 00 ^ c\ ^^ 

It will now be convenient to transfer the origin to the 
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point (7' without altering the directions of the axes, when 
the equation of the surface becomes 

a^ y^ 2z s- 
The area Ag of the section, by Art. 128, is 

hence, denoting C'N by A, the volume cut off by the plane 
DJEiy is represented by 






or Tra 

But, by a well-known theorem,* we have 
a'SVsinw = abcy 

where a, b, c, are the principal semiaxes of the surface. 

Hence the expression for the volume V in question 
becomes 

r = nabc(^^-^)l (4) 



C'N 
or, denoting -^7^ by k. 






'(:-!)■ '^^ 



V = irabck 

This result shows that the volume cut off is constant for 

all sections for which k has the same value. Again, since 

ON 

•-— ^ = I - A:, the locus of i^T is a similar ellipsoid ; and we 

infer that if a plane cut a constant volume from an ellipsoid^ the 
locus of the centre of the section is a similar and similarly 
situated ellipsoid. 

* Salmon's Geometry of Three Dimensions, Art. 96. 
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183. Application to the Elliptic Paraboloid. — The corre- 
sponding results for the elliptic paraboloid can be deduced 
from the preceding by adopting the usual method of such 
derivation : viz., by taking 

a^ = pcy 6* = qCy 

and afterwards making c infinite : observing that in this casa 
/» 

the ratio -7 becomes imity. 
c 

Making these substitutions in (4) it becomes* 
V = V's/pk ^\^ X or T^^ V^y since c = 00. 

Hence, if a constant length be measured on any diameter 
of an elliptic paraboloid and a conjugate plane drawn, then 
the volumet of the segment cut from the paraboloid by th& 
plane is constant. 

Again, the area of an elliptic section by (3) is 

Tra'J' — -- -TT , or -j—. — — - — . 
\c cv c smai\c c^ ) 

On making the same substitutions, this becomes for the 
paraboloid 

sinw 

Now, if we suppose a cylinder to stand on this section > 
the volume of the portion cut off by the parallel tangent 
plane to the paraboloid is obtained by multiplying the area 
of the section by A sin oi ; and, consequently, is 



2f 



^qh\ 



i. e. is double the corresponding volume of the paraboloid. 
This is an extension of the theorem of Art. 180. 



* For a more direct investigation the student is referred to a memoir ''On 
gome Properties of the Paraholoid," Quarterly Journal of Mathematics, June^ 
1874, by Professor AUman. 
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EXA-MPLES. 

1. Prove that the volume of the segment cut from a paraboloid by any plane 
is ^ths of that of the circumscribing cone standing on tke section made by the 
plane as base. 

2. A cylinder intersects the plane of xy in an ellipse of semiazes OA = a, 
OB = b, and the plane of xz in an ellipse of semiazes OA = a, 00— e\ the 
•edges of the cylinder being parallel to BG\ find the volume of the portion of 
the cylinder bounded by the three co-ordinate planes. Ana, } ahe, 

3. The axes of two equlH^ right cylinders intersect at right angles ; find the 
volume common to both. Ana, -^/^a^, where a is the radius of ei&er cylinder. 
This surface is called a Oroin, 

1 84. Volume by Double Integration. — ^In the application 
of the preceding method of finding volumes, the area repre- 
sented by Axj instead of bein^ immediately known, requires 
in general a previous integration ; so that the determination 
of the volume of a surface involves two successive integra- 
tions, and consequently V is expressed by a double integral. 

Thus, as the area -4* lies in a plane parallel to that of ys, 
its value, as in Art. 126, may generally be represented by 
izdyy taken between proper limits. Hence V may be repre- 
sented by 

iUzdy]dx, 

or, adopting the usual notation, by 

llzdyda^j 

taken between limits determined by the data of the question. 
The value of a is supposed given by a relation 2 =/(«, y), 
by means of the equation of the bounding surface ; hence 

\zdy ^ \f{x,y)dy. 

In the determination of this integral we regard ;r as a 
constant (since all the points in the area have the same 
value of x)y and integrate with respect to y Ijptween its 
proper limits. 

Thus, if yx and y^ denote the limiting values of y, the 
definite integral 

y(?^jy)dy 

JVo 

becomes a function of x; this function, when integrated 
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255 



mth respect to x between the proper limits, determines the 
volume in question. 

If Xi and Xo denote the limits of a?, V may be represented 
by the double integral 



1 ^ f{xyy)dydx. 

J '0 J Vo 




We shaU exemplify this by a figure, in which we suppose 
the volume bounded by the plane of xy, by a cylinder 
perpendicular to that plane, and also by any surface.* 
Let RPRQ represent the 
section of the cylmder by the 
plane of xy\ and suppose 
JPMNQ to be the section of 
the volume by a parallel to 
f/z at the distance x from 
the origin. Let, PL = yi, 
QL = yoy then the area PMNQ 
is represented by the integral 

zdy. 

JVo 

The valuesf of yi and yo in terms of x are obtained from 
the equation of the curve EPJRfQ. 

Again, suppose P^M'N'Q to represent tho parallel section 
at the infinitesimal distance dx from PMNQ^ then the 
elementary volume between PMNQ and P^M'N'Q is repre- 
sented by 

dx\ zdy. 
Now, if RT and KT' be tangents to the boimding curve, 

• The determination of a volume of any form is virtually contained in this. 
For, if we suppose the surface circumscrihed hy a cylinder perpendicular to the 
plane of «y, the required volume will hecome the difference hetween two 
cylinders, hounded by the upper and lower portions of the surface, respectively. 
See Bertrand, Cal. Int. § 447. 

t In our investigation we have assumed that the parallels intersect the 
curve in hut two pointa each ; the general case is omitted, as the solution in 
such cases can he rarely obtained, and also as the investigation is unsuited for 
an elementary treatise. 
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drawn perpendicular to the axis of x, and if OT' = a?!, OT = a-o, 
the entire volume is represented by 



rj 



•^1 (Vi 

zdy dx. 
^oJyo 



It should be observed that z dy dx represents the volume 
of the parallelepiped whose height is s, and whose base is 
the infinitesimal rectangle having dx and dy as 'sides; and 
consequently the volume may be regarded as the sum of all 
such parallelepipeds corresponding to every point within the 
area RPKQ. 

It is also plain that we shall arrive at the same result 
whether we integrate first with respect to x^ and afterwards 
with' respect to y, or vice versd ; i. e. whether we conceive 
the volume divided into slices parallel to the plane of a», or 
to that of yz. 

We shall illustrate the preceding by an example.* 

Suppose RPKQ to be the circle 

(x-ay+{y-hy^ R\ 

and the bounding surface the hyperbolic paraboloid 

xy =- cz\ 
then we have 



yo = 6 - ^/m-{x-a)\ yx^b + ^B^-{x^a)\ 
and 

Again a?i = flf + jB, Xq = a - It, 

.-. F= — yE'-ix-ayxdx. 

Ja-B 

Now let x-a = BbihO, and we get 



• This and the next example are taken £ix>m Cauchy's Applicationfl Geom^ 
tri^ues du Calcul Infinitesimal, p. 109. 
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2bIP\' 



- GO&'B{a-\-EBme)de. 



tr tr 

But f" cos«erfe = ~, pcos'^esinerfe = o, 



^ abE" 

'. V = TT . 



Affain, if for the cylindrical surface which has for its 
base uie circle we substitute a system of four planes x = Xo^ 
a? = X, y = yo, y = r", we get 

CX Cr r^t 

^ dx 



■o:?*' 



= i-(X'-<r„*)(I--y.») 

/TT \ /TT ,,N '^oyo + a?oF+Xyo + Xr 

4c 

= (X-a?o)(F-yo) -^ , 

4 

in which Zi, 23, Zz^ z^^ are the ordinates of the four comer 
points of the portion of the surface in question. 

Again, from the well-known properties of the surface, in 
order to construct the hyperbohc paraboloid it is suj£cient 
to trace the gauche qua(bilateral whose summits are the 
extremities of the ordinates 21, 22, 23, 24; then a right line 
moving on a pair of opposite sides of this quadrilateral, and 
comprised in a plane parallel to the other pair, will generate 



the paraboloid m question. 

Hence we arrive at the following proposition : — 

Having traced a gauche quadrilateral on the four lateral 

faces of a right prism standm^ on a rectan^ar base, if a 

light line move on two opposite sides of this quadrilateral 

8 
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and be parallel to the planes of the faces which contain the 
other two sides, then the volume cut from the prism by the 
surfatce so generated is equal to the product of the area of 
the rectangular base of the prism by one-fourth of the sum 
of the edges of the prism between the vertices of the 
rectangle and those of the quadrilateral. 

185. Double Integration. — ^From the preceding Article it 
is readily seen that the double integral 

Uf{^>y)dydx 

can be represented geometrically by a volume; and the 
determination of the double integral, when the limits are 
given, is the same as the finding the volume of a solid with 
corresponding limits. 

For instance, the first example in the preceding Article is 
equivalent to finding the value of the double integral 

llxydxdy 

taken for all values oix and y subject to the condition 

and similarly in other cases. 

When the limits of x and y are constants, as in 



\ \f{^^y)dydx, 



the double integral represents the volume cut by the surface 

from the parallelepiped whose base is the rectangle formed 
by the lines 

x^a, x^a\ y ^bf y = i'. 

It is plain that in this case the order of integration is 
indifferent, as ahready seen in Art. 115. 
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186. It is sometimes more convenient to refer the curve 
BPSfQ to polar co-ordinates, in which case we conceive the 
area divided into infinitesimal rectangles of the type rdrdO. 

The corresponding parallelepiped is represented by 
Sir dr ddy and the expression for V becomes -» 

r = jjzrdrdO, 

taken between proper limits. 

For instance, if the boimding surface be a sphere, whose 
centre is the origin, we have 

z = y^F^, 

and the equation becomes 

r = !!y^~^rdrde; 



but lya^-r'rdr = -^(a«-r»)l. 

Hence, if V denote the volume included between the 
sphere and the exterior surface of the cylinder, we shall have 

r=i!{a'-f^)ide, 

where we suppose each radim of the sphere to cut the 
cylinder in but one point. 

For example, let the base of the cylinder be the pedal 
of an ellipse whose major axis coincides] with a diameter of 
the sphere ; then 

r* = a'cos^d + J'sin'O, 
and r= \{a''-b')\l^m'6d9:, 

If this be integrated between the Umits o and ~, we get 
the |th of the entire volume ; hence the entire volume 

9 



s 2 
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Examples. 

1. A sphere is cut by a right cylinder, the radius of whose base is half that 
of the sphere, and one of whose edges passes through the centre of the sphere ; 
find the volume common to both surfaces. 

Ana. , a being the radius of the sphere. 

3 9 

2. If the base of the cylinder be the complete curve represented by the 
equation r = a cos nd, where n is any integer, find the volume of the solid 
between the surface of sphere and the external surface of the cylinder. 



187. It is readily seen, as in Art. 141, that the volume 
included mthin the surface represented by the equation 



^& !• 



2\ 



is abc X the volume of the surface 

F{x,y,z) = o. 

For, let - = ip', r = /> - = ^\ a^d we shall have 
a be 

zdxdy = abcz^ dx' di/j 

and .*. II zdxdy = abc jjz'dx^ dy^ ; 

which proves the theorem. 

Hence, for example, the determination of the volume of 
an ellipsoid is reduced to that of a sphere. 

Again, if the^ point {x^ y, 2) move along a plane, the 
corresponding point (a^, /, sT) will describe another plane. 
From this property the expression for the volume of an 
ellipsoidal cap (Art. 182) can be immediately deduced from 
that of a spherical cap (Art. 170). 

In like manner the volume included between a cone 
enveloping an ellipsoid and the surface of the ellipsoid is 
redudble to the corresponding volume for a sphere. 
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1 88. Quadrature on the Sphere. — ^We next propose to 
give a brief diBcussion of quadrature on a sphere, and 
commence with the results on the subject usually given in 
treatises on Spherical Trigonometry. In the 'first place, 
since the area of a lune is to that of the entire sphere as the 
angle of the lune to four right angles, the area of a lime of 
angle A is represented by zR^A ; where R is the radius of 
the sphere, and A is expressed in circular measure. 

Again, the area of a spherical triangle ABC is expressed 
by if (^ + J? + C - tt) ; for, the sum of the three lunes 
exceeds the hemisphere by twice the area of the triangle, as 
is easily seen from a figure. 

Hence, it readily follows that the area 2 of a spherical 
polygon of n sides is represented by 

S = if^{^ + J?H-(7+&c.- (w-2)7r); 

-4, -B, (7, &c., being the angles of the polygon. 

This result admits of oeing expressed in terms of the 
sides of the polar polygon ; for, representing these sides by 
«', J', o', &c., we have 

-4 = TT - a', B = TT - h\ &c., 

and consequently 

S = R'[2ir-{a'-^h' + e+&c.)}. 
Or, denoting the perimeter of the polar figure by /S, 

S + ii/S = 2TrR\ (6) 

This proof is perfectly general, and holds in the limit, 
when the polygon becomes any curve ; and, accordingly, the 
area bounded by any closed spherical curve is connected with 
the perimeter of its polar curve by the relation (6). 

Again, the spherical area boimded by a lesser circle 
(Art. 1 70) admits of a simple expression ; if p denote the 
circular radius of the circle, or the arc from its pole to its 
circumference, the area in question is represented by 

2Tr-B'(i -cos^) ; 
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for (see fig. Art. 170) we have 

AN^ AC^CN ^ R{i-co8p). 

This result also follows immediately as a simple case of 
equation (6). 

Agaia, the area bounded by the lesser circle and by two 
arcs drawn to its pole is plainly represented by 

l?a(i -cos/o), 

where a is the circular measure of the angle between the Arcs. 

"We can now find an expression for the area bounded by 
any closed curve on a sphere ; for 
the position of any point P on the 
surface can be expressed by means 
of the arc OP drawn to a fixed 
pointy and of the angle POX 
between this arc and a fixed arc 
through 0. These are called the 
polar co-ordinates of the point, and 
are analogous to ordinary polar 
co-ordinates on a plane. 

Now, let OP = p, and POX = w, and any curve on 
the sphere may be supposed to be expressed by a relation 
between p and cu. 

Again, suppose OQ to represent an infinitely near vector, 
and draw PM perpendicular to OP; then, neglecting in 
the limit the area PQB, the elementary area OPQ^ by the 
preceding, is represented by 

JB*(i -cosp) dw. 

Hence the area bounded by two vectors from is 
expressed by the integral 22* J (i -cos/o) dtoy taken between 
suitable limits. 

If the curve be closed, the entire superficial area becomes 




JB* (i -coBp)du}. 



The value of cos p in terms of oi is to be determined in 
each case by means of the equation of the bounding curve. 
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The integral if eosp dtu obviously represents the area 

included between the closed curve and the great circle which 
has for its pole. 

The length of the curve can also be represented by a 
definite integral; for, regarding PRQ as ultimately a right- 
angled triangle, we have in the limit, 

PQ» = PB?^R(t: also PJ8 = sin/irfw. 

Hence d^ = dp^ + sin^p rfai% 



or da = dw /sin^p + 



>hHl)'- 



- P" J'i""'> + (IJ- 



Again, it is manifest from (6) that the determination of 
the len^h of any spherical curve is reducible to finding tlie 
area of its polar curve, and vice versa. 



Examples. 

I. Find tbe area of the portion of the surface of a sphere which is inter- 
cepted by a right cylinder, one of whose edges passes through the centre of the 
sphere, and the radius of whose base is half that of the sphere. 

Here, the equation of the base may be written in the form r = i2 sin «, 
JBt being the radius of the sphere, and » being measured from the tangent to the 
ciroular base. 

Again, from the sphere we have r = JZ sin p, .•. p = « is the equation 
of the curye of ^intersection of the sphere and tbe cylinder; hence the area 
in question is 



2JK2f'(i-oos«)i« = aS'f^-iV 



This being doubled gives the whole intercepted area = 2xi2* - 4-R'' 

In general, if r =/(«) be the equation of the base of a cylinder, it is easily 

seen that the equation of the curve of its intersection with the sphere may be 

written in the form ii sinp =/(«). 

For example, let the diameter of the right cylinder be less than half that 

of the sphere, and, writing l^e equation of the base in the form r » a sin », 

where « is the diameter of the section, we get iZ sinp = a sin», or sinp = k ilin « 
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(where k is < i), as the equation of the cunre of intersection of the sphere and 
the cylinder. 

Hence the intercepted area is denoted by 

V tr 

Hence the area in question depends on the rectification of an ellipse. 

2. Find the area of the portion of the surface of the cylinder intercepted by 
the sphere, in the preceding. 

Here the area in question is easily seen to be represented by 2Jzd8f where 
dt denotes the element of the curve which forms the base, corresponding to 
the edge z. 

Now (i), when the diameter of the base is equal to the radius of the sphere, 
we have 

z = McoB CD, and <& = JK da, 

IT 

.*. area in question = 4jB^ cos w <f« = 4^3^, i. e., the square of the diameter 

Jo . 
of the sphere. 

(2). When the diameter of the base is less than the radius of the sphere, 
we have 

2 \zd8 =s 2a I y^JK'^ — a» sin^ « £2» = 2aJB l\/ i - K*8in*«<f(W, .*. &c 

189. duadrature of Surfaces. — In seeking the area of a 
portion of any surface we regard it as the limit of a number 
of infinitely small elements, each of which is considered as 
a portion of a plane which is ultimately a tangent plane to 
the surface. Now let dS denote such an element of the 
superficial area, and d<T its projection on a fixed plane which 
makes the angle 6 with the plane of the element; then, 
from elementary geometry, we shall have 

da = ooaO dS, or dS = sec 6 da. 

Hence S = jseoO da^ 

taken between suitable limits. 

The applications of this formula usually involve dot^k 
integration^ and are generally very complicated; there is, 
however, one mode by which the determination of the area of 
a portion of a surface can be reduced to a single integration, 
and by whose aid its value can in some cases be found ; viz.. 
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hj supposing the surface divided into zones by a system* of 
curves along each of which the angle 9 between the tangent 
plane and a fixed plane is constant ; then, if dS denote the 
superficial area of the zone between the two infinitely near 
curves corresponding to the angles and + dd; and, if dA 
be the projection of this area on the fixed plane, we shall 
have d8 = sec dA. 

If we suppose the surface referred to a rectangular 
system of axes, the fixed plane being that of xp; and, 
adopting the usual notation, if we take X, )u, v as the direction 
angles of the normal at any point on the surface, we get 
for dSf the area of the zone between the curves corresponding 
to V and v + rfv, the equation 

d8 = seci;^^, 

where A denotes the area of the projection on the plane of 
at/ of the closed curve defined by the equation v = constant. 

Now whenever we can express the area A in terms of v 
and constants, then the area of a portion of the surface, 
bounded by two curves of the system in question, is reducible 
to a single integration. 

The most important applications of this method are 
furnished by surfaces of the second degree, to which we 
proceed to apply it, commencing with the paraboloid. 

1 90. Quadrature of the Paraboloid. — ^Writing the equation 
of the surface in the form 

P Q 

the equation of the tangent plane at the point (a;, y, z) is 
where X, F, Z are the co-ordinates of any point on the plane. 



* I am not aware to whom this method is due, but it has been employed 
in a more or less modified form by M. Catalan, Liouyille, tome iv., p. 323, by 
Hr. Jelletty Camb. and Dub.f Mam. Journal, vol. i., as also by other writers. 
Such curyes are called parallel curves by M. Lebesgue, Liouville, tome xL, p. 332, 
«nd " Curven isokliner Normalen," by Dr. Schlomilch. 
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Comparing this with the equation 

XoosX + Foos/i + Zcosv = P, 

we get COS A = - cos v, cosu = - cos v ; 

substituting in the identical equation 

cos' A + cos' /I + cos* V = I, 

"I 2 

we get — + iL. = tan' v. (?) 

Consequently the curve along which the tangent plane 
makes the ang;le v with the tangent plane at the yertox is 
projected on that plane into the ellipse 

— + •— = tan'v. 
P' f 

The area A of this ellipse is Trp^tan'v; accordingly^ 
we have 

dA = 7ri?3^rf(tan'v), 

.•. dS = 7rj92'seci;(i?(tan'i;) = 7r/?g'seci;rf(sec'v) ; 

hence the area of the paraboloidal cap boimded by the 
curve V = a is 

irpq sec vrf (sec'v) = \ifpq (seo'a - i). 

Also the area of the belt* between the curves 

V = a and v = a' is ^tfpq (sec'a'-sec'a). (8) 

* This form for the quadrature of a paraboloid is, I belieye, due to Kr. 
'< Jellett; see Camb. and Dub. Math. Journal, vol. i., p. 65. The proof gnren 
above is in a great measure taken from Mr. AUman's paper in the Qaarteriy 
Journal, already referred to. 
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191. Quadrature of the Ellipsoid. — Proceeding in like 
manner to the ellipsoid 

Q^ y^ ^ 

the equation of the tangent plane at the point {x^ y, z) is 

Xx Yy Zz 

a* 6' c^ 

Hence, comparing with the equation 

XcosX + Fcosfc + Zcosv = P, 
we get 

(^ X (^ ti 

COSX = — r — COSi/, COSIC = -77 — COS i;. 

Hence, we have 

COS* V — ( — + n ) = cos'A + cos'/i = sin* v ; 

or, substituting i - — - t^ for -, 

— f a*sin'v + o*cos%J + "l^f J^sin'v + o^cos'vj = sin* v. 

This shows that the projection on the plane of xy^ of 
a curve along which v = constant, is an ellipse. 
Again, the area A of this ellipse is 

ira* J* sin* v 
(a* sin* V + c* cos* v)^ (6* sin* v + c* cos' v)4* 

and, accordingly, the area dA of the elementary annulus 
between two consecutive ellipses is 

sin* V 
c* cos* i;)i (6* sin* V + c* cos* i;)^) 

The corresponding elementary ellipsoidal zone d8 ia 
represented by 

ira*J* d I sin'v ) 

oosv rfi;((a*sin*v + c*cos*r)i (J»sin*i; + c*cos*i;)i) 



2 Z.2 ^ ( Sl^' ^ I J 
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Now, if S denote the superficial area* between two 
ourves corresponding to v = a and v = o', after one or two 
reductions, it is easily seen that 



where 



8 = Tra'J^c' (/+/'), (9) 

sin V dv 
'(6* sin* v + c^ cos* v)* (a* sin* v + c* cos* v)i' 

sinv dv 



-1: 

Ja (a*sin*v + c* 



00s* v)^ (6* sin* V + <?* cos*v)i* 



It is easily shown that the former of these integrals is 
represented by an arc of an ellipse, and the latter by an arc 
of a hyperbola ; it being assumed that a> b> c. 

For, assuming a^ - & ^ a*e*, and 6* - c* = 6*^'*, and 
making cos v = a;, we get 

I ^^ dx 

" <^'b]^,{i-e^x^)Hi-e'^^)^' 

Again, let ^^ = sind in the former integral, and /a; = sinO 
in the latter, and we get 

dQ 



ab^] 



(e*-/*sin*(^)«' 

a'ftj (e'*-^*sin*tf)«* 

Now, since e > e\ the former integral represents an 
arc of an ellipse, and the latter an arc of a hyperbola. 
(See Ex. 19, p. 234.) 

* This form for the quadrature of an ellipsoid is given hy Mr. Jellett in 
the memoir already referred to. He has also shown that the ellipse and the 
hyperbola in question are the focal conies of the reciprocal ellipsoid ; a result, 
wluch can be easily arrived at from the forms of / and /' given above. 

For application to the hyperboloid, and further development of these results, 
the student is referred to Mr. Jellett's memoir. 
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192. "We shall conclude this chapter with the considera- 
tion of some general formulse in double integration relative 
to any closed surface. We commence by adopting the sam& 
notation as in Art. 189, where X, /u, v are taken as the angles 
which the exterior normal at the element dS makes with th& 
positive directions of the axes of a?, y, 2, respectively. 

Again, let each element of the surface be projected on 
the plane of ay^ and suppose* for simplicity that each z 
ordinate meets the surface in but two points : then, if the in- 
definitely small cylinder standing on any element dA in the 
plane oixy intersects the surface in the two elementary por- 
tions dSi and dSz (where dSi is the upper and dSz the lower 
element), and if vi and V2 be the corresponding values of v, it 
is plain that vi is an acute, and V2 an obtuse angle, and we 
have 

dA = cos vidSi = ~ cos v^dSz. 

Hence, if we take into account all the elements of the surface^ 
attending to the sign of cos v, we shall have 

J/ cos vdS = o. 
In like manner we get 

// cos \dS = o, and JJ cos /urfS = o ; 

the integrals extending in each case over the whole of the 
closed surface. 

These f ormulee are comprised in the equation 

// (a cosA + /3 oos/i + 7 oosi/) dS = o. (10) 

Again, if Zi and 23 be the values of z corresponding to the 
element dAy then, denoting hj dV the element of volume 
standing on dA and intercepted by the surface, we plainly 
have 

dV= {zi - Z2)dA = ZidSi cos vi + ZidSz cos 1/2, 

* It is easily seen that this and the following prooft are perfectly general, 
inasmuch as each ordinate must meet a closed suhaoe in an even number of 
points, which may be considered in pairs. 
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tmd the sum of all such elements, that is, the whole Yolume, 
is evidently represented by 

jjz cos vdS, 

Hence, denoting the whole volume by F", we have 

F = J/a? oo8Xrf/S = /Jy oos/idiS = JJ2 cos vdS; 

the integrals, as before, being extended over the entire 
surface. 

Again, it is easily seen that we have 

/J a cos V rf/S = o, jj y cos v rf/S = o, jjxoo9ij,dS=^ o, 
JJ y cosX rf/S = o, JJ s cos A rf/S = o, /J 2 00& fxdS = o. 

For, as in the first case, it readily appears that the elements 
xire equal and opposite in pairs in each of these integrals. 
These results are comprised in the equation 

/J (cup + /3y + 7s) (a'cosX + /3'coSfc + 7'cosv)rfiS 

= (aa+/3/3'+7/)r- (II) 
For a like reason, we have 

jj xy cos v rf/S = o, \\ zx cos ft d8 = o, // yz oosX dS - o. 

Also, // a^ cos vdS^Oy jj x^ooafidS =^ o, &c. 

Next, let us consider the integral 

jj XZ COB vdS. 

This integral is equivalent to fjxdV; consequently, if 
^f Vy ^9 ^ ^^ co-ordmates of the centre of gravity of the 
enclosed volume F, we get // xz oosvdS = j j xdV '^ x V. 

In like manner // xz cos \d8-zVj and similarly for the 
corresponding integrals. 

Again, the integral 

llz^ QOBvdS 

consists of elements of the form (21* - 22') dA ; but 

(2x* - ::,') dA = (21 + 2,) (21 - »,) dA 

« (2i + 2a)rfr. 
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But, the z ordinate of the centre of gravity of dV is 
plainly — ?, and consequently 

In like manner it can be shown that 

// «»00S XrfS = 2xVy JSf COS jULdS = 2yV. 

Accordingly we have 

Fi = a ! a^ co&\dS = j j ity oosfidS == j j XZOO8V dSy 

Vy = //y«cosXefflf = ^JJ^cos)tief/S = JJyscosvrf/S, 

Vz = //si»cosXrfiS = JJsycos;irf/S = ^JJs«cosve?S. 

193. Next, if we suppose a cone described with its vertex 
at the origin 0, and standing on the elementary base dS^ 
its volume is represented (Art. 169) by \pd8y where jt? is the 
length of the perpendicular drawn from to the tangent 
plane at the point. 

Also, if r be the distance of from the point, and 7 the 
angle which r makes with the internal normal, we have 
J!? = f cos 7. 

^ Hence the elementary volume is equal to ^ r cos 7 dSy and 
it is easily seen that if we integrate over the entire surface, 
the enclosed volume is represented by 

•J- J/r cos ydS. 

194. Again, if we suppose a sphere of unit radius described 
with as centre, and if dio represent the superficial portion 
of ibis sphere intercepted by the elementary cone standing on 
d8y then it is easily seen that ooQydS = t^dto^ 

, Q08yd8 
,\ au) = — . 

Now if be inside the closed surface, and the integral 
l)e extended over the entire surface, it is plain that // duf = 47r 
iDeing the surface of the sphere of radius unity, 

'cob yds 
1 — = 4T. 



ir 
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Again, if be outside the surface, the cone will cut the 
surface in an even number of elements, for which the values 
of cos 7 wUl be alternately positive and negative, and, the 
corresponding elements of the integral being equal but with 
opposite signs, their sum is equal to zero, and we shall have 



w 



cos yds 
1. — = o« 



If be situated on the surface, it foUows in like manner 
that 



If 



—r^ dS = 27r. 



Hence, we conclude that 

fcos V ,^ / V 

' ■ c?/S = 47r, 27r, or o, {^12) 



IP 



according as the origin is inside, on, or outsiole the surface. 

The multiple integrals introduced into this and the two 
preceding Articles are principally due to Gauss. 

The student will find some important applications of them 
in Bertrand's Cal. Int., §§ 437, 455> 456, 476, &o. 
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Examples. 

1. A sphere of 15 feet radius is cut by two parallel planes at distances of 
3 and 7 feet from its centre ; find the superficial area of the portion of the sur- 
face included between the planes. Ans, 376.9908 sq. feet. 

2. Being given the slant height of a right cone, find the cosine of half its 

vertical angle when its volume is a maximum. Ana. — — . 

V 3 

3. Prove that the volume of a truncated cone of height h is represented by 

3 

vrhere It and r are the radii of its two bases. 

4. A cone is circimiscribed to a sphere of radius Bj the vertex of the cone 
being at the distance D from the centre ; find the ratio of the superficial area 

of the cone to that of the sphere. Ana. — --— - . 

4. Two spheres, A and By have for radii 9 feet and 40 feet; the superficial 
area of a third sphere C is equal to the sum of the areas of A and B ; calculate 
the excess, in cubic feet, of me volume of C over the sum of the volumes of A 
and B. Ana. 17558. 

6. If any arc of a plane curve revolve successively round two parallel axes, 
show that the difPerence of the surfaces generated is equal to the product of the 
length of the arc into the circumference of the circle described by any point on 
either axis turning round the other. 

If the axes of revolution lie at opposite sides of the curve, the sum of the 
surfaces must be taken instead of the difiterence. \ 

7. Find, in terms of the sides, the volume of the solid generated by the 
complete revolution of a triangle round its side e. 

^^^^ 4» 8{8'-a){a-b) (a^e) 
* 3 « 

8. Apply Guldin's theorem to determine the distance from the centre, of the 

centre of gravity, (i) of a semicircular area ; (i) of a semicircular arc. 

. . 4/1 / V 2« 
Ana. (I) :^, (2) -. 

9. If a triangle revolve round any external axis, lying in its plane, find an 
expression for the area of the surface generated in a complete revolution. 

10. Prove that the volume cut from the surface 

2" = Axi f 5y2 

by any plane parallel to that of »y, is -th part of the cylinder standing on 

the plane section, and terminated by the plane of xt/. 

T 
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11. A cone is circumscribed to a sphere of 23 feet radius, the vertex of the 
cone being 265 feet distant from the centre of the sphere ; find the ratio of the 
superficial area of the cone to that of the sphere. 

12. The axis of a right circular cylinder passes through the centre of a 
sphere, find the volume of the solid included between the concave surface of the 
sphere and the convex surface of the cylinder. 

Ant, --r-, where e is the length of the portion of any edge of the cylinder 
6 

intercepted by the spliere. 

This question is the same as that of finding the volume of the solid generated 
by the segment of a circle cut off by any chord, in a revolution round the 
diameter parallel to the chord. 

13. Find the volume of the solid generated by the revolution of an arc of a 
circle round its chord. Ant, 2xa \ eai, 

where a = radius, e = distance of the chord from centre, and cos a = -. 
' a 

In this we suppose the arc less than a semicircle ; the modification when it 

is greater is easily seen. 

14. If the ellipsoid of revolution 
and the hyperboloid 



0' 



a2_J2 



'^be cut by two planes perpendicular to the axis of revolution, prove that the 
• ripnes intercepted on the two sui-f aces are of equal area. 

15. Find the entire volume bounded by the surface 



(0'*0)'*e)'- 



ale 

and by the positive sides of the three co-ordinate planes. Ant. — . 

90 

16. Find the volume of the surface generated by the revolution of an arc of 
a parabola round its chord ; the chord being perpendicular to the axis of the 

curve. 

g 
Ant. — xb% where e is the length of the chord, and 6 the intercept made 

by it on the diameter of the parabola passing through the middle point of the 
chord. 

17. A sphere of radius r is cut by a plane at distance <f from the centre ; find 
the difference of the volumes of the two cones having as a common base the 
circle in which the plane cuts the sphere, and whose vertices are the opposite 
ends of the diameter perpendicular to the cutting plane. 

Ant.iwd{r^-tP). 
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18. Find the area of a spherical triangle ; and prove that if a curve traced 
on a sphere have for its equation sin A =/(^, A denoting latitude, and I longi- 
tude, the area between the curve and the equator = lf{t)dL 

19. Show that the volume contained between the surface of a hyperboloid 
of one sheet, its asymptotic cone, and two planes parallel to that of the real 
axes, is proportional to the distance between those planes. 

20. Find the entire volume of the surface 

^vahe 



©'*(!)'* er- 



5-7 



2 1 . The vertex of a cone of the second degree is in the surface of a sphere, 
and its internal axis is the diameter passing through its vei-tex ; find the volume 
of the portion of the sphere intercepted within the cone. 

22. Prove that the volume of the portion of a cylinder intercepted between 
any two planes is equal to the product of the area of a perpendicular section 
into the distance between the centres of gravity of the areas of the bounding 
sections. 

23. 1£ A be the area of the section of any surface made by the plane of xy, 
prove, as in Art. 192, that 

-4 = JJcos yds, 

the integral being extended through the portion of the surface which lies above 
the plane of xt/, 

24. If a right cone stand on an ellipse, prove that its volimie is represented 
by 

- {OA . OA')^sw?a COB a; 
3 

where is the vertex of the cone, A and A' the extremitieB of the major axis 
of the ellipse, and a is the semi-angle of the cone. 

25. In the'same case prove that the superficial area of the cone is 

- {OA + OA') [OA . OAy Bin a. 
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CHAPTEE X. 

2HOMENTS OF INERTIA. 



195. Moments of Inertia. — The following terms and integrals 
are of such frequent occurrence in mechanical investigations 
that it is proposed to give a brief discussion of them in this 
Chapter. 

If each element of the mass of any solid body be supposed 
to be multiplied by the square of its distance from any fixed 
right line, and the sum extended throughout every element 
of the body, the quantity thus obtained is called the moment 
of inertia of the body with respect to the fixed line or axis. 

Hence, denoting the element of mass by dm^ its distance 
from the axis by p^ and the moment of inertia by J, we have 
/= Si?^^m. (i) 

In like manner, if each element of mass of a body be 
multiplied by the square of its distance from a plane, the 
sum of such products is called* the moment of inertia of the 
body relative to the plane. 

if the system be referred to rectangular axes of co- 
ordinates, then the expression for the moment of inertia 
relative to the axis of z is obviously represented by 
S {x" + y'') dm. 

Similarly, the moments of inertia relative to the axes of 
X and y are represented by S {y^ + 2') dm and S (ic* t- z^) dm^ 
respectively. 

Again, the quantities 'SiO^dm, ^y'^dmy ^z^dm are the 
moments of inertia of the body with respect to the planes 
of yz, zx and xy^ respectively. Also the quantities ^xydm^ 
S zxdmy ^yzdm are called the products of inertia relative to 
the same system of co-ordinate axes. 

In like maimer the moment of inertia of the body witii 
reference to ^ point is ^r^dm^ where r denotes the distaiice of 
the element dm from the point. Thus the moment of inertia 
relative to the origin is S (a^ + y' + s') dm. 
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196. Moments of Inertia relative to Parallel Axes, or 
Planes. — The following result is of fundamental importance. 
The moment of inertia of a body with respect to am/ axis exceeds 
its moment of inertia with respect to a parallel axis drawn 
through its centre of gravity ^ by the 2^roduct of the mass of the 
body into the square of the distance between the parallel axes. 

For, let / be the moment of inertia relative to the axis 
through the centre of gravity, /' that for the parallel axis, 
M the mass of the body, and a the distance between the axes. 

Then, taking the centre of gravity as origin, the fixed 
axis through it as the axis of s, and the plane through the 
parallel axes for that of zxy we shall have 

/= '2,{x'^y^)dm, /' = ^ [{x -^ af ■¥ y^] dm. 

Hence /' - / = 2a ^dni + a^^dm = a^M^ 

since ^xdm = o, as the centre of gravity is at the origin, 

.-. r = I^a'M. (2) 

Consequently, the moment of inertia of a body relative to 
any axis can be found when that for the parallel axis through 
its centre of gravity is known. 

Also, the moments of inertia of a body are the same for 
all parallel axes situated at the same distance from its centre 
of gravity. 

Again, it may be observed that of all parallel axes, that 
which passes through the centre of gravity of a body has the 
least moment of inertia. 

It is also apparent that the same theorem holds if the 
moments of inertia be taken with respect to parallel planes, 
instead of parallel axes. 

A similar property also connects the moment of inertia 
relative to any point with that relative to the centre of 
gravity of the body. 

In finding the moment of inertia of a body relative to 
any axis, we usually suppose the body divided into a system 
of indefinitely thin plates, or lamince, by a system of planes 
perpendicular to the axis : then, if we find the moment of 
inertia for a lamina, we seek by integration to find that of 
the entire body. 
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197. Badius of Gyration. — If k denote the distance from 
an axis at which the entire mass of a body should be concen- 
trated without altering its moment of inertia relative to the 
axis, we shall have 

JfF = /= ^r'dm. (3) 

The length k is called the radius of gyration of the body 
with respect to the fixed axis. 

In homogeneous bodies, which shall be here treated of 
principally, smce the mass of any part varies directly as its 
Yolume, the preceding equation may be written in the form 

where d V denotes the element of volume, and V the entire 
volume of the body. 

Hence, in homogeneous bodies, the value of A is indepen- 
dent of the density of the body, and depends only on its form. 

We shall in our investigations represent the moment of 
inertia in the form - ,,., 

I = Ml^y 

and, it is plain that in its determination, for homogeneous 
bodies, we may take the element of volume for the element 
of mass, and the total volume of the body instead of its mass. 
Also, in finding the moment of inertia of a lamina, since its 
radius of gyration is independent of the thickness of the lamina, 
we may take the element of area instead of the element of 
mass, and the total area of the lamina instead of its mass. 

198. If A and B be the moments of inertia of an in- 
finitely thin plate, or lamina, with respect to two rectangular 
axes OXy OY, lying in its plane, and if C be the moment 
of inertia relative to OZ drawn perpendicular to the plane, 

we have r^ a t^ / \ 

C = A + B. (4) 

For, we have in this case A = S^Vm, B = ^a^dm^ and 
C= '2.{:J^-\-f)dm. 

Again, for every two rectangular axes in the plane of the 
lamina, at any point, we have 

^a^drn i- ^y^dm = const. 
Hence if one be a max., the other is a min., and vice vet^sL 
We shall, in all investigations concerning laminae, take C 

for the moment of inertia relative to a line perpendicular to . 

the lamina. 
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199. Uniform Bod, Bectangular Lamina. — We commence 
with the simple case of a rod, the axis being perpendicular to 
its length and passing through either extremity. 

Let X be the distance of any element dm of the rod from 
the extremity, then, since the rod is uniform, dm is propor- 
tional to dxy and we may assume dm = fidxi hence, the 
moment of inertia / is represented by /u ^x^dxy or by 



!0 



'dx, 
where / is the length of the rod. 

Hence / = ^ = jif-. 

3 3 

If the axis be drawn through the middle point of the rod, 
perpendicular to its length, the moment of inertia is plainly 
the same for each half of the rod, and we shall have in this case 

P 

12 

Next, let us take a rectangular lamina, and suppose the 
axis drawn through its centre, parallel to one of its sides. 

Here, it is evident that the lamina may be regarded as 
made up of an infinite number of parallel rods of equal 
length, perpendicular to the axis, each having the same 
radius of gyration, and consequently the radius of gyration 
of the lamina is the same as that of one of the rods. 

Accordingly, we have, denoting the lengths of the sides 
of the rectangle by 2fl and 26, and the moments of inertia 
round axes through the centre parallel to the sides, by A and 
By respectively, 

A = -Mb\ B = ^Ma\ (5) 

3 3^ 

Hence also, by (4), the moment of inertia round an axis 
through the centre of gravity, and perpendicular to the plane 
of the lamina, is 

-Mia'+^b'). (6) 

3 
By applying the principle of Art. 196 we can now find 
its 'moments of inertia with respect to any right line either 
lying in, or perpendicular to, the plane of the lamina. 
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200. Rectangular Parallelepiped. — Since a parallelepiped 
may be conceived as consisting of an infinite number of 
laminae, each of which has the same radius of gyration 
relative to an axis drawn perpendicular to their planes, it 
follows that the radius of gyration of the parallelepiped is 
the same as that of one of the laminae. 

Hence, if the length of the sides of the parallelepiped be 
2flf, zh and 2c, respectively ; and, if A^ B, C be respectively 
the moments of inertia relative to three axes drawn through 
the centre of gravity, parallel to the edges of the parallel- 
epiped, we have, by the last, 

A^^ Mib'-^c'), B = ^M{a'-^c% (7 = ijf(a' + 6^). (7) 
' o o 

201. Circular Plate, Cylinder. — If the axis be drawn 
through its centre, perpendicular to the plane of a circular 
ring of infinitely small breadth, since each point of the ring 
may be regarded as at the same distance r from the axis, its 
moment of inertia is r^dm, where dm represents its mass. 

Hence, considering each ring as an element of a circular 
plate, and since dm = iA2nrdr,we get for C, the moment of 
inertia of the circular plate of radius a, 

C = 2WU r^dr = -^-- = Jtf — . 



"■1: 



Consequently, the moment of inertia of a ring, whose 
outer and inner radii are a and J, respectively, with respect to 
the same axis, is 

2Tru I'^dr = IT a = Jf- 



■/i T^dr = TT/x - 



2 2 

Again, by (4), the moment of inertia of a circular plate 

a* . 
about any diameter is M—y since the moments of inertia are 

4 
obviously the same respecting all diAmeters. 

In liie manner, the moment of inertia of a ring relative 
to any diameter is 
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Also, the moment of inertia of a right cylinder about 
its axis of figure is 



a being the radius of the section of the cylinder. 

202. Bight' Cone. — To find the moment of inertia of a 
right cone relative to its axis, we conceive it divided into an 
infinite number of circular plates, whose centres lie along the 
axis ; and, denoting by x the distance of the centre of any 
section from the vertex of the tone, and by a the semi-angle 
of the cone, we have 



/ = 



TTjutan^a 



tan^ap 



a^dx = 



TTjuiVi 



10 



where h is the height of the cone, and b the radius of its 
base. 

Hence, since by Art. 169 the volume of the cone is - 6^ A, 

we have 



/= ^Mb\ 
10 



(8) 



203. Elliptic Plate. — ^Next let us suppose the lamina an 
ellipse, of semi-axes a and 6; and let A and B be the 
moments of inertia relative to these 
axes, respectively. 

Describe a circle with the axis 
minor for diameter, and suppose the 
lamina divided into rods by sections 
perpendicular to this axis. Let jB' be 
the moment of inertia for the circle 
round its diameter. 

Then, denoting by dB and dB^ the moments of inertia 
of corresponding rods, we have 

dBidB^ = {npY : (w/)' = {oaY : {oby = a* : 6» ; 
.\ BiB" =^ a' : b\ 
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But jB', by Art. 201, is 



4 



.-. -B = r = — ^'• 

46 4 

Similarly, -4 = — ^\ 

Hence the moment C round a line througli the centre of 
the ellipse, perpendicular to its plane, is 

If 

~{a' + b'). (9) 

4 

It is plain, as before, that the expression for the moment 
of inertia of an elliptical cylinder relative to its axis is of the 
same form. 

204. Sphere. — ^If we suppose a sphere divided into an 
infinite number of concentric spherical shells, the moment of 
inertia of each shell is plainly the same for all diameters, 
and, accordingly, representing the mass of any element of a 
shell by dm, and by x, 1/, z any point on it, we have 

^x^dm = 'Si^dm = ^z^dm. 

But S {a^ + f + 2') dm = ^ 9^dm, 

.-. S (aj^ + f) dm = - S 7^dm. ' 
o 

Hence, the moment of inertia of a shell with respect to 

any diameter is - mr^y where m represents the mass of the 

shell. 

Again, for a solid sphere of radius iJ, since the volume 
of an indefinitely thin shell of radius r is /[in'^dr, we get 

'Zr'dv = 47r f r'dr = ^wB' = ^ VIP. 
Jo 5 5 

Hence the moment of inertia of a solid sphere relative to 
any diameter is 

-MH^. (10) 

5 



Digitized by 



Google 



Ellipsoid. 283 

205. Ellipsoid. — ^Let the equation of an ellipsoid be 



■7=' 



and suppose A, -B, C to be the moments of inertia relative to 
the axes a, b, c, respectively ; then 

Now let ~ = ^', I = /, - = z\ 

.a b 

and we get 

(7 = /[iflJc f [[ (aV^ + 6V) dx'df/'dz\ 

where the integrals are extended to all points within the 
sphere 

x'^ + y'^-^z'' = I. 
But, by the last example we have 

[ {x'^dx'di/dz = {{{y'^dafd/dz = ^^, 

... (7 = A ^^ abc {a' + i^) = — {a' + V). (i i) 
In like manner 

^ = — (J' + c*), B = —(f + a^). 



It shoidd be remarked that the moments of inertia of the 
ellipsoid with respect to its three principal planes are 

— a^, — b^y — -c'j respectively. 
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206. Moments of Inertia of a Lamina. — Suppose that any 
plane lamina is referred to two rectangular axes drawn 
through any origin 0, and that a is the angle which any 
right line through 0, lying in the plane, makes with the 
axis of X ; then, if / be the moment of inertia of the lamina 
relative to this line, we have 

/ = ^p'dfn = S (y cos a - a? sin a)' dm 

= cos-a ^jfdm + sin^a ^x^dm - 2sina cosa ^xf/dm 
= a cos^a + b sin"a -2/1 sin a cos a ; (12) 

where a and b represent the moments of inertia relative to 
the axes of x and y, respectively ; and h is the product of 
inertia relative to the same axes. 

Again, suppose X and Y to he the co-ordinates of a point 
taken on the same line at a distance It from the origin, and 

X . Y 

we get cos a = -^, sin o = -^r ; and, consequently 

IE' = aX^-^bY'-2hXY. 

Accordingly, if an ellipse be constructed whose equation is 

aX' + 6F- - 2li XY = const., (13) 

we have 

m^ = const. ; 

and, consequently, the moment of inertia relative to any line 
drawn through the origin varies inversely as the square of 
the corresponding radius vector of this ellipse. 

The form and position of this ellipse are evidently inde- 
pendent of the particular axes assumed ; but its equation is 
more simple if the axes, major and minor, of this ellipse had 
been assumed as the axes of co-ordinates. Again, since in 
this case the co-efficient of XF no longer exists in the 
equation of the curve, we see that there exists at every point 
in a body one pair of rectangular axes for which the quantity 
/* or ^xydm = o. 

This pair of axes are called the principal axes at the 
point ; and the corresponding moments of inertia are called the 
principal moments of inertia of the lamina, relative to the point. 
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Again, if A and B represent these principal moments of 
inertia, equation (12) becomes 

I = -4cos^a + -Bsin^a. (14) ' 

Hence, for a lamina, the moment of inertia relative to 
any axis through a point can be found when the principal 
moments relative to the point are determined. 

The equation of the ellipse (13) becomes, when referred 
to the principal axes, 

AX^^ + BY' = const. 

207. Momental Ellipse. — Since the moments of inertia 
for all axes are determined when those relative to the centre 
of gravity are known, it is sufficient to consider the case 
where the origin is at the centre of gravity. With reference 
to this case, the ellipse 

AX^ + BX' = const., (15)' 

is called the momental ellipse of the lamina. 

Again, if two different distributions of matter in tlie 
same plane have a common centre of gravity, and have the 
same principal axe,s and principal moments of inertia, at 
that point, they have the same moments of inertia relative 
to all axes. 

This is an immediate consequence of (14). Hence it is 
easily seen that the moments of inertia for any lamina are 

the same as for a system of four equal masses, each — , 

4 
placed on the two central principal axes, at the four dis- 
tances ± a and ± by from the centre of gravity, where a and b 
are determined by the equations 

A = ^Mb% B = -Ma\ 

2 2 

Again, if two systems of the same total mass, in a plane, 
have a common centre of gravity, and have equal moments 
of inertia relative to any three axes, through their common 
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centre of gravity, they have the same moments of inertia for 
all axes. 

This follows immediately since an ellipse is determined 
when its centre and three points on its circumference are given. 

Again, it may be observed that the boundary of an 
elliptical lamina may be regarded as the momental ellipse of 
the lamina. 

For, if / be the moment of inertia relative to any 
diameter making the angle a with the axis major, we have 

I = A cos^ a^ B sin^ a. 
But, by Art. 203, 

4 4 

M 

.-. / = — i¥ cos'a + a^ sin^a) 
4 



M „-, /cos'a sin^aX 



_ M g'y 
- 4 r^' 

Hence the moment of inertia varies inversely as the square 
of the semi-diameter r ; and, consequently, the ellipse may be 
regarded as its own momental ellipse. 

208. Products of Inertia of Lamina. — Suppose the lamina 
referred to its principal axes at a point ; and let p and q 
be the distances of any element dm from two axes, which 
make the angles a and /3 with the axis of x ; then, we have 

^pq dm = S (y cos a - a? sin a) (y cos/3 - x sin j3) dm 

= cos a cos/3 S if dm + sin a sin j3 S a^ dm 

-sin(a + ]3) ^xt/dm 
= ^ cosa cos j3 + -B sin a sin /3, 

since A = ^ifdm^ B = ^x^dm^ and ^xydm = o. 

Hence, if ^2)qd/n = o, we have 

A cos a cosj3 + -B sina sin/5 = o. 
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and accordingly the axes are a pair of conjugate diameters 
of the momenta! ellipse 

AX'' + BTI = const. 

Hence, if two laminae in the same plane have for any point 
two pairs of axes for which ^pqdm = o and ^p'q'dm' = o, 
they have the same principal axes at the point. This 
follows from the easily established property that if two 
ellipses have two pairs of conjugate ^ameters in common, 
they must be similar and coaxal. 

209. Triangular Lamina and Prism. — Suppose a triangular 
lamina, whose sides are a, J, c, to be divided into a system 
of rods parallel to a side a; and, let 
A represent the moment of inertia 
relative to a line parallel to the 
side a, and drawn through the 
opposite vertex ; also, let p be the 
perpendicular of the triangle on 
the side a, and x the distance of an _ 

elementary rod from the vertex; ^ 

then we have, since the mass dm of the elementary rod may 

be represented by /i — dx, 

O-X 

A = ^a^dm = u^x^ — dx 
P 




= /I- g^dx = II— = —p\ 
PJo 4 2 



In like manner, let B and C be the moinonts of inertia 
relative to lines drawn through the other vortices parallel 
to b and c; and let qy r be the corresponding perpendiculars 
of the triangle, and we have 

2 ^ ' 2 

Again, if A^j Bo, Co, represent the moments of inertia 
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relative to three parallels to the sides, drawn through the 
centre of gravity of the lamina, we have, by (2), 

Ao=^-^Mp\ Bo = -^Mq\ Co-^^Mr\ (16) 

Also, if -4i, Bxy Ci, be the moments of inertia relative 
to the sides a, b, c, respectively, it follows, in like manner^ 
from (2), that 

A, = '^Mp\ B, = "^Mr, C, = ijfr. (17) 

Again, it is readily seen that the values of -4, ^0, -4i, &c,^ 
are the same as if the whole mass M were divided into three 
equal masses, placed respectively at the middle points of the 
sides of the lamina. 

Consequently, by Art. 207, the moments of inertia of the 
triangular lamina relative to all axes are the same as for 

M 

three masses, each — , placed at the middle points of the 

o 
sides of the triangle. 

Hence, if / be the moment of inertia of a triangular 
lamina with respect to the perpendicular to its plane dbrawn 
through its centre of gravity, we have 

7= -^if(a'- + y + c'-). (18) 

This expression also holds for the moment of inertia of a 
triangular prism with respect to its axis* 

In like manner, the moments of inertia of the triangular 
lamina relative to the three perpendiculars to its plane, 
drawn through its vertices, are 

i^(...-i) i^(...-l). 14...-!), 

and the same expressions hold for a triangular prism relatiye 
to its edges. 



* By the axis of a prism is understood the right line drawn through its 
centre of gravity parallel to its edges. 
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210. Momental Ellipse of a Triangle. — It can be shown 
without difficulty that the ellipse which touches at the middle 
points of the sides may be 
taken for the momental ellipse 
of the triangle. 

For, let Xy y^ z be the 
middle points of the sides, 
and it is easily seen that 
is the centre of this ellipse ; 
also, if, /„ Jj, Iz be the 
moments of inertia of the lamina relative to the lines 
rta?, hyy cZy respectively, it can be readily shown from (17), 
that we have 




{axY ' {bt/Y ' {czy 



{oxY ' {oyY ' H'' 

Accordingly, by Art. 207, the ellipse xyz may be taken for 
the momental ellipse of the lamina. 

211. Tetrahedron. — If a solid tetrahedron be supposed 
divided into thin laminae parallel to one of its faces, and if 
Ay By Cy D represent its moments of inertia with regard 
to the four planes drawn respectively through its vertices 
parallel to its faces ; then, denoting the areas of the corre- 
sponding faces by a, by r, «?, and the corresponding perpen- 
diculars of the tetrahedron by py qy r, «, respectively, it is 
easily seen, as in Art. 209, that we shall have 

a?' a p 

5 5 
In like manner we have 

B^^Mq\ C^^Mr'y D^^Mb\ 
5 5 5 



u 
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Again, if -4o, ^o, Co, Do be the corresponding moments of 
inertia relative to the parallel planes drawn through the 
centre of gravity of the tetrahedron, we have, by (2), 



A,= ^^Mp\ So^^Mq\ Co' 



^Jfr«, A'^Jft-. (19) 



Also, if -4i, J5i, (7i, Di be the moments of inertia relative 
to the four faces of the tetrahedron, we have 

Ai^—Mp\ B,^—Mq\ Cy^—Mr", D^^—M^. (20) 
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212. Solid Bing.* — If a plane closed curve, which is 
symmetrical with respect to an axis AB^ be made to revolve 
rouind a parallel axis, lying in 
its plane but not intersecting the 
curve, to prove that the moment 
of inertia / of the generated solid, 
taken with respect to the axis of 
revolution, is represented by 

where M is the mass of the solid, 

h the distance between the parallel 

axes, and k the radius of gyration of the generating area 

relative to its axis. 

For, if the axis of revolution be taken as the axis of ar, 
and, if y, T be the distances of any point P within the 
generating area from AB^ and from OX, respectively ; and, 
if dA be the corresponding element of the area, then the 
volume of the elementary ring generated by dA is 27r TdAy 
and its mass itr fi YdA ; hence the moment of inertia of this 
elementary ring, relative to the axis of X, is 2irixT^dA\ 
accordingly, we have 

/= iTTfi^Y'^dA = 2Trii^(h + yYdA 
= 2irfi S {h^ + 3AV + 3%"* + V^) d^* 

* This discussion was given by Mr. Tovnsend in the Quarterly Journal of 
Mathematics, yol. x., p. 203. 
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Moreover, sinoe the curve is symmetrical with respect to 
the axis AB, it is easily seen that we have 

^ydA = o, ^y^dA = o. 

Also; by definition, ^y^dA = Ak"^, 

Hence ^^ zir fihA {h' ^- zk% 

Again, by Art. 177, M = ivfihA^ 

.-. 7= Jf (A» + 3A:'). (21) 

This leads immediately to some important cases. 

Thus, for example, the moment of inertia of a circular 
ring, of radius a^ round its axis is 



if^A» + ^A 



Again, if a square of side a revolve round any line in its 
plane, situated at the distance h from its centre, we have 

There is no difficulty in adding other examples. 

213. We shall conclude this chapter with a short discus- 
sion of the general case of the moments and products of 
inertia, for any body, or system. 

Let us suppose the system referred to three rectangular 
planes, and let py q^ r represent the respective distances of 
any element dm from the three planes 

iTCOSa + y cos/3 + scosy = o, 

iTcosa +y cos/3' + z cosy' = o, 

--„ ojcosa" + y cosfi" + z COS7" = o. 

Then 

^pqdm = S(arcosa + ycos/3 + scos7)(;rcosa'+yco8/3'+2COS'y')efw 
= cosa cosa' ^x^dm + cos/i cos/3' ^y'^dm + cosy cosy' ^z^dm 
+ (cos a cos /3' + cos /3 cos a)^xydm 

+ (cos y cos a + cos a COS y') S zxdm 

+ (cos/3 cosy' + cosy cos/3') 'Styzdm; 

and we get similar expressions for ^prdm and 2 qrdm. 

u 2 
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Now, suppose that we take 

'StX^dm = a, 'Sit/* dm = b, 'Sz^dm = <?, 
S,yzdm = f, SiZxdm = ffy Sion/dm = h; 
then the preceding equation may be written 

Sipqdm = cos a (a cosa' + h cos/3'+ g cos^') 
+ cos/3 (A cosa' + b cos/3' +/C0S7') 
+ COS7 {g cosa' +/ cosj3' + c COS7') ; {22) 

along with similar expressions for S rjocfwi and S qrdm. 

214. Principal Axes. — Next, let us suppose that the 
planes are so assumed as to satisfy the equations 

Spqdm = 0, S ?7?c?w = o, S qrdm = o ; 

then it is easily seen* that these planes are a system of con- 
jugate diametral planes in the ellipsoid represented by the 
equation 

aX* + SF* + cZ* + 2fYZ + 2gZX + 2hXY = const. (23) 

Hence it follows that at any point there exists one system of 
rectangular planes for which the corresponding products of 
inertia^ for any body^ vanish: viz., the principal planes of the 
preceding ellipsoid.^ 

These three planes are called the principal planes of the 
body relative to the point, and the right lines in which they 
intersect are called wb principal axes for the point. 

Again, every two solids have for every point at least one 
common system of planes for which Sipqdm = 0, S,rpdm = Oy 
Si qrdm = o, Sp'qdni = o, Sr^p'dm' = o, Sqrdm' = 0; 
where the unaccented letters refer to the elements of one 
solid, and the accented to those of the other. 

This is obvious from the property that every two con- 
centric ellipsoids have one common system of diametral planes. 

* Salmon's (xeometry of Three Dimensions, Art. 73. 
t The exceptional cases when the ellipsoid is of reYolution, or is a sphere^ 
be considei^ subsequently. 
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Again, if two solids have for any point more than one 
system of planes for which the foregoing six products of 
inertia vanish, they must have the same principal planes at 
the point. This follows since the two eUipsoicU in that case 
must be similar and coaxal. 

215. Let us now suppose the co-ordinate planes to be 'the 
principal planes of the body for the origin, then the moment 
of inertia relative to the plane 

oleosa + y C08/3 + scos^ = o 
is 
"Sip^dm = S(ircosa + ycosjS + zcos7)'rfw 

= cos^aSir*fl?»i + cos'j3Sy*rfw + cos'7 Sz'rfw, (24) 

since in this case we have 

^xydm = Oj ^zxdm - o, ^yzdm = o. 

Again, let / be the moment of inertia of the body relative 
to the line through the origin whose direction angles are 
<»> i3> 7 ; then we have • 

I+^p^dm = ^r'dm = S (^+y' + s') rfw, 

.-. 7= cos'aS(y»+s')^w + cos'*j3 2(«' + a:»)rf»» 

+ cos'7S(a?' + y*)rfm; 
or 

. I = ^cos^a + Baoa^ji + Ccos*^, (25) 

where A^ J5, C are the moments of inertia of the body 
relative to its three principal axes. 

Ay By C are called the three principal moments of inertia 
of the body relative to the origin. 

If the centre of gravity be taken as the origin, the 
corresponding values of A, By C are called the principal 
momenta of inertia of the body. 

We suppose, in general, that A is the greatest, and C the 
least of the three principal moments. 

It follows from (25) that the moment of inertia of a 
body relative to any line passing through a given point is 
known, whenever the angles which the line imikes with the 
principal axes are known, as also the moments of inertia 
relative to these axes. 
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216. EUipBoid of Oyration. — Suppose, as before, the solid 
referred to its three principal axes at any point, and let a^ by c 
he the corresponding radii of gyration, i. e., let 

A = M(^, 5 = Mb% C = Jfc% 

and I = -SfiP ; then equation (25) becomes 

A* = a'cos'a + 6*cos*/3 + c^cos'^. (26) 

Now, if we suppose an ellipsoid described Having the 
principal axes for the directions, and a, J, c for the lengths 
of its corresponding semi-axes; then (26) shows that the 
radius of gyration of the body, relative to the perpendicular 
from the origin on any tangent plane to this eUipsoid, is 
equal in length to this perpendicular. (Salmon's Geometry 
of Three Dimensions, Art. 89.) 

The foregoing elKpsoid is called the ellipsoid of gyration 
relative to the point. It should, however, be observed that 
by the ellipsoid of gyration of a body is meant the ellipsoid 
in the particular case where the origin is at the centre of 
gravity of the body. 

217. Momental Ellipsoid. — If X, F, Zbe the co-ordinates 
of a point H taken on the right line through the origin Oy, 
whose direction angles are a, ^, 7 ; we have 

J=Oi2cosa, r=05cos)3, Z=OiJcosy. 

Substituting the values of cos a, cos/3, cosy, deduced 
from these equations, in (25), it becomes 

J.OJP = AX' + BY'+ CZ". 

Suppose now that the point R lies on ttie ellipsoid 

AX" + BY^ +CZ^ = const., (27) 

and we get J. OIP = A, denoting the constant by X ; 

Henoe the moment of inertia relative to any axisy drawn 
through the origiuy varies inversely as the square of the cor-- 
responding diameter of the ellipsoid (27). 
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From this property the ellipsoid is called the momental 
ellipsoid at the point. 

When the origin is taken at the centre of gravity of the 
body this ellipsoid is called the central ellipsoid of the body. 

If two of the principal moments of inertia relative to any 
point be equal, the momental ellipsoid becomes one of re- 
volution, and in this case aJl diameters perpendicular to its 
axis of revolution are principal axes relative to the point. 

If the three principal moments at any point be equal, the 
ellipsoid becomes a sphere, and the moments of inertia fol: all 
axes drawn through the point are equal. Every such axis is 
a principal axis at the point. 

For example, it is plain that the three principal moments 
for the centre of a cube are equal, and consequently, its 
moments of inertia for all axes, through its centre, are equal. 

218. Equimomental Cone. — Again, since 

cos' a + cos* /3 + cos' 7=1, 

equation (25) may be written in the form 

(^-/)cos'a+(5-/)cos'j3 + (C-/)cos'7 = o; 

hence the equation 

(^-./)Z» + (5-/)F'+(C-/)Z' = o, (29) 

represents a cone such that the moment of inertia is the same 
for each of its edges. Such a cone is called an equimomental 
cone of the body. 

Again, the three axes of any equimomental cone, for any 
solid, are the principal axes of the solid relative to the vertex 
of the cone. 

When /= J5, the cone breaks up into two planes; viz., 
the cyclic sections of the momental ellipsoid. 

For a more complete discussion of the general theory of 
moments of inertia and principal axes, the student is referred 
to Eouth's Eigid Dynamics, Chapters I. and II. ; as also 
to Mr. Townsend's papers in the Camb. and Dub. Math. 
Journal, 1846, 1847. 
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Examples. 

Find tbe expressions for the moments of Inertia in the following, the bodies 
being aupposed homogeneous in all cases. 

1. A parallelogram, of sides a, by and angled, with respect to its sides. 

■mg- \f 

Ans. — i'sin'tf, — a'sin'tf. 
3 3 

2. A rod, of length a, with respect to an axis perpendicular to the rod and 
at a distance d from its middle point. 

Ans. 



de a, relative to a line i 
distance d from its centre of gravity. 



3. An equilateral triangle, of side 0, relative to a line in its plane at the 
offl 



Ans. M 



(S-)- 



4. A right angled triangle, of hypothenuse «, relative to a perpendicular to 
its plane passing through the right angle. 

Ans. M^. 
o 

5. A hollow circular cylinder, relative to its axis. 

Ans. M , where r and r* are the radii of the bounding circles. 

6. A truncated cone with reference to its axis. 

Ans. z= — r;z, where b and b' are the radii of its 

7. A right cone with respect to an axis drawn through its vertex perpen- 
dicular to its axis. 

Ans. — ( ^*+ — 1 > where h denotes the altitude of the 
5 \ 4/ 
cone, and b the radius of its base, 

8. An ellipsoid with respect to a diameter making angles a, /3, 7 with 
its axes. 



Ans. -~[a^aii^a + ll^aiB?fi^^ntiy\. 



9. Area bounded by two rectangles having a common centre and whose 
sides are respectively parallel, with respect to an axis through their centra 
perpendicular to the plane. 



*"' 12 ab-a'b' 
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10. A square, of side a, relative to any line in its plane, passing through its 
centre. 



1 1. A regular polygon, or prism, with respect to its axis. 



a* 

Am. M-. 

12 



Ana, — ( J22 ^ jr* j , where R and r are the radii of the 
circles circumscrihed, and inscribed to the polygon. 

12. Prove that a parallelogram and its maximum inscribed ellipse have the 
came principal axes at their common centre of figure. 

13. Prove that the moments and products of inertia of any triangular 
lamina, of mass M, are the same as for three masses, each — , placed at the 
three vertices of the triangle, combined with a mass -M placed at its centre of 

' gravity. 

14. Prove that the moments and products of inertia of any tetrahedron are 

the same as for four masses, each — , placed at the vertices of the tetrahedron, 

4. ^° 

combined with a mass - M placed at its centre of gravity. 

15". If a system of equimomental axes, for any solid, all lie in a plane 
pas^g through its centre of gravity, prove that they envelope a conic, having 
that point for centre, and the principal axes in the plane for axes. 

16. Prove also that the ellipses obtained by varying the magnitude of the 
moment of inertia form a conf ocal system. 

17. Prove that the sum <»f the moments of inertia of a body relative to any 
three rectangular axes drawn through the same point is constant. 

iS. Prove that a principal axis belonging to the centre of gravity of a body 
is also a principal axis with respect to every point on its length. 

19. Prove that the envelope of a plane for which the moment of inertia of 
a body is constant is an ellipsoid, confooal with the ellipsoid of gyration of 
the body. 

20. If a system of equimomental planes pass through a point, prove that 
they envelope a cone of the second degree. 

21. For different values of the constant moment the several enveloped cones 
■are confocal P 

22. The common axes of this system of cones are the three principal axes of 
the body for the point ? 

23. The three principal axes are the normals to the three surfaces confocal 
to the eUi^floid of gyration, which pass through the point. 
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CHAPTEE XI. 

ON MEAN VALUE AND PROBABILITY. 

219. One of the most remarkable applications of the Integral 
Calculus is to the solution of questions on Mean or Average 
Values and Probability. In this Chapter we will consider a 
few of the less difficiilt questions on these subjects, which 
will serve to give at least some idea of the methods to be 
employed. We will suppose the student to be already 
acquainted with the general fundamental principles of the 
theory of Probability. 

MEAN VALI7ES. 

220. By the Mean Value of n quantities is meant their 
arithmetical mean, i. e., the n'* part of their sum. 

To estimate the Mean Value of a continuously varying 
magnitude, we take a series of n of its values, at very close 
intervals, n being a large number, and find the mean of these 
values. The larger n is taken, and consequently the smaller 
the intervals the nearer is this to the true value. 

This mean value, however, depends on the law according 
to "Vfhich we suppose the n representative values to be 
selected, and will be different for different suppositions. 
Thus for instance, if a body fall from rest till it attains the 
velocity v, and if it be asked, what is its mean velocity 
during the fall P If we take the mean of the velocities at 
successive equal infinitesimal intervals of time, the answer 
will be ^v: but if we consider the velocities at equal 
intervals of space, it will be ^v. The former is the most 
natural supposition in this case, because it is the answer to 
the question — What is the velocity with which the body 
would move, imiformly, over the same space in the same 
time? — a question which implies the former supposition. 
We could frame a similar question, of a less simple kind, to 
which the second value above would be the answer. 
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Again, if we wish to determine the mean value of the 
ordinate of a semicircle, we might take the mean of a series, 
of ordinates equidistant from each other ; or through equi- 
distant points of the circumference ; or such that the area* 
between each pair shall be equal; in each case the mean 
value will be different. 

Thus we see that the Mean Value of any continuously 
varying magnitude is not a definite term, as might be 
supposed at first sight, but depends on the law assumed as ta 
its successive values. 

221. Case of One Independent Variable. — ^We will there- 
fore suppose any variable magnitude y to be expressed as a 
function ^ {x) of some quantity x on which it depends, and 
its mean value taken as x proceeds by equal infinitesimal 
increments h from the value a to the value b. Let n be the 
number of values, then nh = b-a. The mean value is 

- I (a) + (a -f A) + ^ (a + 2A) + . . . . | . 
But (Art. 90), 

A I (a) + (a + A) + (a + 2A) + . . . . I = <i>{x) dx. 

Hence the mean value is 

I r* 

M = T I {x) dx. (i) 

- aja 

Examples. 

1. To find the mean value of the ordinate of a semicircle, supposing the- 
series taken equidistant. 

if = — {' v^r»^^ dx « - r, 

viz., the length of an arc of 45*. 

2. In the same case, let us suppose the ordinates drawn through equi* 
distant points on the circumference. 

I f"" 2 

if = — I r sin rfO = - r ; the ordinate of the centre of gravity of the arc 
IT Jo V * o / 
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3. Determine the mean horizontal range of a projectile in vacuo for dif- 
ferent angles of elevation from 45**- to 45**+ ; given the initial velocity F. 

If a be the angle of elevation, the range is 

« ^* . 

it = — sm 2a. 

I f F* 
Hence IT «= — I — sin zada. between the limits 45* + tf ; 

20} g ^ J _ » 

^ F« sinae 

.'. -M = -— . 

g 20 

2 F* 
The mean value for all elevations, from o" to 90*, is . 

4. A number n is divided at random into two parts ; to find the mean value 
of their product. 



If* I 



b'*'- 



5. To find the mean distance of two points taken at random on the circum- 
ference of a circle. 

Here we may evidently take one of the points A as fixed, and the other £ 
to range over the whole circumference ; since by altering the position of A, we 



should only have the same series of values repeated ; let 9 be the angle between 
AJi and the diameter through A; aa we need only consider one of the two 
eemicircles, 

if = r^ [' 2rcoaBd$ = ^. 
^ir Jo IT 

6. To find the mean value of the reciprocals of all numbers from n to 211, 
when fi is large. 

That is, to find the mean value of the quantities 



I I f 



n n I, fi 2 n n; 

n n ft 

that is, the mean value of the function — , as jp goes by equal incrementB from 

nx 
J to 2; 

r* dx 

'.2, 



__ 1 e* dx I , 

M s= I — s= - log a 

2 - I )i nx n 



7. To find the mean values of the two roots of the quadratic 

x* — aa; + J = o, 

the roots being known to be real, but b being unknown, except that it is 
positive. 

a* 
That is, b is equally likely to have any value from o to — ; hence for the 

^eater roolf a, 
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K" ^'' 






a) da; 



The mean value of the smaller root \&~a, 

6 

The mean squares of the two roots are — a', — a'. These might he deduced 

24 24 
from the former results, as 

M{i;^) - aM(x) + if (*) t= o. 

222. li Mhe the mean of m quantities, and M' the mean 
of ni others of the same kind, and if ^ be the mean of tha 
whole m-vm' quantities, we have evidently 

fi = — —. (2) 

m •¥ m 

Thus if we have to find the mean distance of one ex- 
tremity of the diameter of a semicircle from a point taken at 
random anywhere on the whole periphery of the semicircle ;, 
since the mean value when it falls on the diameter is r, and 

AT 

the mean value when it falls on the arc is — , we have 

AT 

2r . r + Ttr — 

TT or 



2r + 7rr 2 + tt 

223. Case of Two or More Independent Variables. — 
If s = ^ (a?, y) be any function of two independent 
variables, and a?, y be taken to vary by constant infinitesimal 
increments A, ky between given limits of any kind, the mean 
value of the function z will be 

M = 11^, (3) 

both integrals being taken between the given limits. 

The easiest way of seeing this is to suppose a?, y, z the 
co-ordinates of a point ; and to conceive the boundary repre- 
senting the limits traced on the plane of xyy and th«n ruled 
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by lines parallel to a?, y at intervals k, h apart. We have 
thus a reticulation of infinitesimal rectangles hk ; and if at 
-each angle an ordinate 2 be drawn to the surface 2 = (a?, y), 
as the number of ordinates will be the scune as that of 
rectangles, we shall have 

volume llzdxdy = sum of ordinates x hk. 

I \ >* ^ Also the plane area j j dxdy = number of ordinates x hk ; 

fio that dividing the sum of the ordinates by their number, 
the above expression results. 

It may be shown, in like manner, that for three or more 
independent variables a similar expression holds. 

It is evident that the above expression, viewed geometri- 
cally, gives the mean value of any function of the co-ordinates 
of a series of points uniformly distributed over a given plane 
area. 

Examples. 

1. Suppose a straight line a divided at random at two points, to find the 
nverflge yalue of the product of the three segments. 

Let the distances of the two points Z, F, from one end A of the line, be 
called z, y. Consider first the cases when x>y\ the sum of products for these 
is half the whole sum ; hence 

2. A number a is divided into three parts ; to find the mean yalue of one 
part. 

Let r, y, a - » - y, be the parts ; 






3 



This value might be deduced, without performing the integrations, by con- 
sidering that the expression is the abscissa of the centre of gravity of the 
triangle OAB ; OA^ OB being lengths taken on two rectangular axes, each = «. 
Of course the result in this case requires no calculation ; as the sum of the 
mean values of the three parts must be = a ; and the three means must be equal. 

The tnean tquare of a part is -r. 
o 
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3. A number a is divided at random into three ports: to find the mean 
value of the le<ut of the three parts : also those of the greatest, and of the mean. 

Let XfPta — x — yjhe the greatest, mean, and least parts. The mean Talue 
f f a? dx dv 
of the greatest is Jf = •^r. ^ ^^ : the limits of both B 
]]dxdy 

integrations being given by 

x>y>a-x-y>o. 

If Xy y be the co-ordinates of a point, referred 
to the axes OA^ OB, taking OA ^ OB ^ a, the 
above limits restrict the point to the trianerle A VH 
{AM being drawn to bisect OB) ; and the above 
value of M is the abscissa of the centre of gravity 

of this triangle ; i. e., - of the sum of the abscissas of its angles ; hence 

„ 1 / I I \ II 

J|f=-(a + -a + -a| =-a. 
3\ a 3 / i« 

The ordinate of the same centre of gravity, viz., 




3\2 3 / 18 



is the mean value of the mean part ; hence the mean values of the three parts 
required are respectively ; 



18" 



Id 9 



4. To find the mean square of the distance of a point within a given 
square (side = 20), from the centre of the square. 



4^ J-a J-a 



It is obviouM that the mean square of the distance of all points on any plane 
•Tea from any fixe point in the plane is the square of the radius of gyration of 
the area round tbi t point. 

5. To find the mean distance of a point on the circumference of a circle 
from all points inside the circle. 

Taking the origin on the circumference, and the diameter for the axis, 
if dS be any element of the area, we have 



M = 



SJrdS 



ir«*J ,rJ 



2a coe $ 



r-dddr 



32a 

9»* 
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224. Many problems on Mean Values, as well as on 
Probability, may be solved by particular artifices, which, if 
attempted by direct calculation, lead to difficult multiple 
integrals which could hardly be dealt with. 

Examples. 

I. To find the mean distance between two points within a given circle. 
If M be the required mean, tbe sum of the whole number of cases is 
represented by 

now let us consider what is the differential of this, that is the sum of the new 
cases introduced by giving r the increment dr. If Mo be tliO mean distance 
of a point on tbe eireumferenee from a point within tbe circle, the new cases 
introduced by taking one of the two points A on the infinitesimal annulus 
ivrdry are 

irr*ifo. 27crdr\ 

doubling this, for the cases when the point B is taken in the annulus, we get 

d. {(irr«yjf } = 4ir^Jlfo>^^r. 

Now ifo = — (Ex. 5» Art. 223), 



9ir 



.-. irV»Jf = —jrVr^dr, 
9 )^ 



45'r 

2. To find the mean square of the distance between two points taken ca 
any plane area fi. 

Let dSf dS* be any two elements of tbe area, A their mutual distance, and 
we have 

Now fixing the element dSy the integral of A^dS' is the moment of inertia 
of the area A round dS ; so that if iT = radius of gyration of the area round dS, 

let r = distance of dS from the centre of gravity O of the area, k the radius of 
ffyration round G. then 

\ M^ k*-^—S!f^d8 = 2k*; 

thus the mean square is twice the square of the radius of gyration of the area 
round its centre of gravity. 
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225. The mean distance of a point P within a given 
area from a fixed straight line (which does not meet the 
area) is evideijtly the distance of the centre of gravity G 
of the area from the line. Thus if -4, B are two fixed 
points on a line outside the area, the mean value of the area 
of the triangle APB = the triangle AGE. 

From this it will follow, that if X, F, Z are three points 
taken at random in three given spaces on a plane (such that 
they cannot all be cut by any one straight line), the mean 
value of the area of the triangle XYZib the triangle GG'G'\ 
determined by the three centres of gravity of the spaces. 

Example. 

I. A point P ia taken at Random 
within a triangle ABC^ and joined with 
the three angles. To find the mean value 
of the greatest of the three triangles into 
which the whole is divided. 

Let Q he the centre of gravity, then if 
the ^eatest triangle stands on AB^ F is 
restricted to the figure CHQK^ and the 
mean value of AFB is the same as if P 
were restricted to the triangle GCK\ 
hence we have to find the area of the 
triangle whose vertex is the centre of gravity of GCK^ and hase AB ; 

.-. J!f = ~i,ACB^-AKB\AQB) = i/i +1 + 1^5^7, 

hence the mean value is —= of the whole triangle. 

I - 

The mean values of the least and mean triangles are respectively - and -% 

9 lo 

of the whole. 

226. If Jf be the mean value of any quantity depending 
on the positions of two points (e.^., their distance) which are 
taken, one in a space -4, the other in a space B (external to 
A) ; and if If' be the same mean when both points are taken 
indiscriminately in the whole space -4 + J5 ; Jlf^, M^ the 
same mean when both points are taken in Ay and both in J5, 
respectively; then, 

{A + BY M' = 2 ABM + AWj, + B'Mb. (4) 

If the space A = By 

^M' = 2M^Ma^Mb\ 
if, also, Mji = Msi 

2M'=:M+Ma; 

X 



/ 
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thus if ilf be the mean distance of a point within a semi- 
circle from one in the opposite semicircle, Mi that of two 
points in one semicircle, we have (Art. 224) 

M-,Mi=^^r. 

To determine Jf or Jf 1 is rather difficult, though their 
sum is thus found. 



Examples. 

1. Two points X, Y are taken at random within a triangle. What is the 
mean area M of the triangle XYCy formed hy joining them with one of the 
angles of the triangle ? 

Bisect the triangle hy the line CD ; let M\ be the mean value when both 
points fall in the triangle ACI>\ M2 the value when one falls mACB and the 
other in BCD ; then 

But Jfi = - if ; and M2 = QO*C, where Q, 0' are the centres of gravity 
of ACL, BCDy this being a case of the theorem in (225) ; hence M2=- ABC^ 

"^^ M=±ABa 

2. To find the mean area of the triangle formed by joining an angle of a 
square with two points anywhere within it. 

By a similar method this is found to be 

— - of the whole square. 

3. What is the mean area of the triangle formed by joining the same two 
points with the centre of the square ? 

We may take one of the points X always in the square OA ; take the whole 
square as unity ; then if Jf be the mean, the sum 
of all the cases is ^ C 

lM^~Mi+2yM2 + ^^M^, 
4 4 4* 4 

Ml, M2, ifs being the mean areas when the second 
point Y is taken respectively in OA, OB, and OC, 
But Ms- Ml, for to any pomt Yin OC there cor- 
responds one Y' in OA, which gives the area 
OXr = OXY; 

.'. M= -M1+IM2, 

22 A 

BvLtMi= —'-, Jlf2 = ^ ; hence Jf = -^ of the whole square.* 





/ 


'/ 






* In such questions as the above, relating to areas determined by pointi 

y Google 
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227. If two spaces A + C^B+C have a oommon part 
Cy and M be any mean value relating to two points, one 
in -4 + C, the other in 5 + (7; and if the whole space 
-4 + J5 + (7 = IF, and Mw be the same mean when both points 
are taken indiscriminately in W\ Ma when taken in -4, &c., 
then 

2{A-\rC) (5+ C)M = JTMw^ C'Mc'A'Ma-B'Mb, (5) 

as is easily seen by dividing the whole number JP of cases 
into the different classes of cases which compose it. 

Example. 

I. Two segments, AB, CD, of a straight line have a common part CB*, to 
find the mean distance of two points taken, one in AB, the other in CD. 

2AB,CD.M=AI>^.-AD-\^CB^.-CB-AC^.'AC''Bl>i.-BD, 
:^b». 3 3 3 3 

since the mean distance of two points in any line is - of the line ; 

_ AJPf^ + CB^-AC^-DB^ 
• • ^ 6AB.CI) 

2 28. The consideration of probability often may be made 
to assist in determining mean values. Thus, ii a given 
space 8 is included withm a given space -4, the chance of a 
point P, taken at random on -4, falling on /S, is 

8 

But if the space 8 be variable, and M{8) be its mean value 
. . ^. (6) 



taken at random iu a triangle or paralieiogram, we may consider the triangle as 
equilateral, and the parallelogram as a square. This will appear from orthogonal 
projection; or hy deforming the triangle into a second triangle on the same 
base and between the same parallels, when it is easy to see that to one or more 
random points in the former there correspond a like set in the latter, determining 
the same areas. This second triangle may be made to have a side equal to a 
side of an equilateral triangle of the same area ; and then be deformed in like 
manner into the equilateral triangle itself. Likewise a parallelogram may be 
Reformed into a square. 



X 2 



Digitized by 



Google 



3o8 On Mean Value and Probability. 

For, if we suppose 8 to have n equally protaWe ralues 
^19 S^j 83 . . . .y the chance of any one 81 being taken, and of 
P falling on 8iy is 

nA. 

now the whole probability^ = px +p2 +^3 + . . . ; which leads 
at once to the above expression. 

The chance of two points falling on >5 is . j^ 

In such a case, if the probability be known, the mean value 
follows, and tnce versd. Thus, we might find the mean value 
of the distance of two points X, Y taken at random in a line,, 
by the consideration that if a third point Zbe taken at random 

in the line, the chance of it falling between X and F is - ; as 

one of the three must be the middle one. Hence the mean 

distance is - of the whole line. 
3 

Examples. 

I. From a point X taken anywhere 
in a triangle, parallels are drawn to two 
of the sides. Find the mean yalue of 
the triangle UX V. 

If a second point X' be taken at 
random within ABCy the chance of 
its falling in XUV is the same as the 
chance of X falling in the corresi>onding 
triangle X'TTV; that is, of X' falling 
on the parallelogram XC, Hence 

mean value of UX V = mean value of XC» 

I 
But the mean value of (172^+ XC) is - ABC\ as the whole triangle can be- 

divided into three «nch parts by drawing through X a parallel to AB,^ Thus 
MiJJXV) ^^ABC. 

The mean value of JJV is - AB, For XfV is the same fraction of AB that tbo- 

3 
altitude of X is of that of C; see Art. 225. 

* The triangle may be considered equilateral ; see note, p. 306. 
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Cob. Hence, if p = perpendicular from X on AB^ h = altitude of triangle 
ABC, 

li we take the area ABC as unity, we have, since JTXVi AXB = AXB : ABC, 

{AXBy ^ uxr. 



Thus the mean square of the triangle AXB is -. If two other points F, Z ar« 

6 

taken at random in the triangle, the chance of both falling on AXB is thus the 

same as that of a single point falling on TIXV\ i. e., -y. Hence we may easily 

infer the following theorem : — 

If three points X, F, Z are taken at random in a triangle, it is an even 
chance that F, Z both fall on one of the triangles 
AXB, AXC, BXa 

2. In a parallelogram ABCD a point X is taken at 
random in the triangle ABC, and another F in ALC. 
Find the chance that X is higher than F. 

Draw XH horizontal, the chance is 

mean area of -4 JTiT-^ -4i)(/. 

But AHK= XUV, and the mean area oiXUV= -zACB 

I ° 

<Ex. i) ; hence the chance is ^. 

3. If be a point taken at random on a triangle, and lines drawn through 
it from the angles, to find the mean value of the triangle DBF, (Mr. Miller.) 

It will be sufficient to find the mean area of the triangle AEF, and subtract 
three times its value from ABC. If we put o, fi, y for the triangles 
BOC, AOCy AOB, it is easy to prove 




AFF = 



Py 



(a + fi){a + y) 



ABC. 



If we now put the whole area ABO= i, and 
if dS be the element of the area at 0, 

the integration extending over the whole triangle. 

Now Up, q are the perpendiculars from on the sides h, e, it may be easily 
«hown that tJie element of the area is 




d8 = 



dpdq 4 

sin^ be sin^ 



dfidy = idfidy. 
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Thus the mean value of AEF becomes 

'■);!:"'o?^-f>-'-«:^,«- 

Again, by Art. 95, the definite integral 



*^'«=-?. 



Jo I- 



•••^ — (-?)=7-3- 



Hence the mean yalue of the triangle DUF is 

10 —IT*, 

that of -45C being nnity. 

It is curious that the same yalne, 10 — ir*, has been found by Col. Clarice to 
be the mean area of a triangle formed by three lines, drawn from AyB, C to 
points taken at random iaa, bj c respectively. 

4. To find the average area of all triangles having a given perimeter (2«). 
By tiiis is meant that the given perimeter is divided at random in every possible 
way into three parts, 0, b, e, and only those cases are taken in which 0, b, e can 
form a triangle ; then the mean value of 



Azz^ s\^8-a){8-b)[8-c) A X Y B 

has to be found. 

Take AB = 3», let J, T be the two points of division, AX = ic, -4r« y ; 
these are subject to the conditions 

«<#, y>«, y-af<#; 
Now A / 

-—=, = V («-«)(y-«)(»-y + ^), 

Again, by Art. 132, we have 

j y {9-9) {%-y^-x)dx = ^(2«-y)% 

The result is therefore :—- Mean area = — (2«)2. 

105 ' 
In the same case we should easily find 



Mean square of area = — . 



60 
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5. Tliree points are taken at random within a given triangle ; prove that 
the mean area of the triangle formed hy them is — of the given triangle. 

Call the area of the given triangle A, the required mean M: we will first 
prove that if Mq he the mean area when one of the three points is restricted to 
a side of the given triangle, 

4 

Let A receive an increment of area <fA, hy adding to it an infinitesimal hand 
included between the base a, and a line parallel to it; the increase produced in 
the sum of all the cases is found hy considering one^ of the random points 
X taken in this hand ; the additional cases introduced will be 

A2</A.2fo. 

The whole increase is treble this, for we must consider also the cases when 
r, Z fall in this band (the cases when two of the three fall on it may be 
neglected, tbeir number being proportional to rfA-). Now the sum of the whole 
original cases is A^ Jf ; hence 

rf(A3Jf) = z6?Mod£k\ 

Now — is constant for all triangles (see note, 

A 
p. 306), 

A 4 B 

Again, to find Mo, consider the random point X fixed at a particular point 
D of the base a, the other two points Y, Z, ranging all over the triangle. Let 
if' be the mean value of DYZ; the sum of all Uie cases, viz., A^ Jf' , may be 
decomposed into three groups, (i) when T, Z are in ABD, (2) both in ACJ), 
(3) one in each triangle : 

••. (ABCfW = (ABDY • —ABB + (ACDf • ^ACD + 2ABD • ACD • ■^^, 
27 27 9 

by Ex. (i), p. 306, and because in case (3) the mean value is the area of the 
triangle formed by joining D with the centres of gravity of ABL^ ACD (Art. 
225). Put BD = X, altitude of triangle = p, and we get 

Now when the point X falls in the element dx^ the sum of all the cases ' 
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A^M'dx; and hence, when X ranges from jB to C, the whole sum of cases is 

9 9 

Hence Jfo = - A ; and therefore if = - Jfo = — A. 

9 4 12 

Cor. Hence, if four points -4, 5, (7, i), are taken at random within a 
triangle, the chance that they determine a re-entrant quadrilateral is -. For 
the chance that D falls in ABC is the mean Talue of ABC divided hy the 
whole triangle, that is — ; and we have to add to this the chances that C falls 

12 2 

in ABB, &c. The chance that ABCD is convex is -. 

3 

PEOBABILITIES. 

229. The calculation of Probabilities, when the number 
of favourable oases, as well as the whole number of cases, 
is finite, is not a subject for the infinitesimal Calculus. 
It is when the number of cases depends on continuously 
varying magnitudes, and is therefore infinite, that recourse 
has to be made to the methods of the Integral Calculus. 

The same remark applies here which we had occasion to 
make as to mean values (Art. 220). The value of the pro^ 
bability will depend on the law according to which we select 
the series of cases which we take as representing the total 
number — ^that is, it will depend on which variable (or varia- 
bles) we suppose to be taken at random^ that is, to proceed by 
constant infinitesimal increments ;* in other words, to be the 
independent variable (or variables). Thus, if we have to find 
the chance of the line, drawn from a fixed point to a given 
finite straight line, exceeding a given length, the results will 
be dijBEerent if, first, *we suppose a series of lines drawn to 
points taken at random on the given line, or, secondly, a 
series of lines drawn in random directions from the fixed 
point. In many cases, however, the problem has an obvious 
sense which precludes any such uncertainty. 

* Of course a large number of values taken at random for a variable does 
not really form an equi-different series : but, as they must give a number of 
points (when measured along a straight line) of uniform density^ they may bo 
' aken, for the purposes of calculation, as equi-different. , 
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230. Let us consider a simple question on chances. Two 
integers are chosen at random from o to 6 inclusive ; to find 
the chance that the greater of the two exceeds a given value, 
suppose 3. Here the whole number of cases, aU equally 
probable, is easily seen to be 

'1+2 + 3 + 4 + 5 + 6, ^5 

and the number of favourable cases is ^ 

4 + 5 + 6, 

so that the required chance is -. 

If, however, the question is not confined to integers, but 
the two numbers chosen may have any arbitrary values from 
o to 6 ; or as we may state the question : — Two quantities 
are taken at random from o to a; find the chance that the 
greater of the two is less than a given value b : — 

Let X be the greater ; then for any assigned value of x 
the number of cases is measured by x (since the lesser may have 
any value from o to ic) ; hence the number of cases when the 
greater falls between x and x + dx is measured hj xdx; the 

whole number of cases is therefore xdx; and the favourable 

rb . i^ . b^ 

cases are x dx. The required chance is therefore i? = -^. 

This instance will serve to show how the Integral Calculus 
may enter into the estimation of chances. It is true that it 
might easily be solved otherwise ; for if the two numbers are 
<5onsidered as the distances of two points taken at random in 
a line of length a, from one end of the line, and if we 
measure a distance b from that end, the problem is really to 
find the chance that both points fall within b : which chance 

is evidently — . 
ci 

231. We proceed to give a few easy questions on proba- 
bilities : general rules can hardly be given for their solution, 
the number and diversity of the questions which may be 
proposed being so great that no attempt seems to have been 
made to classify or connect them into a regular theory. We 
will give, in particular, several on Local or Q-eometrioal 
Probability. 
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On Mean Value and Probability. 



Examples. 



I. If an erent B is known to liave occnired in a certain oentuiy, the chance- 
that it was not distant more than » years firom the middle of the century is of 

ooone ; bnt if three eTcnts A, B, C are known to have occurred in tho 

ICO 

century, and that A preceded B^ and B preceded C, let it be proposed to find 
how t^ amount of knowledge alters the yalue of the jDhance for B. 

Let X be the time from the beginning of the century to the event B ; for 
any assigned value of s, the number of triple cases is x(j.oo— x)i hence tho 
number of favourable cases divided by the whole number is 



1904n 
s(ioo-jr)<£v 

I x(ioo^x)dx 



= 3- 



:-4(t^)'. 



a. Two numbers, x, y, are chosen at random between o and a : find th» 

chance that the product xy shall be less than — (its mean value). 

4 



Here 



P = 



ijdxdy 



the integral being limited by a > « > o, a > y > o, and xy <—. We have^ ' 

4 
accordingly to integrate for y from a to o, when x is between o and a ; and fronk 
(^ n 

— to o, when x is between - and a ; thus 
4* 4 



iidxdy 



Jo J" 4* 



-+-log4. 



Hence 



, = -+-l0g2. 



3. Two points are taken at random in a given line a ; to find the chance- 
that tbeir distance asunder shall exceed a given value e. 

It is easy to see that the distances of two such points from one end of the 
line are the co-ordinates of a point taken at random 
in a square whose side is a. Thus to every case 
of partition of the line corresponds a point in the 
square — such points being uniformly distributed 
over its surface. 

Thus, if in the above question x, y stand for the 
distances of the two points from one end of the line, 
y being greater than x, we have to find the chance 
o£ y — X exceeding e. The point F whose co- 
ordmates are x, y, in the square OD (side = a), 
may take all possible positions in the triangle OBI), 
''no condition is imposed on it. But if y — x> Cj 
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then if we measure Off = «, the favourable cases occur only when P is in thfr 
triangle BHI; hence the probability required is 



P = 



OBD 



■ c-7-r- 



In fact this is only performing the integrations in the expression 

ta ry-e 

i; 1; '''' ' 



p = 



4. Two points being taken at random in a line r^ to find the chance that no 
one of the three segments shall exceed a giyen ;d 2 N Di 

lengtii e» j> 1* 

The segments being as before Xf y-x, a-y^ 
JRH"= «, :PK^a-y, FI=y-x, There will 
be two eases : — 

(i). If c>i«; takeOU=^Br=I>Zr=:BN=e; 

then it is easy to see that the only favourable 
cases are when F falls in the hexagon XTZNMJV\ 
hence 

^ = dB3 = '-H~i- 

(a). !£ e<-a; take OTT - BV == e, m before: then the Only favourable- 




cases are when P falls in the triangle BST 
EST /ie-a\^ 



K 



Ptt = 



OBD 



■m- 



/ 


V 


} 


V 



since B8T = - RT^, and Br= VT^ BE- VE 

2 

= 2« — (a - c). 

Such cases of discontinuity in the functions 
enressing probabilities frequently present them- 
selves. The functions are connected by very 
remarkable laws. Thus in the present question, 
if I'l =/(<^)> P2 = -^(0* we have 

5. A floor is ruled with equidistant parallel lines ; a rod, shorter than the- 
distance between each pair, being thrown at random on the floor, to find tho 
chance of its fedling on one of the lines {BuffotCs problem). 

Let X be the distance of the centre of the rod from the nearest line, 9 the 
inclination of the rod to a perpendicular to the parallels, la the common distance* 
of the parallels, 20 the length of rod, then as aU values of x and B between thei- 
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extreme limits are equally probable, the whole number of cases will be repre- 
«ented by 



if,"""- 



Now if the rod crosses one of the lines we must have e > ; so that the 

cosd 

favourable cases will be measured by 



i>r, 



dx = 2r. 

I 

"i 



Thus the probability required \&p = — . 

TUs question is remarkable as having been the first proposed on the subject 
now called Local Probability. It has been proposed, as a matter of curiosity, 
to determine the value of ir bom this result, by making a large number of trials 
with a rod of length ia ; the difficulty however here consists in ensuring that 
the rod shall fall really at random ; the circumstances under wbich it is thrown 
may be more favourable to certain positions of the rod than others ; though we 
maybe unable to take account d priori of the causes of such a tendency, it will 
be found to reveal itself through the medium of repeated trials. 

232. Sometiines a result depends upon a variable (or 
variables) all the values of which are not equally probable, 
but the probability of a certain value for a variable depend- 
ing, according to some law, on the magnitude of that value 
itself (and also, perhaps, on the values of other variables). 
Thus a point may be taken in a straight line so that all 
positions are not equally probable, but the probability of the 
<iistance from one end having the value a?, being proportional 
to X itself. This would be in fact supposing the series of 
points in question as ranged along the line with a densitt/ 
proportional to a? ; as c. ^. if they were the projections on the 
line of points taken at random m the space between the line 
And another line through one of its extremities. To give an 
example : — 

Two points are taken in a line a, with probabilities 
varying as the distance from one end A ; to find the chance 
of their distance exceeding a length c. 

Let Xy y be the distences from Ay y > x. Here the 
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probability of a point falling between x and x + dx is not 
proportional to dx^ but to xdx; and the result will be 



Jo '''I 



xdx 

P = ^—a "^v = I I + "" 

xdx 



y \ ^a 



The mean values of the three divisions of the line, in the- 
same ca^e, will be found to be 

8 4 I 

— a* - — «, —a, 
15 15 5 

The above value of ^ is also the value of the chance, that 
the difference of the altitudes of two points mithin a triangl& 

/» 
shall exceed a given fraction - of the altitude of the triangle. 



Examples. 

T. Two points being taken on the sides OA, OB of a square a', the chance- 
of their distance being less than a given value b is easily seen without calcula- 

tion to be — r, provided d < 0, as it is the chance of a point taken at random in 

the square falling within a quadrant of a given circle ; suppose now that two- 
points are taken on OA^ and two on OB, and that we take Z, J", the two points 
furthest from on each side, to find the chance that their distance XYia less. 
than a given length b\ (b< a). 

Here the probability of X falling between x and x + dx ib proportional 
to xdx \ likewise for y, hence 



n 



xy dx dy 



I I xy dx dy 

the upper integral being limited by «« + y^ < 5« ; hence j» = - ^. 

Thus it is an even chance that the point determined by the co-ordinates x, y 
shall fall within the quadrant - ira^. 
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2. There is a circular target of area A ; the area of tlie bull's eye is a. If 
% shot is heard to strike the target^ the chance of its haying hit the bull's eye is 

•of course -7.* If, however, two shots have been fired, to find the chance that 
the best of the two has hit the bull's eye. 

This is easily solved by elementary considerations ; as the chance of both 
misting the bull's eye is 

■ -m- 

Hence the required chance of the best shot having hit it is 



— :(=-i)- 



, 3. Let it be proposed, however, to find the chance of the best of the two 
«hots (t. 0., that nearest the centre) having hit any given area a, traced out on 
the target. 

The number of cases in which the worst shot falls on any element dSy at a 
distance r from the centre, is irr^dS; hence the chance of the worst shot striking 
the area a is 

__ JJr2rf^(overa) m 
^ " llr^dS(oYQTA) " M' 

where M, m are the moments of inertia of A, a round the centre of the target, 
^ow, the probability of both shots missing a is 

hence that of a being hit (by one or both) is 

«nd the chance of both hitting it is — . But the chance of a being hit is 

chance of best + chance of worst — chance of both ; 
hence, ifpi be the required chance, viz., of the best shot striking a, 
m a^ /A — a\^ am 

where w, Jf are the moments of inertia above. 



♦ That is, disregarding the effect of the aim directing it with greater 
probability to the centre of the target. This would be practically correct in the 
•case of a very bad marksman, who frequently misses the target idtogether. 
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233. Curve of Frequency. — In questions relating to a 
Tariable, the probability of any value of which is a function 
of that value itself, it is often 
useful to consider what is called 
a curve of frequency. Thus, if 
the probability of a given value 
of ic is proportional to ^(0;), and 
we draw a curve y = C<p(x)y 
then when a great number 
of values for x are taken, the 
number in any element dx is 
proportional to the area of the curve standing on that 
-element: the ordinate of any point P representing the 
density or frequency of the points at P r the abscissas of all 
points taken at random in the area of the curve are equally 
probable. 

Thus, if two points X, Fare taken at random in a straight 
line A£, and X means always that nearest to A, the curve 
of frequency for T will be a straight line through A, that 
for X a straight line through P. This will often simplify 
-questions ; e.g., Suppose we have to find what is sometimes 
•called the most probable value for AY, i.e., such a value 
AP that AY is equally likely to exceed or to fall short of it. 
Since the curve of frequency for 
F is a line AC, we have only to 
find P so that PP bisects the 

triangle ABC; i.e., AP = —7=.; 

l)ecause as many values of ^F 

-exceed AP as fall short of it. -^ ^ 

The most probable value is not the mean value, viz., -AB, 

o 

l)eing the horizontal distance of the centre of gravity of 
ABC, from A. 

A point Y is taken at random in a line AB = a, and 
then a point X is taken at random in AY (or a rod may be 
supposed broken in two at random, and one of the pieces 
then broken in two), to find the chance of the length of 
AX falling within given limits. 

Let X, y be the distances from A ; for any assigned value 
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of f/, the chance of X falling between x and x + dx Is 
— ; hence the chance of X falling between x and x + dx^ 

y 

and Y falling between y and y + dy, 
is measured by 

dxdy ^ 

ay ' 

hence the whole chance of X falling 
between x and x^-dxvA 



dxC"" dy dx , a . . 

— — = — log- = -dxlos^Xy 
a}^ y a ^x ^ ' 




if for simplicity we put a = i . 

Thus the curve of frequency for X is a logarithmio 
curve £By whose ordinate is 

2 = - log X ; 

the frequency at A being infinitely great. 
The area of this curve from o to a? is 



o^log-; 

and this is the probability of AX being between o and x ; 
the whole area, when a? = i, being i, as it ought to be, as 
it is certain that X falls in AB. The chance of X falling 
between given limits x\ a?" is of course 

X log-,-a? log^,. 

To find the most probable value of x we should have to 
solve the equation 

x{i -logo*) = . 
this gives x about - of the line AB. 
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zdx 



Curve of Frequency. 3 2 1 

The mean value of a? is 

xzdx 

U I 

This last residt might have been foreseen : because if we 
take a point at random in each of the segments ATj TB^ 
the line AB is divided into four parts, the mean values of 
which must be the same, as each of them goes through the 
same series of values as the others ; the sum of the mean 
values being AB. 

Examples. 

I. A line is divided at random, and one of the parts again divided at random 
as above, to find thpi chance that no one of the three parts shall exceed the sum 
of the other two (i. «., that a triangle might be formed by them). {Cambridge 
Math. Tripos y 1854.) 

The probability that X, T shall be taken in two assigned elements dx, dy 
is (taking «= i), 

dxdy 

this differential being integrated throughout any limits gives the sum of the 
probabilities of X, Y being found in each pair of values for dx and dy which 
enter into the summation : — ^that is, the cases being mutually exclusive, the 
probability that X, Y will be found in some one of those pairs. 
In the present case the limits are equivalent to 

I I 

«<-<y < I, x>y- , 

Hence r^ ri dydx 






3. An urn contains a large number of black and white balls, the proportion 
of each being unknown : if on drawing m-\^n balls, m are found white and 
n black, to find the probability that the ratio of the numbers of each colour lies 
between given limits. 

The question will not be altered if 
we suppose all the balls raneed in a line 
ABy the white ones on the left, the 
black on the right, the point X where 
they meet being unknown, and aU posi- 
tions for it in AB being ^priori equally 
probable. Then, m-^n points being taken 
at random in AB^ m are found to fall on 
AX, n on XB. That is, all we know of X is that it is the (m -f- 1)** in order, 
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beginning from AjOt m-^n-\- i points falling at random in AB, If AX = x, 
AB = I, the number of cases for X between x and a; + ^ is measured by 

_== a;*" ( I - aj)» dx.* 

Hence the probability that the ratio of the white balls in the urn to the 
whole number lies between any two given limits a, /S — that is, that the 
distance from A of the point X lies between a and /3, is 



la x^ (i — x)*^dx 



P = 



I «« ( I — a?)" dx 

The curve offrequenei/ for the point X will be one whose ordinate is 
y = «?»»'( I — a?)**. 

The maximum ordinate K V occurs at a point K^ dividing AB in the ratio 
m '.n\ this is of course what we should expect ; the ratio of the numbers of 
black and white balls is more likely to be that of the numbers drawn of eaoh, 
than any other. The value for p above is simply the area of the above curve 
between the values a, jB, of ar, divided by the wnole area. 

Let us suppose, for instance, that 3 white and 2 black balls have been 

drawn ; to find the chance that the proportion of white balls is between - and - 

13 5 5 

of the whole — that is, that it differs by less than + - from -, its most natural 

^*^^'- \^ ^U^xYdx 

I «»(i-a:)«rfa; ^ ^ 

The above results will apply to wiy event which must turn out in one of 
two ways which are mutually exclusive, this being the whole of our a priori 
knowledge with regard to it. The ratio of the black, or white, bidls to the 
whole nimiber, meaning the real probability of either event, as would be 
manifested by an infinite number of trials. We will give one more example of 
the same kind. 

3. An event has happened m times and faUed n times in m + n trials. To 
find the probability that, on p -^ g further trials, it shall happen p times and 
fail q times. 

That is, that, p-^-q more points being taken at random in AB,p shall £blL1 in 
AXf and q in BX. The whole number of cases is as before 

When any particular set of p points out of the pA q additional trials, falls in 

♦ For a specified set of m points, out of the m + n^ falling in AX, the 
number is a:*" (i - a;)"^ ; the number of such sets is -= — =~. 
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AX, the number of favourable cases is 



But the number of different sets of j? points is - i - - . - KP g) 



1.2.3. ..J9.1.2.3... j? 
Hence liie probability is, putting as before I p for i . 2 . 3 . . . j9, 

By means of the known values of these definite integrals (p. 1 15), we find 
rp-\-g ^tn-\-p^n + q r», + « + i 

For instance, the chance that, in one further trial, the event shall happen, is 
This is easily verified, as the line AB has been divided into m + n-^-z 



m + n-k-z 

sections by. the m + n + i points in it, including X Now, if one more trial is 
made, •'.«., one more point taken at random, it is equally likely to fedl in any 
section ; and m + i sections are favourable. 

234. Errors of Observation. — One of the most important, 
practically, as well as the most difficult, departments of the 
theory of Probability is the subject of Errors of Observation. 
We will give here one example of the simplest possible 
description. 

Two magnitudes A and £ are measured ; each measure- 
ment being subject to an error, of excess or defect, which 
may amount to ± a, all values between these limits being 
supposed equally probable.* To determine the probability 
that the error in the sum, A + By oi the two magnitudes, 
shall lie within given limits ; also its mean value. 

Thus, the horizontal angular distance of two objects 
Ay C is sometimes found by measuring the angle between 
A and -B, an intermediate object; and afterwards that 
between. JS and C, and adding the two angles. If each 
measurement is liable to an error ± 5', all values being 

* This supposition must not be supposed to be practically correct. The 
theory of Errors shows that the probability of an error of magnitude x is pro- 
portional to «-«*■. 

Y 2 
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B' 



p' 


V 


K, 





^8\ 



B 



equally probable, to find tbe probability of the error of the 
result falling within assigned limits: its extreme limita 
beinff of course ± lo'. 

The question is more easily comprehended by means of 
a geomemcal construction than by 
integration. 

Take AB = za^ then all the values 
of the first error are the distances 
from of points P taken at random 
in AB ; positive when in OJS, 
negative when in OA. Make also 
A'ff = 2ay the values of the second 
error are given by points in A'B. 
Take any values, OP = x for the ^ ^ 

first, OP' - af for the second; these values taken as co- 
ordinates determine a point V corresponding to one case of 
the compound error x + af ; and such points V wiU be 
uniformly distributed over tiie square SK. The value of 
the compound error c corresponding to the point Vis 

i = x-^a/ = 08, 

if V8 be drawn at 45^ to the axes. Now all values of the 
errors x, of which give x-{-af the same, give the same value 
for e ; hence all points on the line JI correspond to com- 
pound errors of amount OS. Take 88 = de; the jiumber of 
compound errors between c and c + (f c is the number of 
points between JI and a parallel to it through 8. Now the 
area of this infinitesimal strip is evidently 

(20 - e) rf€. 

Hence the probability of the error being between e and 
€ + e/e is 

(2a~€)cfe 

This holds for negative values of c, provided we only consLdor 
their arithmetical magnitude. 

Thus the frequency of an error of magnitude € = OS is 
proportional to JI the intercept of a line through 8 sloping 
at 45°. The probability of the error c falling between any 
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two given limits OS, 08' is found by measuring these 
lengtns (with their proper signs) from 0, along AB^ and 
dividing the area intercepted on the square by parallels 
through 8j 8' sloping at 45°, by 4a', the area of the whole 
square. 

Thus the chance of the error falling between the limits 

± a (those of the two component errors), is -. 

The mean value of the eiTor, strictly speaking, is o ; but it 
is evident that for this purpose we ougnt to consider negative 
errors as positive; and consequently take the mean of the 
arithmetical values of all the errors, which is the same as the 
mean of the positive errors only; hence the mean error 
required is 

MU) = ±-a. 

The most probable value, such that it is an evon chance that 

the error exceeds it, since the triangle JKI must be - of the 

4 
whole square, for that value of 05, is 

± a{2- v/2) = ± .586 o. 

235. Various artifices have been employed for the solution 
of diflEerent interesting questions on Probability, which would 
be foimd extremely tedious, or impracticable, if attempted 
by direct integration. For example : — 

Two points are taken at random within a sphere of radius 
r ; to find the chance that their distance 
is less than a given value, c. 

Let F = number of favourable cases, 
JT = whole number ; then 



-r^ ^'M 




Let us consider the differential dF, or the additional 
favourable cases introduced by giving r the increment dr^ 
c remaining unchanged. 

If one of the points A is taken anywhere (at P) in the 



Digitized by 



Google 



326 On Mean Value and Probability, 

infinitesimal shell between the two spheres, then drawing a 
sphere with centre P, radius c, all positions of the second 
point, J5, in the lens ED common to the two spheres, are 
favourable ; let i = volume ED^ then the number of favour- 
able cases when ^ is in the shell is 

^vr^dr . L; 

doubling this, for the cases when -B is in the same shell, 

dF ^ Swr'^Ldr. 

Now it may be easily proved, from the value for the volume 
of a segment of a sphere, that 

27r , IT c* 

L = — c' ; 

3 4 r 

/2 I \ 

hence F= 87r'(-c»r'--cV'+ C j ; 

C being an unknown constant ; t. e., involving c, but not r. 



J[ c' 9 c* gC 

b 
9 



^ i6 « . r' i6 r* 2 r*' 



Now the probability « i, if r = - c, 

/. I =8-9 + ^x64^, .-. ^C^^c\ 
^ 2 c^ 2 64 

c' 9 c* I e* 
* r^ 16 r* 32 r*' 

If the two points be taken within a drcky instead of a 
sphere, it may be proved by a similar process, tiiat 



C" 2( C'\ . , C \ C( (?\ I ? 

^ r* 7r\ rV 2r 47r r\ r'JS r« 

It is a very remarkable fact, pointed out by Mr. S. 

y Google 
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Roberts, that if we draw the chord ED^ the probability is, in 
the case of the circle 

2 . segment EQD + segment EPD 
~ area of circle EHD ' 

and also, in the case of the sphere, 

2 . volume EQD + volume EPD 



P = 



volume of sphere EHD 



These results evidently suggest that there must be some 
manner of viewing the question which would conduct to 
them in a direct way. 



Examples. 

I. Three points being taken at random within a sphere, to find the chance 
that the triangle which they determine shall be acute-angled. 

As the probability is independent of the radius of the sphere, it is easy to 
see that we may take the farthest from the centre of the three points as fixed on 
the surface of me sphere. For if p be the probability of an acute triangle in 
this case, p will also be the probability of an acute-angled triangle for each 
position of the farthest point, as it travels over tha whole volume of the sphere. 
Hence p will still be the probability when no restriction is put on any of the 
points. 

Take then Ay one of the points, on the surface of the sphere ; two others J5, C 
being taken at random within it, and let us find the 
chance of ABC being ohtuse-angled ; to do tbis, we 
will find separately the chance of the angles A, By Cy 

being obtuse ; the events being mutually exclusive, the / \ lif 

probability required will be me sum of these three. 

(i). To find the chance that A is obtuse, let us fix 
B ; then, drawing the plane A V perpendicular to ABy 
the chance required is 

volume of segment AHV 
volume of sphere 

Let r^OAy the radius of sphere, p = AB, e = Z. OAB ; then the volume of 
the segment AHV is 

Jin-5 (i - cos (^)« (2 + cos e)y 

therefore when B is fixed the chance is 

J(i - cos #)* (2 +cosa). 
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Now let B move over the whole yoluine <^ the sphere, and we hare for the 
probability Pj, that A is obtuse 

w 

= ^ J * I (a - J cos e + C08»e)p» Bin Bdedp, 

Hence Pa = — . 

(a). To find the chance, P^, that JB is obtuse. Fix B as before ; then the 
chance that B is acute is 

segment MEN 
sphere 

Now, Tolume MHN^ Jirr* [ - + i - cos a j f a + cos a - ^ j ; 
BO that the chance is 

- I a - 3 cos a + cos * a + 3 - (1 - COS* a) + 3 ^ cos a - ^ |. 

Hence the whole probability (i - Pa) that B is acute is 

1 J '** |»-3cos6+cos»a+3^(i-cos«6)+3^cose-Mp»8inarfarff>. 



3 
8r8 



Performing the integrations, we find Pb^ -^^ 

70 

The probability for C is, of course, the Bame as for ^ ; hence the whole pro- 
bability of an obtuse-angled triangle is 

70 70 70 70 

Hence, the chance of an aeuU^angled triangle is — . 

70 

For three points within a cireU the chance of an acute-angled triangle is 

± i 
ira~ 8* 

3. Two points, ^, J9 are taken at random in a triangle. If two other points, 
Cy J> are also taken at random in the triangle^ to find the chance that they shall 
ii<) on opposite sides of the line AB, 
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The sides of the triangle ^^(7 produced divide the whole triangle into seven 
spaces. Of these, the mean value of 
tnose marked (a) is the same, viz., the 
mean value cdf ABC; or, ^ of the 
whole triangle, as we have shown in 
page 311 ; the mean value of those 
marked (/3) heing f of the triangle. 

This is easily seen ; for instance, 
if the whole area s i , the mean value 
of the space PBQ gives the chance 
that if a fourth point D he taken 
at random, B shall fSall within the 
triangle ADC\ now the mean value 
of ABC gives the chance that D shall 
fall within ABC; hut these two' 
chances are equal 

Hence we see that if ui, S, (7 he 
taken at random, the mean value of that portion of the whole triangle which 
lies on the same side of AB as C does, is H of the whole ; that of the opposite 
portion is iV 

Hence the chance of G and D falling on opposite sides of AB is i^. 

236. Random Straight Lines. — If an infinite number of 
straiglit lines be drawn at random in a plane, there will be 
as many parallel to any given dii-ection as to any other, all 
directions being equally probable; also those having any 
given direction will be disposed with equal frequency all 
over the plane. Hence if a line be determined by the co- 
ordinates p, w, the perpendicular on it from a fixed origin 0, 
and the inclination of mat perpendictdar to a fixed axis ; then 
if ^, 01 be made to vary by equal infinitesimal increments, 
the series of lines so given will represent the entire series 
of random straight Imes. Thus the number of lines for 
which p falls between p and p -^^ dpy and w between w and 
w\-dujy will be measiu'ed by dp dw^ and the integral 

jj dpdu) 

between any limits measures the number of lines within those 
limits. 

It is easy to show from this that the number of randotn 
lines which meet any closed convex contour of length L is 
measured by L, 

For, taking inside the contour, and integrating first 
for py from o to jt?, the perpendicular on the tangent to the 
contour, we have Ipdw ; takmg this through four nght angles 



Digitized by 



Google 



330 On Mean Value and Prohability. 

for a», we have by Legendre's theorem (p. 2 16), iV being the 
measure of the number of lines, 






2ir 

pdw = L. (7) 



Thus if a random line meet a given contour, of length £, 
the chance of its meeting another convex contour, of length 
/, internal to the former, is 

If the given contour be not convex, or not closed, N will 
evidently be the length of an endless string, drawn tight 
around the contour. 

Examples. 

I. If a random line meet a closed convex contour, of length L, the chance 
of it meeting another such contour, external to the former, is 

x-r 



where X is the length of an endless band 
enrelopinff both contours and crossing „ 
between l£em, and Fthat of a band also 
enveloping both, but not crossing. 

This may be shown by means of 
Legendre's integral above ; or as fol- 
lows : — 

Call, for shortness, 2^(A) the number 
of lines meeting an area A ; N(AyA') the number which meet both A and A' ; 
then 

N(8R0QPff) + N{8'Q0B:P'W) = N{8R0QPS + S^QORP'H') 

+ N{8R0QPH, S'QOItrH'), 

since in the first member each line meeting both areas is counted twice. But 
the number of lines meeting the non-convex figure consisting of OQPHSB and 
OQS'H'P'R is equal to the band F, and the number meeting both these areas 
is identical with that of those meeting the given areas n, a', hence 

X = r+ jv(n, n'). 

the number meeting both the given areas is measured by -X - Y. Hence 
4»orem follows. 
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2. Two random chords cross a giyen conrex boundarj, of length L, and area 
A ; to find the chance that their intersection falls inside the boundary. 

Consider the first chord in any position ; let (7 be its length ; considering it as 
a closed area, the chance of the second chord meeting it is 

iC 

and the whole chance, of its co-ordinates falling in dp^ doty and of the second 
chord meeting it in that position, is 

2C dpdv * ^, , 
But the whole chance is the sum of these chances for all its positions ; 



. prob. = -^1 f (7rfprf«. 



Now for a given ralue of w, the value of J Cdp is evidently the area n ; then 
taking u from ir to o, 

required probability = — --• 

The mean value of a chord drawn at random across the boundary is 
JSCdpd» irn 



M = 



jjdpdw L' 



237. The oonsideratioii of probability sometimes may be 
applied to determine the values of Definite Integrals. For 
instance, iin + 1 points are taken at random in a line, /, and 
we consider the chance that one of them, X, shall be the last, 
beginning from the end -4 of the line ; the number of favour- 
able cases, when X is in the element dxy is, calling -4X, x ; 

af^dx. 
Hence 



!:■ 



stfdai 



but the ohanoe must be ; we tbus have an indep^ident 
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r I ^« + 1 

I :xfdx = 



n+ I 



when n is an infiOger. 

Again, if w + w h- i points are taken, to find the chance 
that X shall be the (w + i)^A in order ; the number of favour- 
able cases, when X falls in dx^ and a particular set of m points 
falls to the left of X, is 

x*^{i - ic)*^da ; taking / = i ; 

hence the whole number of favourable cases is 



\m + « f ^ 
m\n Jo ^ ^ ' 



this is the required pi'obability, since /«»+'»+ » = i. But the 

value is , as every point is equally likely to fall 

in the {m + i)th place ; we thus deduce the definite integral 

-1 \m \n 



when w, n are integers. (See p. 1 15.^ 

238. To investigate the probabihty that the inclination 
of the line joining any two points in a given convex area Q 
shall lie within given limits. 

We give here a method of reducing 
this question to calculation, for the sake 
of an integral to which it leads, and 
which is not easy to deduce other- 



.P * 



wise. 



First let one of the points A be ^\ 
fixed ; draw through it a chord PQ = (7, 
at an inclination B to some fixed line ; 
put AP = ryAQ = r'; then the number 
of cases for which the direction of the line joining A and 
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B lies between and -1- dOj is measured by 

Now let A range over the space between PQ and a 
parallel chord distant dp from it, the number of cases for 
which A lies in this spsrce, and the direction of AiB is 
from to + dO, ia (first considering -4 to lie in the 
element drdp) 

^dpdoi {r'-\'f^)dr=^\C'^dpde. 

Let p be the perpendicidar on C from a given origin 0, 
and let io be the inclination of ^ (we may put d^ for dd)y C 
will be a given function of jt?, w ; and integrating first for cu 
constant, me whole number of oases for which m falls between 
given limits cu', <o", is 



4>"i 



CWj^; 



the integral jC^dp being taken for all positions of C between 
two tangents to tiie boundary parallel to PQ. The question 
is thus reduced to the evaluation of this integral ; which, 
of course, is generally difficult enough: we may, however, 
deduce from it a remarkable result ; for if the integral 

iJSC'dpdio 

be extended to all possible positions of C, it gives the whole 
number of pairs of positions of the points A^ B which lie 
inside the area ; but this number is O^ ; hence 

J/(7»e§)(foi = 3l2% 

the integration extending to all possible positions of the 
chord (7; its length being a given function of its co-ordinates 
Pj (a. 

Gob. Henoe if £, Q, be the perimeter and area of any 
closed convex contour, the mean value of the cube of a chord 

3Q» 
drawn across it at random is -y-. 
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Some other oases of definite integrals deduoed from the 
theory of Probability are given in a paper in the Philo- 
sophical Transactions for 1868, pp. 1 81-199. 

Several Examples on Mean Values and Probability are 
annexed ; some of them, as also some of the questions which 
have been explained in this Chapter, are taken from the 
papers on the subject in ihQ Educational TimeSy by the Editor, 
Mr. Miller, as also by Professor Sylvester, Mr. Woolhouse, 
Col. Clarke, Messrs. Watson, Savage, and others. Some few 
are rather d^cult ; but want of space has prevented us giving 
the solutions in the text. 

We may refer to Mr. Todhunter's valuable History of 
Probability for an account of the more profound and diffi- 
cult questions treated by the great writers on the theory 
of Probability. 



Digitized by 



Google 



Examples, 335 



Examples. 

1. A chord is drawn joining two points taken at random on a circle : find the 
mean area of the lesser of the two segments into which it divides the circle. 

irr» r* 

Ans, . 

4 » ' 

2. Find the mean latitude of all places north of the Equator. 

Ans. 32^.704. 

3. Find the mean square of the velocity of a projectile t» vacuo y taken at all 
instants of its flight till it regains the velocity of projection. 

Am. V^ cos' o + JF* sin' a : where V = initial velocity, and a = angle 
of projection*. 

4. If X and y are two variables, each of which may take independently any 
value between two given limits (different for each), show that the mean value 
of the product xy is equal to the product of the mean values of x and y, 

$. 11 X, T axe points taken at random in a la'iangle ABC, what is the 
chance that the quadrilateral ABXTis convex P 

Ans. -. 
3 
For, it is easy to see that of the three quadrilaterals ABXY, AOXT, BCXT, 
one must he convex, and two re-entrant. 

6. Find the mean area of the quadrilateral formed by four points taken at 
random on the circumference of a circle. 

Ans. ~ (area of circle). 
v 

7. A class list at an examination is drawn up in alphabetical order ; the num. 
her n of names being large. If a name be selected at random, find the chance 
that the candidate ^all not be more than m places from his place in the order 
of merit. 

Ans. 2 ^. (N. B. — This is not, of course, the value of the chance 

n «' 

after the selection has been made : this may easily be found). 

8. A traveller starts from a point on a straight river and travels a certain 
distance in a random direction. Having quite lost his way, he starts again at 
random the next morning, and travels the same distance as before. Find the 
chance of his reaching the river again in the second day's journey. 

Ans. -. 
4 

9. Two lengths, b, h\ are laid down at random in a line o, greater than 
eilher : find the chance that they shall not have a common part greater than e. 

(« - 4) (« - V) 
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10. A person in firing lo shots at a mark has hit 5 times, and missed 5. Find 
the chance that in the next 10 shots he shall hit 5 times, and miss 5. 

i7 • 4 • 7 7?6 
Ant. * ' = ■^^—. If the first 10 shots had not been fired, so that 
19.17. 13 4^99 

nothing was known as to his skill, the chance would he — : if he 

had been found to hit the mark half the number of times out of 

a large number, the chance would be — ^. 

256 

r I. If a line I be diirided at random into 4 parts, the mean square of one 

of the parts is — t^i but if the line be diyided at random into 1 parts, and 

each part again divided into 2 parts, then the mean square of one of the 4 parts 

isl^^ 
9 

1 2. Three {joints are taken at random in a line /. Find the mean distance 
of the intermediate point from the middle of the line. 

Ans. \l. 
16 

13. A certain city is situated on a river. The probability that a specified 
inhabitant A lives on the right bank of the river is, of course, ^, in the absence 
of any further information. But if we have found that an inhabitant B lives on 
the right bank, find the probability that A does so also. 

2 
Ans. -. N. B.^It is here assumed that every possible partition of the 

mmiber of inhabitants into 2 parts, by the river, is equally pro- 
bable a priori. 

14. If ^, By (7, D, are four given points in directum^ and 2 poiu's are taken 
at random in ADy and one is taken in BCy find the rbance that Jt shall fall be- 
tween the former two. 



Ant. -^{-BC^^BC{AB'^CD)^2AB.CD \. 



15. If « = a; + y, where x may have any value from o to a, and y any value 
from o to b, find the probability that z is less than an assigned value ei {b < a). 



Ant. 


(I) 


V.e<b, 


Pi = 


lab' 








(a) 


lia>e>b. 


P2 = 


a 








(3) 


Uoa, 


Pi = 


,-(1 




fl 



If we denote the functions expressing the probability in the three 
cases by f\ (a, *, 0» /»(<»» *» ^)> /»(*> *> 0» v© "^ ^^ t^o ^^ 
lation 

/i {fi, h c) + A(ay ft, e) = /aCfl, ft, e) + /j(ft, a, e). 
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1 6. In the cubic equation 

x^ + pz -\- g = o, 

p and q may have any values between the limits + i . Find the chance that the 
three roots are real. 

AnB. — V3« 
45 

17. Two- observations are taken of the same magnitude, and the mean of the 
results is taken as the true value. If the error of each observation is assumed to 
lie within the limits + a, and all its values to be equally probable, show that it 
is an even chance that the error in the result lies between the limits ± o.a93a. 

18. A point is taken at random in each of two given plane areas. Show 
that the mean square of the distance between the two points is 

A» 4. *'» + A« ; 

where A is the distance between the centres of gravity of the areas ; and, k^ k' 
are the radii of gyration of each area round its centre of gravity. 

19. The mean square of the area of the triangle formed by joining any three 
points taken in any given plane area is 

2 

where A, A; are the radii of gyration of the area round the two principal axes of 
rotation in its plane. 

If one of the points is fixed at the centre of gravity, the value is i A'P. {Mr. 
JFoolhouse,) 

20. A line is divided at random into 3 parts. Find the chance (i) that they 
will form a triangle : (2) an acute-angled triangle. 

Ans. (I), pi = J. 

(2). i?2 = 3 log a - *. 

2 1 . A line is divided into n parts. Find the chance that they cannot form a 
polygon. 

Ans, ' — ,.. 

22. If two stars are taken at random in the northern hemisphere, find the 
chance that their distance exceeds 90°. 

Ans. — . 

IT 

23. The vertices of a spherical triangle are points taken at random on a 
sphere. Find the chance (i) that all its angles are acute ; (2) that all are obtuse. 

W.-S--- 
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14. The deDdity of an assemblage of points, bounded by a given contour, 
varies inversely as the distance from a point within the contour. Find the 
mean distance of the points from 0, 



f2ir 
I Jo . 

!2ir 



An9. Jf «= 2 : ta]dngr=/(0) as the given polar equation of the contour. 



25. Two equal lines of length a include an angle B : to find the chance that 
if two points P, Q are taken at random, one on each line, their distance PQ shall 
be less than a. 

Am. (I). When ->B>'^\ pi = ^-^ + 2 coed. 
.2 3 asmO 

-- __ A 

„ (2). When B> -'y P2 - 



2 2BinB 

Here the functions are oonneeted by the relation F{B) + F(ir- B) =fiB) -\-f(ir-e). 

26. The density of a city population varies inversely as the distance from a 
central point. Find the chance that two inhabitants chosen at random within 
a radius r from the centre shall not live further than a distance- r from 
each other. 

. I I, 2/ ^Z\ I ^ ed$ X (* Bde , 

Ans. p = log3+-( I-— ) +~l •^:;+— -7—:; whence 

3 
p = 0.7771. This result is easily obtained by employing the values given in 
Ques. 25. 

27. Four points are taken at random within a circle or an ellipse. Show 
that the chance 'that they form a re-entrant quadrilateral is — ~, 

aS. Find the mean distance ol two points within a sphere. Ans. =-^r. 

35 

29. Three points A, B^ O are taken within a circle, whoee centre is O. 
Find tiie chance that the quadrilateral A B CO is re-entrant. 

4 3«* 

30. Find the chance that the distance of two points within a square shall 
not exceed a side of the square. 

Ant. p ^ It 5. 

6 
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31. In the same case, to find the chance that the distance shall not exceed 
an assigned value e ; the square being a'. 

Ans. (i ). When e<a; p = -. ( ira* — ou + - «« ) . 
«* V 32/ 

„ (2). Whenoa; p = 4-8m-^--ir-j+- . \/c»-a»~i-;- --.+-. 
a* <f a* 3 tf* a* 20* 3 

32. Three points are taken at random on a sphere ; the chance that in the 

spherical triangle some one angle shall ezceed the sum of the other two is -. 

I ^ 

Also the chance that its area shall ezceed that of a great circle is -. 

6 

33. If a line be divided at random into 4 parts, it is an even chance that 
one of the parts is greater than half the line. 

V 

34. The mean distance of a point within a triangle from the vertex C is 

i(a + * (a-*)(a2-A«) A» a+d-e) 

3 (T- + 7? 7^°«^TiT~.r 

where A is the altitude of the triangle. 

35. The mean value of the distance between any two points in an equi- 
lateral triangle is 



l-Gn-)- 



This question may be solved by proving that Jf = - Jfo, where Jfo is the 

mean distance of an angle of the triangle from any point within it. For, 
let Mo - fitSj where /i is constant, and A * area of the triangle. Take now 
any element dS of the triangle, draw from it parallels to the sides to meet the 
base ; let S be the area of the equilateral triangle so formed : the sum of the 
whole number of cases will be equal to 

if d8 is made to range over the whole triangle : if we call the whole triangle 
unity, and put dS = %dadB as in (Ex. 3, p. 309), 5 = o', and the integral 

becomes —fi = ]if. The result then follows from (34). 

36. From a tower of height A, particles are projected in all directions in 
space, with a velocity due to a fall through a height A. Show that the mean 
value of the range is 

M^ 2h{ \/i-x*.dx. {Prof, WoUttnholme.) 
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37. If there be n quantities a, b, Cy d » * . . each of which takes indepen- 
dently a given series of values ai, 02, 03, ... . ] bi, bz^bdy * . . , &c., (the number 
of values is different for each), if we put 

2a = » + * + <?+ rf+ .... , 

and for shortness we denote " the mean value of xf* by Mxf prove that 

JfSa =s jif a + Jf * + Jf <? + = ^Ma^ 

M{ta)*^ (2 May - 2 {May + 2 M^a*). 

38. Two points are taken at random in a triangle. Find the mean area of 
the ttiangular portion which the line joining them cuts off from the whole 
triangle. 

Ans. - of the whole. 
9 

39. A ship at A observes another at B^ whose course is unknown. Sup- 
posing their speed the same, prove that the chance of their coming within a given 

2 d 
distance d of the second is always - sin**^ -, whatever the course taken by A ; 

^ ^ d 

provided its inclination to AB is not greater than cos*^-: putting AB = a. 

a 

{Camb, Math. Tripos, 1871. Prof, Miller.) 

40. A random straight line crosses a circle. Find the chance that two 
points taken at random shall lie on opposite sides of the line. 

128 , . 
Ans. i : this is deduced at once from the value of Jf, the mean 

distance of the two points : as the chance = . 

2irr 

41. A point is taken at random in a triangle. What is the probability 
that if three other points are taken at random, one shall lie in each of the 
triangles A OB, BOC, CO A 'f 

Ans. — 4 This may easily be found to depend on the 
integral jj afiy . 2dad$f where a, $, y are the three triangles above. 

42. A line crosses a circle at random ; to find the chance that a point taken 
at random in the circle shall be distant from the line by less than the radius of 

the circle. 

Ans, I . 

3» 
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MlSCJELLAVBOVS EXAICPLBS. 

1. If be the sagitta of a circular segment whose base is b^ proye that the 
area of the segment is, approximately* 

= - a6 + -T. 
3 a* 

2. Find the area of the inverse of a hjrperbola, the centre being the pole of 
inversion ; and show that the area of the inverse of an ellipse, under the same 
circumstances, is an arithmetic mean between the areas of the circles described 
on its azes as diameters. 

3. Find the value of 

J log (x -f -v/«» + a2) dx. 

Am. X log {x + \/a^+ a*) - 's/ x^ + a*. 

(2ir 
pdw, when eztended 

round any convez closed boundary is equal to the whole length of the boundary. 

5. In a spiral of Archimedes, if P, Q, and P', Q' be the points of section 
with any two branches of the curve made by a line passing through its pole ; 
prove that the area bounded by the right line and by the two branches is half 
the area of the ellipse whose semi-axes are FF* and F Q. 

6. Find the value of 



1 



Idx Ix + I 



' "f. If an ellipse roll upon a right line, show that the differential equation 
of the locus of its focus is 

(y' + 4») 2 = -/(*»!/+ if' + ^H*»»- it'- 1^- 

8. A circle rolls fh>m one end to the other of a curved line equal in length 
to the circumference of the circle, and then rolls back again on the other side of 
the curve ; prove that, if the curvature of the curve be throughout less than 
that of the circle, the area contained within the closed curve traced out by the 
point of the circle which was first in contact with the fixed curve is six times 
the area of the circle. (^Camb. Math, Tripos^ i^?'.) 

9. In the same case show that the entire length of the path described 
is 8 times the diameter of the circle. 

10. Prove that the area between two focal radii of a parabola and the curve 
is half the area between the curve, the corresponding perpendiculars on the 
directrix, and the directrix. 
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1 1 . Evaluate the following integrals : 

1 — r - t I V sec a? - I or, \ , ^ — r— 7 rr . 

J-s/uS^ J . J(i+a:*;('+«*) 

«• + <Mr + \/ It 

12. If J2 = (ai» + ««)* + *ic, and f# = log /=* ^^» ^y differentia- 

a:* + a« - V jB 
tioU) the relation between the integrals 

!dx C xdx 

13. If a curve be such that the area between any portion and a fixed light 
line is proportional to the corresponding lengtii of the curve, show that it is a 
catenary. 

14. Prove that the volume of a rectangular parallelepiped ia to that of its 
circumscribed ellipsoid as 2 : nVi* 



15. Prove that 



f« do _ Cfi d6 

Jo y/i-K^an^e Jo v/jc»-8inad' 



where sin/3 » csina. 

16. If any number of triangles be inscribed in one ellipse, and circumscribed 
to another ellipse, concentric and similar, prove that these triangles have all the 
same area. 

17. Show that the value of the integral 

f* dy 



may be exhibited by the following geometrical construction. Let the curve 

whose equation is r*»"**co8 tt = I roll on the axis of x, take the points 

«»+ 2 

(^ii Vi) («3) y^) on the roulette described by the pole, such that yi =s a, yz = 6, 

then 



y/ym.] 



{Mr, Jellett.) 



18. If 9 be the length of the arc of a spherical curve measured to any point 
P, and t be the intercept on the great circle touching at P, between the point of 
contact and the foot of the perpendicular from the pole, prove that 

8 - t = j ainpda. 

The proof is similar to that of the corresponding theorem in piano. See Art. 158. 
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19. ProTe that the yolume of a polyhedron, haying for hase? any two 
polygons situated in parallel planes, and for lateral faces trapeziums, is 
.expressed by the formula 

^(JB + ir + ^S"); 

where S is the distance between the parallel planes, B and B^ the areas of the 
polygonal bases, and B" the area of the section equidistant from the two bases. 

20. If S be the length of a loop of the curve r» = 0** cos n$, and A the area 
of a loop of the curve r*" = «'»» cos 2«d, prove that 

Ax8 = — . 
2n 

21. Find approximately the area, and also the length, of a loop of the 
curve r* = a^ cos^ ; (see Dif . Cal., Art. 269). 

Afu. area » a^ x 0.56616, 
length = a X 2.72638. 

22. Find the value of the integral 

23. If ^ be the area of any oval, B that of its pedal with respect to any 
internal origin 0, and C that of the locus of the point on the perpendicular 
whose distance from is equal to distance of point of contact from ; prove 
that J, iB, £7 are in arithmetical progression. 

24. The arc of a curve is connected with the abscissa by the equation 
. j» = ip, find the curve. 

25. If the co-ordinates of a point on a curve be given by the equations, 

X = sin 29 (i + cos 29), y = cos 29(i - cos 20), 
prove that the length of its arc, measured from the origin, is 

-tf sinsa. 

26. Show how to find the sum of every element of the periphery of an 
ellipse divided by any odd power (2r 4- 1) of the semi-diameter conjugate to 
that which passes through tne element, and give the result in the case of the 
fifth power. (Mr, W. Boberts.) 



This gives ^ ..^ when r = 2. 
arlr 



^*^*' i r^ I f* (a*cos»0+ 3»sin«d)'-irfe. 

{00)*^' » J 



Digitized by 



Google 



344 Miscellaneous Examples. 

27. A sphere intersects a right cylinder ; prove that the entire surface of the 
cylinder included within the sphere is equal to the product of the diameter of 
the cylinder into the perimeter of an ellix)se, whose axes are equal to the 
greatest and least intercepts made hy the sphere on the edges of the cylinder. 

28. Show that the equations of the involute of a circle are of the form 

X = a cos ^ -I- 0^ sin ^, y =: sin ^ - a^ cos ^, 

and prove that the length of the arc of this involute, measured from ^ = o, is 
one-half of the arc of a circle which would he described hy a radius equal to the 
arc of its evolute moving through the angle ^. 

29. Show that the area of the cassinoid 

f^ - 2aV> cos 2d + 0* = ¥ 

is expressed by aid of an elliptic arc when b > a\ and by a hyperbolic arc 
when > i. 

30. A string AB, of given lenjgth, lies in contact with a plane convex curve 
with its end A fixed ; the string is unwound, and B is made to move about A 
till the string is again wound on the curve, the final position of B being B' ; 
prove that for variations of the position of A, the arc traced out by B will be a 
maximum or a minimum, when the tangents at B and B' are equally inclined 
to the tangent at A ; and will be the former or the latter, according as the 
-curvature at A is greater or less than half the sum of Uie curvatures at B 
and B—{Camb. Math. Triposy 1871.) 

31. Find the value of 



Jo 



32. Find the length and also the area of the pedal of a cissoid, the vertex 
being origin. 

Am. — 7rlog(2 + v^3)-4a; — . 
V3 *^ 

33. Prove that the length of an arc of the lemniscate r' = 0' cos 20 is 
represented by the integral 



\/2 J v^ I -|sin'^ 



34. Integrate the equation 

cos9(cos9- sinasin^)<M •i-cos^(oos^-sina8in9)<f^ = o. 

If the arbitrary constant be determined by the condition that the equation must 
be satisfied by the values (o, a) of (a, ^}, show that the equation is satisfied by 
putting B + ip — a. 
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35. Each element of the surface of an ellipsoid is diyided hy the area of 
the parallel central section of the surface ; find the sum of all the elementary 
quotients extended through the entire ellipsoid. Ana. 4. 

36. Hence, show that 

{fj? - y*) dfi dv w 



Jo Jh 



y/fi^-h^ y/k^-fjfi^/h^-y^ V^** - v» ^ 



This depends on the expression for an element of the surface of an ellipsoid in 
terms of the elliptic co-ordinates of a point. See Salmon's Geometry of Three 
Bimensions, Art. 426. This proof is due to M. Ghasles (Liouville, tome lu., p. I o) . 

37, Hence prove the relation 

Fim) JS{n) + F(n) S{m} - F{n) F{m) - -, 
where 

IT W 

F{m) = (' . ^ E{m) = f' y^ I - m* sin^ « rf#, 

J0\/ I -»i«sin>« Jo 

and m' + fi* = i. 

Let 9 3= A sin 9, and /ia s \/A'8in'^ + A'cos^^, in the preceding, and it 
becomes 



r:f 



A'sin^A + *« co8«^ - A* sin^tf 



J \/ A» sin«^ + >fc=* co8'« 9 \/A;« - A* sin*^ 

Jp Jo \/A;*- A- sin-d Jo Jo A/A^sin*^ + ^^coa^^ 

1e^ded<p 



-1:!: 



\/A»8in»^ + A«cos»^ V^A»-A2sin2«* 



This furnishes the required result on making A = mA. 

The preceding formula, which is due to Legeadre, gives a general relation 
between complete elliptic functions of the first and seoond species, with com- 
plementary modulL 

38. If three curves be described on the surface of an ellipsoid, along the first 
of which the perpendicular to the tangent plane makes the ponstant angle y with 
the axis of «, along the second jS with the axis of y, and aWng the third a with the 

axis of «, and if the angles be connected by the relations = —7— « — - ; 

then, if ^t, Azt Aij be the included portions of the ellipsoidal surface, prove that 

A9 ' Az Ai- Az A%- Ai r 11 ^^K 

——5 + -J + j^ = o. {Mr. Jelleti.) 



2 A 
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39. Show that the results in Arts. 161 and 162 are true for sphencal conies 
where the tangents are arcs of great circles on the sphere. 

40. Integrate the ezpression 



y/ a sin* e -V b cos* B 

; — a9. 

smO 

41. If the symhols sin hyp. ^, cos hyp. Ay represent the hyperholic sine 
and cosine of A (see Ex. i, p. 179); find the values of sin hyp. (^ + -B) and 
cos hyp. {^A + B) in terms of the hyperholic sines and cosines of A and B. 

Aru, Cos hyp. {A + B) :^ cos hyp. A cos hyp. B + sin hyp. A sin hyp. B, 
sin hyp. [A-\-B) ^ sin hyp. A cos hyp. B + cos hyp. A sin hyp. B. 

42. Prove that the value of 

!* cos bx Binax , . ir ir 
dxia Of - or -, 
ox * 4 2' 

according as 3 is >, = , or < a. 



43. Prove that 

r '^ sin bai sin ax 



dx 



= - multiplied hy the lesser of the numhers a and b, 

44. If e he the eccentricity of an ellipse whose semiaxis major is unity, and 
E the length of its quadrant, prove that 

45. If iS represent the length of a quadrant of the curve r"» =s «»* cos wd, 
and i^i the quadrant of its first pedal, prove tiiat 

^ „ m + I 

S.Si = ira«. 

2m 

Here (Ex. 3, p. 215), we have 



2m 



IT \2W/ 
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^^^ (m^i)aVi 



Also, the first pedal (Dif. Cal., Art. 190) is derived by substituting 

w + I 
instead of m, hence 

:m 

^^ (m + I) ira2 ^ \^) {m+i)ira^ 

46. In general, \£ Sn be the quadrant of the n<^ pedal of the curve in the 
last, prove Uiat 

m« + I 

-Sn.! /8^n = — »»'. 

2m 

Here the equation of the n*^ pedal is got (Dif. Cal., Art. 190) by substi- 
tuting instead of m in the equation of the proposed, .-. &c. {Mr. W. 

tnn -j- I 

Roberta, Liou. x., p. 177.) 

47. If two confocal ellipses be such that a polygon can be inscribed in the 
one and circumscribed to the other, prove that an indefinite number of such 
polygons can be described, and that they all have the same perimeter. {Chaahs 
Comptea HenduSy 1843, p. 838). 

4S. Being given any plane closed curve ; if da represent an infinitely small 
superficial element of area at a point outside the curve, and ^, f the lengths of 
the tangents from th^ point to the curve, and e the angle of intersection of these 

tangents : prove that the sum of the quantities represented by -;- taken for 

all points exterior to the curve is equal to 2ir*. (Pro/. Crofton, Phil, Trant,^ 
1868.) 

49. Find the mean distance of two points on opposite sides of a square, whose 
side = I. 

2 — Vi , , • , 
Ans. + log (I + Vi.) 

50. A cube being cut at random by a plane, what is the chance that the sec- 
tion is a hexagon P (Ool. Clarke.) 

. V3 cot-i Va - V* cot-i V* , , 

Ant. -J = .04646. 

5 1 . Three points are taken at random, one on each of three faces of a tetra- 
hedron ; what is the chance that the plane passing through them cuts the fourth 
face? IGol. Clarke.) 

Am. 5. 

4 
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52. Two stars are taken at random from a catalogue : what is the chance that 
one or both shall always be visible to an observer in a given -latitude, A.? {CoL 
Clarke.) * 

1 . I . 
Ana. - versin A + - sm \. 

2 4 

53. Find the chance that the centre of gravity of a triangle lies inside the 
triangle formed by three points taken at random within the triangle. 



^'"•^(» + -7i<'«*)- 



54. Two points are taken at random in a triangle, the line joining thenv 
dividing the triangle into two portions : find the mean value of that portion 
which contains the centre of gravity. 



Ant, -^ U70 + Y ^°8 4 j • A. 



55 Show that the mean distance if of a point in a rectangle from one angle 
is given by 

w ^ ** , « -^ ^ «' , * + «^ 
3« = rf,_log_+_iog_. 

a and b being the sides, d the diagonal. 

56. Show that the mean distance M of two points within a rectangle is 
given by 

„ a» *» ,/ «« *n 5 /A2 a + rf «« h^d\ 

'5^=,. + ,^ +^('3-^-,^) +f(-log — + ^log— ). 

This result may be deduced from the preceding : for if /^ = mean distance -of a 
point within the rectangle whose sides are Xy y, from one of its angles, it is easy 
to see that \ 

Ia p h ' 

I xyfkdxdyy .*. &c. 
J 

57. Show that if ilfbe the mean distance of two points within any convex 
area H, we have 



X=-y\\:ttipd^. 



where 2, 2' are the segments into which the area is divided by a straight line 
crossing it ; the co-ordinates of the line being p, c# ; and the integration extend- 
ing to all positions of the line. 

This may be seen by considering that if a random line drosses the area, the 

chance of its passing between the two points is -=-, L being the length of boon- 

Xr 

dary: again, for any position of the line, the chance of the points lying ,, , 
opposite sides of it is — 5- ; therefore the whole chance is —^ 3# (55*) » ^"^Kc 
M (5S*) is the mean value of the product "XX for all positions of the line. 



THE END. 
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